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PREFACE 


Y book attempts to describe the present position of Cosmogony and 

of various closely associated problems of Astronomy, as, for instance, 
the physical state of astronomical matter, the structure of the stars, the 
origin of their radiation, their ages and the course of their evolution. 


In a subject which is developing so rapidly, few problems can be discussed 
with any approach to finality, but this did not seem to be a reason against 
writing the book. Many years have elapsed since the last book on general 
Cosmogony appeared, and the interval has seen the whole subject trans- 
formed by new knowledge imported from observational astronomy and atomic 
physics. It has also witnessed the growth of an interest in the results of Cos- 
mogony, which now extends far beyond the ranks of professional astronomers, 
and indeed beyond scientific circles altogether. 


With this in my mind, I have tried to depict the present situation in the 
simplest language consistent with scientific accuracy, avoiding technicalities 
where possible, and otherwise explaining them. As the book is intended to 
be, first and foremost, a rigorously argued scientific treatise, the inclusion of a 
substantial amount of mathematical analysis was inevitable, but every effort 
has been made to render the results intelligible to readers with no mathe- 
matical knowledge, of whom I hope the book may have many. 


In a sense the book constitutes a sequel to my Problems of Cosmogony 
and Stellar Dynamics of ten years ago. So much has happened in the 
intervening decade that a new book seemed to be called for, rather than 
a new edition of the old. At any rate I allowed myself to be attracted by 
the idea of a big clean canvas on which I could paint a picture on a more 
comprehensive scale than had originally been possible in the publication of 
a Prize Essay. A considerable part of the present book is devoted to examining 
the consequences of the hypothesis, first put forward in the closing pages of 
the earlier book, that the energy of stellar radiation arises out of the annihi- 
lation of stellar matter. The calculations of stellar ages given in the present 
book seem to shew that this is the only possible source of stellar energy, 
since nothing short of the complete annihilation of matter can give an 
adequate life to the stars. I have, however, tried to explain and discuss all 
reasonable hypotheses at present in the field, both on this and other subjects, 
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and hope I have been fair and courteous to those whose views I cannot 
accept. My own personal contributions to the subject represent the outcome 
of twenty-five years of fairly continuous thought and work, and a considerable - 
number of my results are published for the first time in the present book. 

I have to thank many friends for help and courtesies of various kinds, 
and particularly Dr W. S. Adams, Director of Mount Wilson Observatory, 
for permission to reproduce a large number of photographs. My thanks are 
again due to the officials and staff of the Cambridge University Press for 
extending to the present book the consummate skill and unremitting care by 
which they transform a mass of muddled manuscript into a masterpiece 
of typography. 

J. H. JEANS 


DorKING, 
January 25, 1928. 


PREFACE TO SECOND EDITION 


S the first edition had the good fortune to be rather speedily exhausted, 
the preparation of a second edition has been a pleasant and compara- 
tively light task. 

I have expanded the book by references to various observational and 
theoretical results which have appeared since the first edition was written, 
and have allotted space more liberally to certain problems and investigations 
which friendly critics thought I had dismissed too briefly in the original 
book. Finally I have corrected a number of minor errors and misprints, and 
have to thank many friends and correspondents for bringing these to my 
notice. 

J. H. JEANS 


DorKING, 
November 14, 1928. 


CHAPTER I 
THE ASTRONOMICAL SURVEY OF THE UNIVERSE 


1. THE moon, our nearest neighbour in the sky, is 240,000 miles away 
from us; a distance which light, travelling at 186,000 miles a second, traverses 
in a little over one second. The farthest astronomical objects whose distances 
are known are so remote that their light takes over one hundred million years 
to reach us. The ratio of these two periods of time—a hundred million years 
to a second—is the ratio of the greatest to the least distance with which the 
astronomer has to deal, and within this range of distances lie all the objects 
of his study. 


As he wanders through this vast range with the aid of his telescope, he 
finds that the great majority of the objects he encounters fall into well-defined 
classes; they may almost be said to be “ manufactured articles” in the sense 
in which Clerk Maxwell applied the phrase to atoms. Just as atoms of 
hydrogen or of oxygen are believed to be of similar structure and properties 
wherever they occur in nature, so the various astronomical objects—common 
stars, binary stars, variable stars, star-clusters, spiral nebulae, etc.—are believed 
to be, to a large extent at least, similar structures no matter where they occur. 


The similarity, it is true, is not so definite or precise as that between the 
atoms of chemistry, and perhaps a better comparison is provided by the 
different species of vegetation which inhabit a country. Plants and trees, 
whiie differing in size, vigour, age and secondary characteristics, nevertheless 
fall into clearly-defined species. Basing our metaphor on this, we may say 
that recent extensions in telescopic power have revealed no new species of 
astronomical objects, but have merely multiplied the numbers of examples 
of objects which belong to known species. For this reason we may suppose 
that we are already acquainted with the principal species of astronomical 
objects in the universe. 


The task of the observational astronomer is to survey and explore the 
universe, and to describe and classify the various types of objects of which it 
is constituted, discovering what law and order he may in their observed 
arrangement and behaviour. But only the dullest of human minds can rest 
content with a mere catalogue of observed facts; the alert mind asks always 
for the why and the wherefore. How comes it that these various classes of 
objects exist, but no others? What is the relation between them? Does one 
of them for instance, produce, or transform into, others? If so, what is the 
sequence of these changes? How did this universe of objects begin, and what 
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will be its final end? If the heavenly bodies can no longer be regarded as 
having been created merely to minister to man’s pleasure and comfort by 
illuminating the earth, what purpose, if any, do they serve? And if life, and 
human life in particular, can no longer be supposed to be the central fact 
which explains everything, what is its relation to the magnificent, stupendous, 
almost terrifying, universe revealed by astronomy ? 


To these obstinate questions observational astronomy provides no answer. 
Her task is limited to a mere description of the universe, which others may 
interpret if they can. Another science, cosmogony, provides material that 
may help to this end, which those who essay to interpret the universe can 
only disregard at their peril. Cosmogony studies the changes which the play 
of natural forces must inevitably produce in the objects discovered by the 
astronomer; it tries to peer back into their past and to foresee their future, 
guided always by the principle that the laws of nature have moulded the 
present out of the past, and will in the same way mould the future out of the 
present. Taking as its starting-point the still picture presented by astronomy, 
it attempts to create a living cinematograph film which will exhibit the uni- 
verse growing, developing and decaying before our eyes. The sequence of 
events depicted in this film will be false unless the relation of each picture to 
the succeeding one is that of cause to inevitable effect. 


Between observational astronomy and cosmogony there intervenes a third 
science, or branch of science, namely, cosmical physics. Cosmogony proceeds 
on the supposition that the matter of which the universe is constituted behaves 
as directed by natural laws, so that a knowledge as to the particular kind of 
matter with which we are dealing is a prerequisite to knowing what particular 
laws this matter will obey. As the laws of a liquid are different from those of a 
gas, a liquid star will behave differently from a gaseous star, and before we can 
predict the behaviour of a star we must know the state of the matter composing 
it. Cosmical physics attempts to provide the necessary information by de- 
ducing, with such precision as is possible, the physical nature and structure of 
astronomical bodies, and of cosmical matter in general, from the observations 
of the astronomer. 


The ultimate object of cosmogony, and of the present book in particular, 
is to construct a sequence of pictures which will provide a contribution to- 
wards answering the questions of whence and whither by revealing the past 
and future of the ever-changing universe. But before attacking the main 
problem we must study the physical constitution of the bodies with which we 
are dealing, and as a preliminary to this we shall survey the universe revealed 
by observational astronomy. Cosmical physics will occupy the first five chapters 
of our book, but the present chapter will merely describe the picture which 
observational astronomy provides—for cosmical physics to interpret, and for 
cosmogony to extend into the past and future. 


1, 2) The Solar System 3 


THE SouarR SYSTEM. 


2. In the foreground of the picture we must place our own solar system. 
A cursory study of the sky shews that the great majority of the stars retain 
their positions unchanged relative to one another, at any rate through times 
far greater than the lives of individual men. None of us will ever see the 
stars of the Great Bear or of the belt of Orion change their relative positions 
to any appreciable extent. But against the background provided by this 
unchanging framework of stars, certain other bodies move with such rapidity 
that their changes may often be noticed from day to day: these are the 
planets or wanderers. Like the earth, they describe orbits around the sun. 
The orbits of these planets and of the earth are approximately circular; all 
lie approximately in one plane, and all are described in the same direction 
about the sun. The motion of the planets as they describe their nearly circular 
orbits, relative to the earth which is itself describing another nearly circular 
orbit, accounts for the apparently intricate motions of the planets in the sky. 


Some sixty-six years after Copernicus had put forward this interpretation 
of the observed planetary motions, Galileo turned his newly-made telescope 
on to Jupiter and observed four satellites revolving around it in precisely the 
way in which Copernicus had maintained that the planets revolved around 
the sun; all their orbits were nearly circular, all were nearly in one plane, 
and all were described in the same direction around Jupiter. This provided 
direct visual proof that the Copernican interpretation of the solar system was 
tenable and even plausible; many found in it a final and convincing proof of 
the truth of Copernican theories. 


But in verifying Copernicus’ solution of one problem Galileo had opened 
up another deeper and more fundamental problem. For there were now seen 
to be at least two systems of almost exactly similar structure in the universe, 
and it was natural to conjecture that similar causes must have been at work 
to produce two such similar effects. In this way scientific cosmogony had its 
origin, although nearly two centuries were to elapse before much serious 
thought was devoted to it. 

Modern astronomy has shewn that the similarity between the systems of 
Jupiter and the sun is far more pronounced than was known to Galileo; 
actually Jupiter has nine satellites whose general arrangement with respect 
to Jupiter bears a fairly close resemblance to that of the eight planets in 
respect tothe sun. Moreover, the system of Saturn, again with nine satellites, 
provides a further instance of precisely the same formation. Not only so, but 
in addition to the eight great planets, the sun is surrounded by some thousands 
of minor planets or asteroids*, whose orbits shew the same general regularity 
as has been already noticed in the motions of the great planets. Some, it is 


* Up to the end of 1927, 1069 of these were definitely identified with numbers and names, 
while the discovery of about 1200 others had been reported. 
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true, have substantially greater inclinations and eccentricities than are found 
among the great planets. For instance, the planet whose orbit has the greatest 
inclination to the general plane (invariable plane) of the solar system is 
Mercury with an inclination of 7°0’; against this the orbit of the minor 
planet Pallas has an inclination of 34° 43’, and that of Hidalgo an inclination 
of 43°. The planet whose orbit shews the greatest eccentricity is Mercury, 
with an eccentricity of 0°206, whereas the minor planets Albert and Hidalgo 
have eccentricities of 054 and 0°65 respectively. 

But the outstanding fact remains that all the orbits are described in 
the same direction. Adopting an argument which Laplace advanced in his 
Systéme du monde (1796), we may remark that if the directions of motion 
of 2000 planets and minor planets were a matter of pure chance, the odds 
would be 2 —1 to one against the coincidence of the orbits being all de- 
scribed in the same direction. Thus the odds that the directions of the orbits 
are not a matter of pure chance, are far greater than those in favour of well- 
attested historical events: it is more certain that some definite cause underlies 
the directions of motion in these orbits than it is, for instance, that the 
Athenians won the battle of Marathon, or that Queen Anne is dead. 


The motion of the satellites of the planets continues, on the whole, the 
story of ordered arrangement already told by the motions of the planets, 
although here certain definite exceptions must be noted. These exceptions 
are limited to the outermost edges of the solar system and the outermost edges 
of the systems of Jupiter and Saturn. They are as follows: 


Neptune, the outermost planet, has only one satellite, and this moves with 
retrograde motion—i.e. in the direction opposite to that in which Neptune 
and the other planets move round the sun. 

Uranus, the next outermost planet, has four satellites, all moving in the 
equatorial plane of the planet, which is highly inclined to the general plane 
of the solar system. 

Saturn, which comes next, has nine satellites, the outermost of which 
(Phoebe) revolving at a mean distance of 217 diameters of Saturn, moves 
with retrograde motion. 


Jupiter has nine satellites, the two outermost of which move with retro- 
grade motion. 


THE DISTANCES OF THE STARS. 
The nearer Stars. 


3. The solar system has occupied the foreground of our picture of the 
universe, because its members are incomparably nearer to us than other 
astronomical bodies. As a preliminary to filling in the rest of the picture let 
us imagine the various objects in the universe arranged in the order of their 
distances from the earth. Disregarding bodies much smaller than the earth, 
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such as the moon, other planetary satellites and comets, we must give first 
place to the planets Venus and Mars, which approach to within 26 and 35 
millions of miles of the earth respectively. Next in order comes Mercury with 
a closest approach of 47 million miles, and then the sun at about 93 million 
miles. Other planets follow in turn until we reach Neptune at a distance of 
2800 million miles. 


After this comes a great gap—the gap which divides the solar system from 
the rest of the universe. The first object on the far side of the gap is the faint 
star Proxima Centauri, at a distance of no less than 25,000,000 million miles, 
or more than 8000 times the distance of Neptune. Close upon this come the 
two components of the binary star a Centauri at 25,300,000 million miles; 
these, with Proxima Centauri, form a triple system of stars which are not only 
near together in the sky, but are voyaging through space permanently in one 
another’s company. After these come three faint stars, Munich 15,040, Wolf 
359, and Lalande 21,185, at 36, 47 and 49 million million miles respectively, 
and then Sirius, the brightest star in the sky, at 51 million million miles. 
Comparing these distances with the distances of the planets, we see that the 
nearest stars are almost exactly a million times as remote as the nearest 
planets. 

A simple scale model may help us to visualise the vastness of the gulf 
which divides the planets from the stars. If we represent the earth’s orbit by 
a circle of the size of the full stops of the type used in this book (circles of a 
hundredth of an inch radius) the sun becomes an entirely invisible speck of dust 
and the earth an ultra-microscopic particle a millionth of an inch in diameter. 
On this same scale the distance to the nearest star, Proxima Centauri, is about 
75 yards, while that to Sirius is about 150 yards. We see vividly the isolation 
of the solar system in space and the immensity of the gap which separates the 
planets from the stars. 


Before parting from this model, let us notice that the distance of one 
hundred million light-years to the farthest object so far discussed by 
astronomy is represented on the same scale by a distance of about a million 
miles. In this model, then, the universe is millions of miles in diameter, our 
sun shrinks to a speck of dust and the earth becomes less than a millionth part 
of a speck of dust. The inhabitant of the earth may well pause to consider 
the probable objective importance of this speck of dust to the scheme of the 
universe as a whole. 


4. The ancients were, for the most part, entirely unconscious of the 
enormous disparity in size between the earth and the rest of the universe. 
But those few who urged that the earth moved round the sun, saw that this 
motion must necessarily cause the nearer stars to change their positions 
against the background provided by the more distant stars, just as a child in 
a swing observes near objects moving against the distant background of hills 
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and clouds; they also saw that the extent of this motion would make it 
possible to estimate the distances of the nearer stars. Aristarchus of Samos, 
who anticipated Copernican doctrines as far back as the third century before 
Christ, explained clearly that motion of this kind must be observed unless 
the stars were very remote indeed, and, as no such motion could be detected, 
laid great stress on the extreme distances of the stars. Four centuries later 
Ptolemy argued that the impossibility of detecting such motion proved that 
the earth could not be in motion relative to the stars, and must therefore 
constitute a fixed centre around which the whole universe revolved. When the 
Ptolemaic doctrine was finally challenged by Copernicus and Galileo, it became 
important to detect motion of the kind we have described, both as providing 
final and conclusive proof that the earth was not the unmoving centre of the 
universe, and as giving evidence as to the distances of the stars. 


The apparent motion caused by the swing of the earth in its orbit is 
described as parallactic motion; the half of the angle swept out by a star as 
the earth moves from one extremity of its orbit to the other (or the angle 
from the mean position to either extreme) is called the “parallax” of the 
star. A star whose parallax is one second of arc is at a distance at which the 
mean radius of the earth’s orbit subtends an angle of one second of are. This 
distance was first introduced as a unit for the measurement of stellar distances 
by Kobold, and was subsequently named the “parsec” by H. H. Turner. 
Since there are 206,265 seconds of arc in a radian, the actual length of the 
parsec is 206,265 times the mean radius of the earth’s orbit. The mean 
radius of the earth’s orbit, commonly called the “astronomical unit” being 
92,870,000 miles, or 149,450,000 kilometres, the parsec is found to be 
19,150,000 million miles or 3'083 x 108 centimetres. 


Long before the introduction of this unit Herschel had used as unit 
a quantity which he called “the distance of Sirius,” and was supposed to 
represent the mean distance of “first magnitude” stars (cf. § 5). Seeliger 
gave precision to this unit, defining it as the distance corresponding to 
a parallax of 5 parsecs, or 1,031,324 astronomical units. Charlier and various 
other continental writers call this unit the Siriometer and define it to be 
1,000,000 astronomical units or 14°94 x 10% cms. 


Another unit of astronomical distance, especially used in popular exposition, 
is the “light-year” or distance which light travels in one year. Since light 
travels 2°998 x 10° cms. in a second, and there are 31,557,600 seconds in 
a year, the light-year is found to be equal to 9°461 x 10” cms. or 5,880,000 
million miles. 


The relation between the three sets of units is as follows: 
One parsec = 3:83 x 10 cms. = 3:259 light-years. 
One light-year = 9°461 x 10” cms. = 0°3069 parsec. 
One Siriometer = 1494 x 10 cms. = 4°848 parsecs. 
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5. Long before parallactic motion was detected, it had been clear that 
such motion must necessarily be of very small amount. Early in the seventeenth 
century Kepler had maintained that the stars were merely distant suns; if so, 
the enormous difference between the intensities of sunlight and starlight 
could only be explained by supposing the stars to be millions of times as 
distant as the sun. Newton* pointed out that Saturn appears as bright as a 
first magnitude star, although its size is such that it can only re-emit by 
reflection about one part in ten thousand million of the total light emitted by 
the sun, and deduced that “first magnitude” stars, by which he meant the 
twenty or so brightest stars in the sky, must be about 100,000 times as 
distant as Saturn. This would assign to them a distance of about 90 million 
million miles, representing a parallax of 0°21 seconds of arc. The estimate 
was not a bad one; actually the twenty brightest stars in the sky have 
a mean parallax of 0°134 seconds. Immediately after this Bradley attempted 
to measure the parallax of y Draconis, and although he failed to achieve his 
primary aim, he proved conclusively that the star’s parallax was less than 
a second of are. 

6. Not until 1838 was the great gulf definitely bridged; in that year 
Bessel, Struve and Henderson independently found unmistakable positive 


Table I. Stars within five parsecs of the Sun. 


Distance in 


Star Parallax parsees 
1 Proxima Centauri 0°765 1°31 
2 a Centauri 0°758 1°32 
3 Munich 15040 0°538 1°86 
4 Wolf 359 0°404 2°48 
5 Lalande 21185 0°392 2°55 
6 Sirius 0°377 2°65 
B.D. —12°, 4523 0°350 2°86 
8 11 h. 12:0 m., —57°2 0°340 2°94 
9 - Cordoba 5 h. 243 0°317 3°16 
10 r Ceti 0°315 a 17 
ll Procyon 0°312 3°21 
12 e Eridani 0°310 Sle 
13 61 Cygni 0°300 3°33 
14 Lacaille 9352 0:292 3°42 
15 Struve 2398 0°287 3°48 
16 Groombridge 34 0°282 3°55 
7, e Indi 0°281 3°56 
18 Kruger 60 0°256 391 
19 Oh. 43°9 m., +4°55 0°255 3°92 
20 Lacaille 8760 0°253 3°95 
21 2h. 50°3, +521 0°239 4:18 
22 23 h. 59°5, —37°9 0:220 4°55 
23 17 h. 37-0, +68°4 0-213 4°69 
24 10 h. 14:2, +20°4 0°207 4°83 
25 Altair 0°204 4°90 
26 o, Eridani 0°203 4°93 


* System of the World (1727). 
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parallaxes for the three stars, 61 Cygni, a Lyrae and a Centauri. It had at 
last been found possible to sound the depths of space and the universe lay 
open for exploration. As the result of the labours of many astronomers, the 
parallaxes of over 2000 stars are now known with high accuracy. In the 
great majority of cases the errors of the determinations lie well within a 
hundredth of a second of arc, which is the angle that a pin-head subtends at 
a distance of ten miles. 


In Table I (p. 7) will be found a list of all the stars which are at present 
known to lie within a distance of 5 parsecs of the sun. 


Density of Distribution of Stars. 


7. There is no reason for expecting any special concentration of stars in 
the immediate neighbourhood of the sun. If our nearest neighbours in space 
are distributed approximately at random, the number of stars within a sphere 
of any radius drawn round the sun should be approximately proportional to the 
volume of the sphere, and therefore to the cube of Its radius. 


Stars per cubic parsec. 
. : 
5 


+02 


Parsecs from Sun 
Fig. 1. Density of Distribution of known Stars in the neighbourhood of the Sun. 


Fig. 1 shews the distribution of known stars in the neighbourhood of the 
sun. The abscissa measures distances from the sun in parsecs, while the 
ordinate gives the number of known stars per cubic parsec within this 
distance. The uppermost (thick) curve refers to the total of known stars of 
all kinds, the chain curve refers to stars which emit at least a thousandth 
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part as much light as the sun, while the thin curve refers to stars which emit 
less than a thousandth part of the light of the sun (see Table IV, p. 38). 


8. If all the stars were known we should expect the number of stars per 
cubic parsec to approach to a definite limit as we receded from the sun. The 
curves in fig. 1 shew no evidence of such a limit, so that we must conclude 
that nothing like all the stars in the neighbourhood of the sun are known. 


Very faint stars can only be observed if they are quite near to the sun. 
Disregarding very faint companions of brighter stars, only six stars are known 
which emit less than a thousandth part of the light of the sun, and of these 
five are within 3 parsecs of the sun. This explains why the curve of faint 
stars runs down very rapidly after about 3 parsecs. 


The brighter stars can be observed at greater distances. Actually the 
curye giving the density of bright stars shews no appreciable falling off up to 
a distance of about 4 parsecs, suggesting that practically all the bright stars 
within this distance are known. The curve suggests that the density of dis- 
tribution of such stars is of the order of 0°05 stars per cubic parsec, or one 
bright star to every 20 cubic parsecs. 


It is far more difficult to estimate the true density of distribution of the 
faint stars. To make a convenient figure for future calculations, we may 
suppose this to be the same as that for bright stars, so that the density of 
distribution of stars of all kinds near the sun is one to every 10 cubic parsecs, 
this requiring 18 stars actually to exist within 34 parsecs of the sun, of which 
only 15 are known. These 18 stars are of course additional to the sun itself. 
In a statistical discussion such as the foregoing we must be careful not to 
count the sun in our statistics, since its presence is an essential to our being 
able to make the calculation at all. Our procedure is in effect to draw a 
small sphere round the sun and discuss the density of distribution of stars in 
the space bounded by this sphere on the one side and by a larger sphere of 
variable radius on the other. 


Distant Stars. 


9. We have seen that the direct method of parallactic measurement has 
only succeeded in surveying the universe with tolerable accuracy to a distance 
of about 34 parsecs, or let us say 10 light-years, from the sun. No doubt this 
distance will be extended in time, but there is a natural limit to the power 
of the parallactic method. At best it can only measure the distance of a star 
whose parallactic motion can be projected on a background of far more 
distant stars, so that it must inevitably fail for the most distant stars of all. 
In actual fact it is bound to fail long before this. 


The parallactic motion of a star at a distance of 100 parsecs, or 325 light- 
years, consists in the description of a circle or ellipse whose apparent size in 
the sky is that of a pin-head held at a distance of 5 miles. The apparent 
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orbit of a star at a distance of 1000 parsecs, or 3250 light-years, is of course 
only a tenth as great; it is of the size of a pin-head held at a distance of 50 
miles.’ The resources of observational astronomy are strained to the utmost to 
detect even the former of these parallactic motions, and are totally inadequate 
to measure it with accuracy, the error of measurement being about equal to 
the whole quantity to be measured. It is utterly impossible either to detect 
or measure the smaller parallactic motion of a star a thousand parsecs away, 
and is likely to remain so for many centuries to come. Yet a thousand parsecs 
is only a tiny fraction of the whole size of the universe. To survey the remote 
depths of space something of wider reach than the parallactic method is 
needed. Quite recently astronomers have discovered other and more far- 
reaching methods. 

10. Spectroscopic Parallaxes. One of the most important of these is the 
method of “spectroscopic parallaxes” discovered by Dr W. S. Adams, now 
Director of Mount Wilson, and Kohlschiitter in 1914. Two stars which are 
of exactly similar structure in all respects must necessarily emit light of 
precisely similar quality, so that their spectra must be similar in all respects. 
If the stars were at different distances, the spectra would naturally differ 
in brightness, and on measuring the ratio of their two intensities, it would 
be possible to deduce the ratio of the distances of the stars. Thus if the 
distance of one star had already been determined by the trigonometrical 
method already explained, it would be easy to deduce the distance of the 
other, even though this were so great as to render a direct determination 
of its parallax utterly impossible. The actual problem is generally far more 
complicated. When two stars have the same temperatures and the same 
chemical composition, their spectra are in general almost identical, but they 
shew minute differences if those parts of their atmospheres which emit their 
radiation are at different pressures. For reasons which will become clear later, 
stars of different sizes generally have different pressures in their atmospheres, 
and so exhibit slightly different spectra. Working backwards from this fact, 
Dr Adams discovered how to deduce the difference in size of two otherwise 
similar stars from minute differences in their spectra. As the difference in 
the intens.ty of their light arises jointly from differences in size and differences 
in distance, it is a simple matter to deduce the ratio of the distances of the 
two stars when once the ratio of their two sizes has been determined. This 
method is generally called that of spectroscopic parallaxes; it can hardly yet 
claim the accuracy of the trigonometrical method for near stars, but it has 
the great advantage of being successful with stars which are too remote for 
the trigonometrical method to be applicable at all. It is of course only of use 


for stars which appear moderately bright, but there is no limit to the distances 
at which it is available, 


11. Cepheid Parallazes. An even more far-reaching method of determining 
stellar distances depends on the peculiar properties of a certain class of stars 


9-11] Distant Stars 11 


known as “Cepheid variables” after their prototype 5 Cephei. The majority 
of the stars in the sky shine with a perfectly steady light, but a fair number, 
known as variable stars, shew fluctuations in brightness. These fluctuations 
are regular in some stars and irregular in others. Cepheid variables shew 
perfectly regular fluctuations, flashing out to some two or three times their 
original brightness at intervals which range from a few hours to several days 
for different stars, but are always absolutely uniform for the same star. These 
variables are very common in the mysterious objects known as “globular star- 
clusters,” closely packed groups of stars of approximately globular shape, and 
also occur in considerable numbers in star clouds such as the greater and 
lesser Magellanic cloud. Since the various Cepheid variables in any single 
one of these objects are at approximately the same distance from us, differences 
in their apparent brightness represent real differences in their output of 
radiation; no complication arises from the stars being at different distances. 
In 1912, Miss Leavitt of Harvard, studying the Cepheid variables in the 
lesser Magellanic cloud, discovered a relation between their time of fluctua- 
tion and their brightness. Those which fluctuated most slowly were the 
brightest, the period being connected with the brightness by a definite law, 
so that when the brightness of a Cepheid variable had been observed, its period 
of fluctuation could be predicted with accuracy, and vice versa. Dr Shapley, 
now Director of Harvard Observatory, subsequently proved that this relation 
was true of Cepheid variables in general. Now a few Cepheids, although 
only a few, are so near that their distances can be measured by the direct 
parallactic method, and as the actual output of radiation of these stars is 
known, it is possible to deduce the output of radiation of any Cepheid variable 
in the sky whose period of fluctuation is known. For instance, all Cepheids 
which fluctuate in brightness every 40 hours, emit approximately 250 times 
as much radiation as the sun, or, to use the technical phrase, their “luminosity” 
is 250; Cepheids whose period is 10 days have a luminosity of 1600, while 
those whose period is 30 days have a luminosity of 10,000. The general 
relation between period and luminosity is known as the “period-luminosity ” 
law; it tells us the luminosity of every Cepheid variable in the sky. 


Just as in the method of spectroscopic parallaxes, we can calculate the 
distance of a star of known luminosity by comparing its apparent brightness 
with that of a second star whose distance and luminosity are known. For 
instance, if a star is known to be as luminous as Sirius, but appears only 
one-hundredth part as bright as Sirius when seen in a telescope, we know 
that it must be ten times as distant as Sirius, because the apparent brightness 
falls off inversely as the square of the distance. By this method the distances 
of all the Cepheid variables can be determined, and so also the distances of 
the various star clusters and other objects in which they lie. Hertzsprung trst 
used this method in 1913 to determine the distance of the lesser Magellanic 
Cloud. 
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Clearly the “period-luminosity” law provides a powerful method for the 
determination of astronomical distances; like the method of spectroscopic 
parallaxes, it is especially valuable because it supplements the parallactic 
method just where the latter fails. However distant Cepheid variables may 
be, provided only they can be clearly seen in a telescope, the astronomer can 
pick them out from the main mass of stars by their regular and characteristic 
light-fluctuations with the same ease and certainty with which the mariner 
picks out a lighthouse from a confusion of other lights on shore. The subse- 
quent procedure is precisely that of the mariner who, having picked up a 
lighthouse, looks up its candle-power on a chart and estimates his distance 
from it by comparing its known candle-power with its apparent brightness; 
the “period-luminosity” law gives us the candle-powers of the Cepheid 
variables. The corresponding analogy with the parallactic method would be 
if the mariner, knowing the speed of his ship, estimated his distance from 
land by noticing the rate at which an electric standard or other fixed light 
on the sea-front appeared to move against a distant background of lights. 
The latter method is independent of the existence of lighthouses of known 
candle-power, but is obviously useless for ships far out at sea. 


12. In 1918 Shapley used the “period-luminosity” law to determine the 
distances of the globular clusters, and found these to range from 22,000 to 
220,000 light-years. At such distances the parallactic method would fail 
hopelessly: the parallactic orbit of a star at 220,000 light-years distance 
would have the same apparent size as a pin-head at 3000 miles. This bald 
statement gives but little real conception of the remoteness of the star-clusters. 
Their distance is perhaps better conveyed by the reflection that the light by 
which we now see them left them about the time when primaeval man first 
appeared on earth. Through the childhood, youth and age of countless 
generations of men, through the long prehistoric ages, through the slow dawn 
of civilisation and through the whole span of time which history records, this 
light has travelled steadily on its course, covering 186,000 miles every second, 
and is only reaching us now. 

Even the distances first mentioned are not the greatest at which Cepheid 
variables are visible, for in 1924 Dr Hubble of Mount Wilson, detected them 
in the nearer spiral nebulae, and so was able to shew that the distances of 
these spirals is of the order of a million light-years, or nearly five times that 
of the remotest of the star-clusters. Using these nearer spiral nebulae as 


stepping-stones, he has since found that the remotest of the spiral nebulae 
which are visible must be over a hundred times as distant as the nearest, 


bringing us to distances of the order of 140 million light-years (cf.§ 17 below). 
THE DIsTRIBUTION OF STARS IN SPACE. 


13. It is natural to wonder how these vast ranges of space are filled. In 
the neighbourhood of the sun we have found that stars are uniformly scattered 
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at the rate of about one star per 10 cubic parsecs. Known stars establish 
this uniform distribution up to less than 4 parsecs. After this the density 
appears to fall off so long as we take account only of stars whose distances are 
known, but this is merely because most of the stars beyond 4 parsecs have 
not had their distances measured. 

It is nevertheless quite obvious that the uniform distribution of stars 
which prevails in the near neighbourhood of the sun cannot go on for ever. 
If it did, the sky would exhibit a uniform blaze of light, since, in whatever 
direction we looked, we should in time come to a star. Moreover, the infinite 
mass of stars would produce gravitational forces of infinite intensity, and these 
would cause the sun and stars to move with infinite speed. Actually the 
comparative faintness of starlight and the observed finite velocities with which 
the stars move through space, fix definite calculable limits to the extent of 
the field of stars surrounding the sun. The limit set by the speed of motion 
of the stars will be discussed in a later chapter, but we may consider at once 
the limit set by the observed brightness of the sky. 

The naked eye can see some 6000 stars in both hemispheres of the sky. 
A one-inch telescope has about five times the aperture of the naked eye, and, 
because it has 25 times the area, admits 25 times as much light. If any star 
can just be seen with the naked eye, a similar star at five times the distance 
ought to be just visible in a one-inch telescope. In brief, we may say that 
the range of vision of the one-inch telescope for a given object is five times as 
great as that of the naked eye because its aperture is five times as great, and 
in general the ranges of vision of different telescopes for similar objects are 
proportional to their apertures. 

Thus if the distribution of stars around the sun extended uniformly to 
infinity, the number of stars visible in different telescopes would be proportional 
to the cubes of their apertures. A one-inch telescope would shew 5°, or 125, 
times as many stars as the naked eye, and, as the naked eye can see 6000 
stars, a one-inch telescope should shew 750,000 stars. Actually it only shews 
about 120,000. Part of the discrepancy no doubt arises from the loss of light 
caused by passing through the three lenses of the telescope. If this could be 
eliminated, a one-inch telescope would enable us to see somewhat more than 
the 120,000 stars which it actually shews, but it would not shew as many as 
750,000. A five-inch telescope ought in the same way to shew 125 times as 
many stars as a one-inch telescope but the ratio actually observed is far less 
than this. The explanation is that the remaining stars are not there to see; 
somewhere within the range of a five-inch telescope the star field surrounding 
the sun must begin to thin out quite perceptibly. 

This method of investigation can be extended and refined almost indefi- 
nitely. On examining the numbers of stars visible in different directions in 
space, the star field is found to thin out differently in different directions; a 
detailed study gives particulars of the way in which the star field thins out 
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in any given direction. The value of such investigations has been recognised 
since the time of the Herschels. The method of “star-gauges,” or counts of 
stars of different brightnesses in different areas of the sky, instituted by 
Sir William Herschel* and extended to the southern hemisphere by his son, 
Sir Johnt, first established that the system of stars surrounding the sun is of a 
symmetrical flattened shape like a watch or a ship’s biscuit. Investigations 
on the same lines have been made by Seeliger, Chapman and Melotte, 
Kapteyn, Seares and van Rhijn and others. 


14. The Galactic System. We have seen that stars are scattered in the 
neighbourhood of the sun, at the rate of about one star to every 10 cubic 
parsecs. We can frame a definite problem by inquiring how far from the sun 
we should have to go to find the star field thinned out to any definite fraction 
we please of this density, say, one hundredth part, or one star per 1000 
cubic parsecs. In 1922 Kapteynt gave a simple answer to this question; it is 
far from absolutely accurate, but its simplicity more than compensates for its 
inexactness. 

Looking at the sky on a clear night, we see the band of faint stars known 
as the Milky Way. This band forms very approximately a great circle in the 
sky, so that the plane through this circle which is called the galactic plane 
passes very nearly through the earth, and divides the sky into two approxi- 
mately equal halves. Now Kapteyn found that if we go for a distance of 
8465 parsecs, or about 27,000 light-years, in any direction whatever in the 
galactic plane, the star-density 1s reduced to one-hundredth of its value in 
the regions surrounding the sun. But to reach a corresponding reduction of 
density in other directions, we need not travel so far; the same reduction of 
density is reached after travelling only 1660 parsecs, or 5400 light-years, in a 
direction at right angles to the galactic plane. The various points in space 
at which the star-density is one-hundredth of that near the sun, lie, according 
to Kapteyn, on a much flattened spheroid. The cross-section of this spheroid 
in the plane of the galaxy is a circle of radius equal to the 8465 parsecs 
already mentioned, but its semi-minor axis, which is at right angles to this 
plane, is of length only 1660 parsecs. 


15. This particular spheroid maps out the regions in space at which the 
star-density is one-hundredth of that near the sun, If we had selected any 
other fraction in place of one-bundredth, Kapteyn finds that we should still 
have obtained a much flattened spheroid whose axes would have been different 
from those just mentioned, although still in the same proportion of 5-102 to 1. 
Kapteyn has estimated the axes of these spheroids for ten different densities, 
with the results shewn in the following table : 


* “ On the Construction of the Heavens,” Phil. Trans. uxxxv. (1785) or Sci. Papers, 1. p. 223. 


t Results of Astronomical Observations made during the years 1834-8 at the Cape of Good Hope 
(1847), p. 373. 


+ Astrophys, Journal, uy. (1922), p. 302 or Mount Wilson Contribution, No, 230. 
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Yerkes Observatory 


The Great Nebula 1731 (N.G.C. 224) in Andromeda 


The small nebula almost directly over the centre is the companion nebula 4732 (N.G.C, 221) 
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Table II. Star-densities (Kapteyn). 


: Volume 
Relative Stars of Shell 


Star- per cubic 
density parsec 


Semi- Semi- 

Ellipsoid major minor 

No. axis axis 
(parsecs) | (parsecs) 


Number 
(cubic of Stars 
parsecs) : 


cs 


Centre es 1:000 

I 602 0°631 1°79 x 108 0:1 x 108 
II 1010 0°398 6°66 0°3 x 108 
III 1510 0°251 19°8 0°6 x 108 
IV 2106 0°158 48°4 1:0 x 108 
V 2820 0:100 107 1°3 x 108 
VI 3656 0°:063 226 1°8 x 108 
VII 4600 0:040 388 2°0 x 108 
VIII 5675 0-025 702 2°3 x 108 
IX 6960 0:016 1270 2°5 x 108 
x 8465 0:010 2210 2°6 x 108 


=< 128 0:03 ; 4980 14:5 x 108 


The first four columns are given by Kapteyn. The next column gives the 
number of stars per cubic parsec over the spheroid in question, calculated 
for a central density of one star per 10 cubic parsecs, our estimated density of 
stars in the neighbourhood of the sun. Kapteyn’s own figures were rather less 
than half of these, as he estimated the central density to be only 00451 
stars per cubic parsec, or about one star per 22 cubic parsecs. 


The general distribution implied in Kapteyn’s scheme is shewn dia- 
grammatically in fig. 2. This represents a section through the central axis of 
the system; if the section is supposed to be 3,55 parsec in thickness, each 
dot represents a single star. 


0 1000 2000 3000 4000 5000 
Se OS ee ee | 


Scale: parsecs 


Fig. 2. Density of Distribution of Stars surrounding the Sun (Kapteyn). 
(On right, the Andromeda Nebula M. 31 (Plate I) on the same scale.) 
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The sketch on the right of fig. 2 represents the main outlines of the 
Andromeda nebula (Plate I) drawn to the same scale. The outermost line of 
the sketch does not, however, represent the physical boundary of the nebula, 
the greatest diameter of which is about 15,000 parsecs (cf. §16 below). Also 
the distance between the two objects is not drawn to scale; to make the 
distance conform to the same scale the two objects must be imagined separated 
by a distance of over six feet. 


Although the schemes of Herschel and Kapteyn make no attempt to ex- 
plain local peculiarities of star distribution, they give an adequate explanation 
of the general appearance of the night sky. The sun is supposed to be near 
the centre of the system. The stars which appear brightest in the sky are for 
the most part relatively near to the sun, occurring at distances within which 
there is no appreciable thinning out of stars. Sirius, the brightest star of all, 
is within 3 parsecs, while more than half of the twenty brightest stars are 
within 20 parsecs. These brightest stars, being well within the first spheroid, 
appear to be evenly scattered over the sky. On the other hand, stars near the 
ends of the major axes of the remoter spheroids are so distant that they 
appear faint, no matter how great their intrinsic luminosity may be. As there 
is no counterbalancing aggregation of faint stars in other directions, the faint 
stars appear to be concentrated mainly in a circular band in the sky—the 
Milky Way. 

The plane which passes through the earth and this band forms an obvious 
plane of reference for the discussion of the distribution of the stars. According 
to the Harvard determination, the poles of this plane are at 


R.A. 12h. 40 m., Decl. + 28 (in Coma Berenices) 
and R.A. Oh. 40m., Decl. — 28 (in Sculptor). 


Galactic latitudes are measured from this plane and galactic longitudes from 
the point in the plane of night ascension 18h. 40 m. (in Aquila). 

Recent investigations have revealed two deficiences in Kapteyn’s scheme, 
It fails to represent the distribution of stars beyond a certain distance. That 
it does not represent the distribution of all the stars is clear from the scheme 
itself. Table II shews that the number of stars in each spheroidal shell is 
greater than that in the shell next inside it; on adding the numbers in the 
different shells the total shews no tendency to approach a definite limit by 
the time the tenth shell is reached. Thus the total number of stars accounted 
for by Kapteyn’s scheme, which is just below 1500 million, can be nothing 
like equal to the number of all the stars. 

Even at the limit of visibility of the largest telescopes, the total number 
of stars is still rapidly increasing. It is estimated that about 1000 million can 
be noted photographically in the 100-inch telescope at Mount Wilson, but 
the distribution of luminosity in these is such as to make it clear that a slight 
increase in the aperture of the telescope would result in an enormous increase 
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in the number of stars. By extrapolation from known observational results, 
Seares and van Rhijn* have estimated the total number of stars at 30,000 
million. As their estimate relies on extrapolations to enumerate totally 
invisible stars, they do not of course claim great accuracy for it. For instance, 
they compute that even in the direction of the galactic poles, where the stars 
thin out most rapidly, there are three stars too faint to be seen in any 
existing telescope for each one that is telescopically visible; in directions 
in the galactic plane, they estimate the ratio of invisible to telescopically 
visible stars to be not less than 70 to 1. 

The circular appearance of the Milky Way led Kapteyn to anticipate a 
general symmetry of arrangement about the galactic pole, and his scheme of 
star distribution presupposes this symmetry to exist. Recent investigations 
have shewn that the distribution of stars is by no means the same in the 
different planes through the galactic pole, being especially disturbed by the 
local condensations of stars known under the general name of “star clouds.” 
A conspicuous example occurs in Cygnus, at a distance which Pannekoek t 
estimates as 600 parsecs, and there are others in Sagittarius, Scutum, Mono- 
ceros (200 parsecs) and Carina (300 parsecs). Charlier and Shapley have 
found that the brightest stars of the earliest spectral types form a star cloud 
which surrounds the sun and appears to have the same general biscuit shape 
as the main galactic system, but to be inclined to it at an angle ofabout 12°. 
The sun appears to be only a small distance, 90 ne according to Charlier, 
from its centre. Shapley calls this “the local system,” and a large proportion 
of the stars in the neighbourhood of the sun appear to belong to this system. 
Seares finds that it is only the nucleus of a much larger “local system,” some 
6000 parsecs or more in diameter, which is responsible for three-fourths of 
the stars in the neighbourhood of the sun, and for half of the stars in the 
galactic plane up to a distance of about 700 parsecs. 

As the Milky Way forms almost exactly a great circle in the sky, the sun 
cannot be far removed from the central plane of the galactic system. Seares§ 
finds that it lies exactly in this plane to within about eight parsecs, but that 
it lies some 40 or 50 parsecs north of the central plane of the local cluster. 

Kapteyn, treating the sun as lying precisely in this central plane, discussed 
its distance from the centre of the system, and concluded that the approxi- 
mate equality of star-density in different galactic latitudes was inconsistent 
with this distance being more than about 700 parsecs. Seares now finds, 
however, that the star-density in the main galactic system increases to a 
maximum at a distance of 1000 parsecs, or even more, from the sun. This 
main system is far from symmetrical, and its geometrical centre is probably 

* Astrophys. Journal, uxit. (1925), p. 320 or Mount Wilson Contribution, No. 301. 

+ Publications of the Astronomical Institute of the University of Amsterdam, No. 1 (1924). 


+ ‘‘ The Distances and the Distribution of Stars of Spectral Type B,” Lund Meddelanden, 11. 
(1916), No. 14. § Contributions from Mount Wilson Observatory, No. 347 (1928). 
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substantially more than 1000 parsecs from the sun. Seares considers that its 
diameter may be from 60,000 to 90,000 parsecs, and determines the direction 
of its centre as galactic latitude 319°. 

This is in substantial agreement with Shapley’s determination of the 
system defined by the “globular clusters” (§ 27). He finds that this system 
lies approximately in the galactic plane, its maximum diameter being about 
75,000 parsecs, and its centre lying about 20,000 parsecs away in galactic 
longitude 325°. Oort* finds that the radial velocities of faint stars suggest 
orbital motion about a centre some 6000 parsecs distant in galactic longitude 
324°, while from a similar study of O and B type stars, J. S. Plaskett+ finds 
evidence of orbital motion about a centre in galactic longitude 324°5°. 


THE GREAT NEBULAE. 


16. Within the limits of distance set by the Milky Way lie not only the 
stars we have just discussed, but also an abundance of non-stellar objects. 
For instance, the irregular nebulae, such as the great nebula in Orion (see 
Plate V) are found to be comparatively near objects, most if not all of which 
lie within the confines set by the galaxy. 


In addition to these the telescope reveals a great number of nebulae of 
regular shapes—circular, elliptical, spindle-shaped and spiral. Two of these, 
the great nebula M 31 (N.G.C. 224)t in Andromeda and the nebula M 33 
(N.G.C. 598) in Triangulum, are of outstanding brightness and apparent size, 
both being visible to the naked eye. 

The former of these nebulae is shewn in Plate I, enlargements of its central 
portion and of an outlying region (top left-hand corner) being shewn in 
Plates VII and VIII below. The nebula in Triangulum is shewn in Plate XI. 
These nebulae appear to be thin discs in shape; when seen edge-on they 
present the characteristic appearance exemplified by nebula N.G.C. 981 
shewn in Plate II (see also other examples in Plate XIII). 


The distances of the two nebulae M 31 and M 33 are revealed by the 
circumstance that they are found to contain Cepheid variables. Calculating 
their distances in the manner already explained, Hubble has estimated 
the distance of M 31§ as 285,000 parsecs, and that of M 33|| as 263,000 
parsecs. By the same method he estimates the distance of the star-cloud 
N.G.C. 68224 to be 214,000 parsecs. 


These figures amply shew that these nebulae and star-clouds are quite 
outside our system of stars; they constitute what Herschel described as 
* Bulletin of the Astronomical Institute of the Netherlands, No. 120 (1926). 
+ Monthly Notices of the R.A.S. uxxxvin. (1928), p. 395. 
y p 
+ The prefix M to a nebula precedes its number in Messier’s Catalogue of Nebulae; the prefix 


N.G.C, similarly refers to Dreyer’s New General Catalogue (Mem. Royal Ast. Soc. 49 (1888), 
Part I). 


§ Popular Astronomy, xxx, (1925), No. 4 or The Observatory, xuvut. (1925), p. 139. 
|| Astrophys. Journal, uxt, (1926), p. 236. §| Ibid. uxit. (1925), p. 409. 


PLATE II 


Mt Wilson Observatory 


The Spiral Nebula N.G.C. 891 seen edgewise 


(This is oriented so as to compare directly with the sideways nebula shewn in Plate I) 
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“jsland-universes” distinct from the universe which contains our sun. 
Knowing their distances, it is easy to calculate their sizes; the diameter of 
the great Andromeda nebula, which subtends nearly three degrees in the sky, 
must be about 15,000 parsecs; the diameter of M 33, subtending about one 
degree, must be about 5000 parsecs. We may call these nebulae “extra- 
galactic” on account of their distance, or may speak of them as the “ great 
nebulae” on account of their size. 


17. As seen in a telescope, the great nebulae differ enormously in apparent 
size, shape and brightness. But Hubble has recently shown* that differences 
in size and brightness in nebulae of the same shape are almost entirely due 
to a distance effect. Nebulae of the same shape may thus be thought of as 
similar manufactured articles, or as astronomical plants belonging to the 
same species. Hubble further finds that even nebulae of different shape shew 
only slight differences in intrinsic luminosity, and no great differences in size. 


These circumstances make it possible to estimate the distances of all 
nebulae, down to the very faintest visible, with fair accuracy. The faintest 
nebulae which can be seen photographically in the Mount Wilson 100-inch 
telescope give only about a hundred-thousandth part of the light of the 
brightest. Assuming the difference in light to be due to a distance effect, 
it is found that the 18th magnitude nebulae must be at a distance of about 
140 million light-years. This represents the range of vision of the 100-inch 
telescope for objects having the luminosity of the great nebulae; it is the 
greatest distance with which practical astronomy has so far had to deal. 
Within this distance Hubble estimates that about two million nebulae must 
lie, these being fairly uniformly spaced at distances of about 570,000 parsecs 
apart. 

We can construct an imaginary model of the system of the great nebulae 
by taking about 50 tons of biscuits and spreading them so as to fill a sphere 
of a mile radius, thus spacing them at about 25 yards apart. The sphere 
represents the range of vision of the 100-inch telescope; each biscuit repre- 
sents a great nebula of some 4000 parsecs diameter. A few nebulae of 
exceptional size must be represented by articles rather larger than biscuits, 
while our system of stars, up to Kapteyn’s tenth spheroid, would be repre- 
sented by a flat cake 13 inches in diameter and 24 inches in thickness. On 
this scale the earth is far below the limits either of vision or even of 
imagination. It is little more than an electron in one of the atoms in our 
model; and we should have to multiply its dimensions many millions of 
times to bring it up to the size of even the smallest particles which are 
visible in the most powerful of microscopes. 


18. This completes our brief astronomical survey of the dimensions of the 
universe. We have dwelt mainly on the lay-out, as regards distance, of the 


* Astrophys. Journal, uxtv. (1926), p. 321. See Chapter x111 below. 
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main structure of the universe. In rushing in imagination to the depths 
of space, travelling with millions of millions of times the velocity of light, 
we have not paused to discuss, or even to mention, except perhaps incidentally, 
the various minor classes of objects which are found scattered through the 
universe. Retracing our steps, let us discuss astronomical objects no longer 
primarily in respect of their distances, but rather in respect of their frequency 
of occurrence in the sky. 


Binary STARS. 


19. The commonest object of all is the simple star, which appears merely 
as a point of light and shines with a perfectly steady light. If we set a 
telescope on the sky at random, we shall find that the vast majority of the 
objects visible in it are simple stars of this kind. We are likely to find, how- 
ever, that these points of light are not scattered at random in the field. In 
too large a number of cases to be attributed to mere chance, pairs of stars are 
found to lie very close together in the sky. Some such pairs undoubtedly appear 
close as the result of mere chance, the line joining them happening to pass 
near to the earth at the present moment. If such a pair of stars were watched 
for several centuries, they would be seen to move steadily apart, and the 
chance cause of their appearing together would be disclosed ; they had merely 
happened to lie almost one behind the other when we first noticed them. 
Other pairs of contiguous stars shew no tendency to separate when con- 
tinuously watched ; on the contrary, they are observed perpetually to describe 
orbits one about the other like partners in a never-ending waltz. Such pairs 
clearly do not appear close together in the sky as the result of mere chance, 
but because they actually are close together in space; they are bound 
together by the force of gravitation and describe regular orbits about one 
another just as the earth describes an orbit about the sun, and for the same 
reason. Such systems are spoken of as “ binary systems.” 

The periods in which the orbits of binary stars are described may be too 
long to be determined by observation at all. Many must be reckoned in 
thousands of years, and periods of hundreds of years are common. At the 
other end of the scale, when the period is less than about a year, the stars 
may be so close as to appear merely as a single point of light in the telescope, 
so that visual observation cannot detect their binary nature. Methods other 
than direct visual observation, however, reveal the existence of binary stars of 
periods extending down to only a few hours. 


20. Spectroscopic Binaries. The spectrum of a star generally shews a 
number of sharply-defined dark lines, and if the star is in rapid motion, these 
lines are observed to be displaced from their normal places by an amount 
which, by Doppler’s principle (cf. p. 50 below), is proportional to the star’s 
velocity relative to the earth. This extremely valuable circumstance makes it 
possible, within limits set by the power of optical instruments, to determine 
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the speed with which any star is advancing towards, or receding from, the earth. 
Asa result of their motion around one another, the two components of a binary 
star will generally be advancing towards the earth or receding from it at 
different rates, and when both components are bright enough for their spectra 
to be visible the spectrum of a binary star shews two distinct sets of lines, 
which oscillate about their mean position in a period equal to the period of 
the star. There are only very few stars whose distance and period are such 
that they can be observed both visually and spectroscopically as binaries: in 
these rare cases the period can be determined from either visual or spectro- 
scopic observations. There is a far larger number of stars whose spectra shew 
the special characteristics of binary stars, although their period is so short, and 
the two constituents consequently so close together, that their binary nature 
is not susceptible to direct visual observation. Such stars are called spectro- 
scopic binaries. The periods of spectroscopic binaries range from 2} hours 
(y Ursae Minoris) to 15:3 years (e« Hydrae). 


21. The periods of Binary Stars. The frequency with which the different 
classes of binary stars figure in star catalogues gives a very misleading idea as 
-to the frequencies with which the stars themselves occur in space. It is a slow 
and difficult process to determine the orbits of long-period binaries with any 
accuracy, so that only few of these appear in star catalogues at all. Hertz- 
sprung* considers that out of 15,000 known double stars it is only possible 
to calculate reliable orbits for 80, while about 1000 more shew traces of 
orbital motion but with periods so long that it is not yet possible to calculate 
them with any accuracy. On the other hand the periods of short-period 
binaries, and especially of fairly bright spectroscopic binaries, are easily and 
rapidly determined, with the result that these figure to a very disproportionate 
extent in star catalogues. 


Hertzsprung has attempted to obtain information as to the true frequency 
with which the different types of orbit occur in space by studying the known 
binaries within a short distance of the sun. Twenty-one binaries are known 
to be within 10 parsecs of the sun. The actual periods of 13 of these are 
known, and Hertzsprung estimates periods for the remaining 8 from the 
observed angular motion or the observed distance between the components. 
The adopted values for the period are shewn in the following table. The 
second column contains the period in years where this is known with accuracy, 
and the third column contains Hertzsprung’s estimated value of log P, where 
P is the period in years. Of the 21 stars only two, y Draconis and & Ursae 
Maj. are spectroscopic binaries, so that visual binaries outnumber spectroscopic 
binaries by ten to one. Hertzsprung notes that the distribution of log P is 
approximately Gaussian about a median value of log P=2, with a mean 
deviation of +1. These 21 binaries probably constitute the best sample 


* Bulletin of the Astronomical Institute of the Netherlands, No. 25, 1922. 
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available to us of the binaries in space. We accordingly conclude that only a 
small fraction of binaries are spectroscopic, and that the mean period of visual 
binaries is of the order of 100 years. 


Table III. Binary Systems within 10 parsecs of the Sun (Hertzsprung). 


Period in years log P 


Star (where known) 


x Draconis 0'770 
& Ursae Maj. 1:80 
B 395 25-0 
¢ Herculis 34°46 
Procyon 40°23 
B 416 41:47 
w» Herculis 42°23 
Lacertae 353 = 
Sirius 49°32 
Kruger 60 54:9 
a Centauri 78°83 
70 Ophiuchi 87°86 
& Bootis 152°8 
og Eridani 180°03 
61 Cygni -~ 
Sh. 190 — 
Struve 2398 — 
Struve 1321 — 
x Tucanae — 
Groombridge 34 — 
y Leporis = 
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22. The number of Binary Stars. We have just seen that.21 of the 87 
stars which are known to be within 10 parsecs of the sun are binary, while of 
the 26 stars within 5 parsecs of the sun (cf. Table I) 8 are binary. These 
figures suggest that something like a quarter, or possibly a third, of the 
stars in the sky are binary. We must be on our guard against putting the 
proportion too high. It may be true that some of the 87 and 26 stars just 
mentioned may be binary without their binary nature having yet been dis- 
covered; on the other hand there may be a number of stars still undiscovered 
which must be added to our figures of 87 and 26, and these are far more 
hkely to be simple stars than binary systems. But it seems probable that 
fully a quarter of the whole number of stars in the sky are binary, while in 
special classes of stars the proportion is higher. For instance Hertzsprung has 
found that 9 out of 15 stars in the Ursa Major cluster are binary, while 
Frost found that half the stars in the Taurus cluster are binary. Next to 
the simple featureless star, the binary star is the commonest object in the 
sky. 

23. Eclipsing Variables. The majority of binary stars shine with a per- 
fectly steady light, the total light emission of the system being the sum of 
the emissions from the two components separately. In a certain proportion of 
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cases, however, the two components alternately pass in front of one another in 
their orbits as seen from the earth, and so undergo eclipse at regular intervals. 
At these moments of eclipse we do not see the total light from both con- 
stituents, so that the brightness of the system appears to undergo a diminution. 
The light received from such a system accordingly varies, and the system is 
described as an “eclipsing variable,’ or an “eclipsing binary.” It will be 
understood that physically an eclipsing binary is precisely similar to a non- 
eclipsing binary ; the difference between them results solely from the accident 
of the earth being nearly in the plane of the orbit in the case of the eclipsing 
binary, and well out of this plane in the case of the non-eclipsing binary. 


VARIABLE STARS. 


24. While the variation in the light of an eclipsing variable is in a 
sense accidental, and in no way physically inherent in the system itself, 
there are other classes of variable stars in which the light variation must be 
ascribed to actual changes in the light-emission of the stars themselves. The 
general characteristic of these true variables is that the quality of the light 
changes as well as the amount received. In extreme cases the light varies 
through a considerable range of colour as the star varies, while the amount of 
visual light may vary by a factor as great as 4000 to 1, although the ratio is 
greatly reduced when the invisible heat-radiation of the star is added to its 
visible light radiation (cf. § 48 below). 


The Cepheid variables already mentioned form the most interesting class 
of true variables. Both these and other variables are of somewhat rare occur- 
rence in space, but their importance is not to be measured by the frequency of 
their occurrence, and we shall discuss them further in Chap. xv, below. 


GROUPS OF STARS. 
Triple and Multiple Systems. 


25. We have already noticed that nearly one-third of the nearest stars are 
binary, and one of these systems, the nearest of all, constitutes in effect a triple 
system, namely, the binary a Centauri, accompanied in its journey through 
space by its distant companion Proxima Centauri. The period of the two 
components of a Centauri is 78°83 years, while its distance shews that the 
period of Proxima about this binary system is to be reckoned in millions of 
years. 


This provides a rather extreme instance of a triple system, but there are 
innumerable instances of more normal triple systems in which the periods are 
shorter, as also of multiple systems in which more than three components 
journey together through space, describing orbits meanwhile under their 
mutual gravitational attractions. Russell found that of 800 double stars no 
fewer than 74, or 9:25 per cent. of the whole, formed part of triple or multiple 
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systems. In Jonckheere’s “ Catalogue and Measures of Double Stars*” 9°7 per 
cent. of the total of 3950 systems are either triple or still more complex. 


Roughly we may say that of every hundred stars in the sky, about 75 
are likely to be single stars, while the remaining 25 will be binary or multiple. 
And of these 25, some 2 or 3 are likely to be triple or multiple systems. 


Moving Clusters. 


26. There is a continuous transition from the normal triple star, in which 
the periods are a few hundred years at most, through systems such as the triple 
system formed by a and Proxima Centauri, with periods running into millions 
of years, to systems such as the three well-known stars in Orion’s belt which 
are moving in one another’s company through space, although at such great 
distances from one another that their mutual gravitational attraction may 
almost be disregarded. We can pass still further and find groups of many 
more than three stars which are voyaging in company through space. Indeed 
the stars of Orion’s belt are only three members of a great party of such stars, 
which contains nearly all the bright stars in the constellation of Orion, with 
the conspicuous exception of the brightest of all, a Orionis (Betelgeux) which 
appears to be traversing space by itself. 


Most of the conspicuous groups of stars in the sky form parties of this 
kind which are travelling through space in company. The “Great Bear” in 
Ursa Major is perhaps the most obvious instance, although here again the 
brightest star of all, a Ursae Majoris is a solitary traveller and not a member 
of the party. As Hertzsprung and others have shewn, this group, or “moving 
cluster” to use the usual technical term, contains some twenty stars at least, 
Sirius almost certainly being a member. H. H. Turner} found that the stars 
of this cluster form a much-flattened formation lying nearly in one plane. 
Another striking instance is provided by the Pleiades, the moving cluster 
containing all the stars which are visible to the naked eye, and many other 
fainter stars as well. The Hyades again form part of a huge moving cluster, 
the Taurus cluster. The principal stars in Perseus also belong to a clearly- 
defined cluster, and there are less clearly-defined clusters in Scorpio-Centaurus 
and Cygnus. Shapley’s “local system” (§15) may probably be regarded as 
forming a single huge moving cluster, and there is a further possibility that 
the great majority of stars in the neighbourhood of the sun belong either to 
this or to two inextricably intermingled moving clusters of enormous size and 
extent. Nearly all known clusters shew the characteristic flattened formation t. 
We shall consider the dynamics of moving clusters in a later chapter 
(Chap. XIv) in which we shall also discuss the general motions of the stars. 


* Memoirs of the Royal Astronomical Society, uxxt. (1917). 
+ The Observatory, xxxtv. (1911), p. 246. 
+ N. H. Rasmuson, ‘‘A Research of Moving Clusters,” Lund Meddelanden, u. No. 26 (1921). 
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PLATE II] 


Mt Wilson Observatory 


The Globular Cluster W713 in Hercules 
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Globular Clusters. 


27. In a somewhat different category from the moving clusters are the 
rather mysterious objects known as “globular” clusters. Whereas the moving 
clusters just discussed are of a pronouncedly flattened shape, the globular 
clusters appear at first sight to be strictly of the shape that their name 
implies. Bailey *, however, noticed a departure from actual spherical symmetry, 
and Pease and Shapley + have found that five out of six clusters they studied 
in detail shewed definite departures from sphericity, being apparently of a 
flattened or spheroidal form. A typical globular cluster, the cluster M 13 in 
Hercules, is shewn in Plate III. 

Whereas the moving clusters are intermingled with the main mass of the 
stars, the globular clusters are so remote as to be either entirely outside our 
system of stars or at least in regions where stars are extraordinarily sparse. 
It has already been mentioned that Shapley has measured their distances 
by the use of the “period-luminosity” law which is obeyed by the Cepheid 
variables contained in them, and finds distances varying from 6500 parsecs for 
w Centauri to 67,000 parsecs for N.G.C. 7006; their diameters are all of 
the order of 150 parsecs (490 light-years). Their distribution in the sky is 
peculiar and surprising ; Hinks § found that they are practically confined to one 
hemisphere of the sky, while Melotte|| further found that more than half lie 
within 30° of one point in the sky, namely, the point in the galactic plane of 
galactic longitude 325°. Shapley has shewn that they lie within an ellipsoidal 
volume whose centre is at a distance of 20,000 parsecs in this direction and 
whose major axis is about 75,000 parsecs. The sun is near to one end of the 
major axis, which explains why the globular clusters all appear to lie in one- 
half of the sky. 

Slipher has measured the velocities of the clusters spectroscopically and 
finds that their radial velocities vary from a velocity of approach of 410 kms. 
a second to a velocity of recession of 225 kms. a second. The mean speed of 
these clusters is 150 kms. a second. The average radial velocities of approach 
or recession of the stars in the galactic system are only of the order of 10 kms. 
a second, so that the globular clusters move with far higher velocities than 
individual stars; on the other hand, as we shall shortly see, their velocities are 
substantially inferior to those of the spiral nebulae. After allowing for their 
different distances these globular clusters are found to be remarkably similar in 
structure and size. The law of density of distribution is found to be approxi- 
mately the same in all; using counts of stars by Bailey**, Plummertt has 


* Harvard Observatory Annals, uxxv1. No. 4. + Astrophys. Journal xv. (1917), p. 225. 
+ Ibid. xuvit. (1918), p. 154, or Mount Wilson Contribution, No. 161. 
§ Monthly Notices of the R.A.S. uxxt. (1911), p. 693. 
|| Memoirs of the R.A.S. ux. (1915), p. 176. Nled.es p11 G9: 
** Harvard Observatory Annals, uxxvi. No. 4. 
tt Monthly Notices of the R.A.S. uxxvi. (1916), p. 107. 
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found the star-density at a distance r from the centre to be proportional to 


(r? + a?)~®, where the constant a which determines the scale of the cluster is 
very approximately the same for all clusters. This law gives a density which 
falls off as r~* at great distances from the centre; I have, however, found * 
that the observed distribution in the outer regions of the clusters is better 
represented by a density falling off as r~*. 


The central dense portions of all the clusters is about 5 parsecs in diameter, 
the star-density remaining appreciable to a distance of 15 or 20 parsecs from 
the centre. The star-density in the central regions is very high. Within 10 
parsecs of the centre of the cluster M 8 there are at least 150,000 stars which 
are at least four times as bright photographically as the sun. Thus the density 
of distribution of these bright stars alone is several hundreds of times as 
great as the density of stars of all kinds in the neighbourhood of the sun. 
The distances of the globular clusters are so great that only stars of high 
luminosity are accessible to observation. It seems probable that, as in the 
galactic system, very bright stars must be accompanied by far greater numbers 
of fainter stars; if so, when stars of all degrees of luminosity are taken into 
account, the star-density in the globular clusters must be very great indeed 
in comparison with that in the galactic system. 


Finally it may be added that only about 100 of these globular clusters 
are known to exist, practically all of which were known to the Herschels. As 
they appear to be all of similar dimensions and to lie within a definitely limited 
region of space it is unlikely that many more, if any, remain to be discovered, 
at any rate in those parts of space which are near to the sun. 


It is not altogether clear to what extent the globular clusters and the 
moving clusters form distinct formations. In some respects the group of 
objects known as open clusters seem to form a connecting link between themf. 
Boss has remarked that if the Taurus cluster were to continue its present 
motion undisturbed for another 65 million years, it would then appear to us 
as an ordinary globular cluster 20’ in diameter. On the other hand, it must 
be remarked that the moving clusters move with ordinary stellar velocities, 
whereas the globular clusters have far higher than stellar velocities, and 
that the groups which are clearly established as moving clusters contain 
few stars, whereas the globular clusters contain hundreds of thousands. We 
shall return to the problem of the clusters in a later chapter. 


NEBULAE. 

28. Astronomical objects in general may be divided into two broad classes 
according as the telescope shews them as points of light or as areas of finite 
size. The quite small planets are so near as to shew finite discs in the 
telescope, whereas the far larger stars are so remote as to appear as mere 


* Monthly Notices of the R.A.S, uxxvi. (1916), p. 567. 
ft Sigfrid Raab, ‘‘A Research on Open Clusters,” Lund Meddelanden, u. No. 28 (1922). 
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PLATE IV 


N.G.C. 2392 N.G.C. 1501 


N.G.C. 2022 N.G.C. 7662 


N.G.C. 7009 N.G.C. 6720 
Mt Wilson Observatory 


Planetary Nebulae 
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points of light. The greatest angle which the diameter of any star subtends 
at the earth is 0056”, which is the angle subtended by a pin-head at a 
distance of two miles, and is far too small to shew a finite disc in any tele- 
scope which has yet been constructed. 


Apart from the planets, all the objects we have so far discussed in detail 
have consisted of stars and groups of stars, forming the class of objects which 
shew as points of light in the telescope. There is a second class of objects 
which appear in the telescope as areas of finite size. These are generally 
and somewhat unfortunately bundled together under the general name of 
“nebulae.” 


Planetary Nebulae. 


29. We may mention first the comparatively unimportant class of objects 
known as “planetary nebulae.” The name is doubly unfortunate since the 
objects are not nebulae in any strict sense, and are not planetary in any sense 
at all, except that of shewing a disc of planetary size in the telescope. 


Planetary nebulae are comparatively rare, only 150 out of 15,000 nebulae 
investigated by Campbell proving to be “planetary.” In general they are of 
an apparently spheroidal or ellipsoidal shape, many shewing additional features 
and details of formation. Typical examples are shewn in Plate IV; the ring- 
shaped nebulae, such as N.G.C. 6720 (the “ring nebula” in Lyra) are probably 
ellipsoidal shells which are so transparent as only to be visible where the line 
of sight passes through a considerable thickness of the shell. 


Many of the planetary nebulae are near enough for their distances to be 
estimated by the direct trigonometrical method. That of N.G.C. 7662, for 
instance, is found by Van Maanen* to be 0:023”, from which its diameter 
may be calculated to be 19 times that of Neptune’s orbit. Van Maanenf and 
Newkirk} agree in estimating that the ring nebula N.G.C. 6720 is'considerably 
. more distant and substantially larger in linear dimensions. Every planetary 
nebula shews a star at its geometrical centre, and when the distance of a 
nebula is known, the luminosity of its central star can at once be calculated. 
The luminosities of the central stars of the planetary nebulae prove to be 
well below that of the average star; few, for instance, are as intrinsically 
bright as our sun. 

The planetary nebulae lie within the galactic system of stars, confirmation 
of this being found in the circumstance that they are found mainly in directions 
near the galactic plane. They appear to be rather ordinary stars which have 
in some way become surrounded by an atmosphere or shell of gas of such 
enormous dimensions as to exhibit finite discs in the telescope. Their velocities 
of motion are rather above those of average stars: Keeler found the average 
radial velocity of 13 to be 27'7 kms. a second, or 26'8 kms. a second after 


* Proc. Nat. Acad. Sci. m1, (1917), p. 133. + Publ. Astr. Soc. Pac. xx1x. (1917), p. 209. 
t Lick Obs. Bull. 1x, (1917), p. 100. 
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correction for the solar motion. Some few have quite exceptionally high 
velocities; for instance, Campbell has found that N.G.C. 6644 is receding 
with a velocity of 202 kms. a second, while N.G.C. 47322 is approaching at 
141 kms. a second. The majority give spectroscopic evidence of rotation, and 
in some the rotation is not uniform, the outer layers rotating less rapidly than 
the inner layers. 


Irregular Nebulae. 


30. Plate V shews the central portion of the great nebula in Orion, the 
most striking example of the class of objects described as “irregular nebulae.” 
These lie within the confines of the galactic system of stars, and generally shew 
stars which appear to be caught within them, or are more probably travel- 
ling through them, and illuminating the surrounding nebulosity. Many of 
these irregular nebulae are fairly near to the sun. The internal motions of the 
Orion nebula have been studied in great detail by Campbell and Moore* and 
reveal no high velocities; most parts of the nebulae shew motions of advance 
or recession of the order of 5 kms. a second, relative to the motion of the 
nebula as a whole. 


The irregular nebulae shew the bright line spectrum which is character- 
istic of a transparent gas, and so are most probably wisps or clouds of 
comparatively stagnant gas which are rendered incandescent by the passage 
of light or other forms of radiation. 


The dark streaks or lanes which appear in many of the irregular nebulae, 
as for instance in the Trifid nebula shewn in the lower half of Plate V, are 
almost certainly bands of absorbing matter. The alternative interpretation of 
them as rifts or gaps can hardly be the true one, since it is improbable that 
there should be so many tunnels through the nebulae all pointing directly 
towards the earth. The absorbing matter may possibly consist of molecules 
having absorption bands which cut off all visible light. 


31. Closely related to these nebulae from the cosmogonic point of view are 
probably the “calcium clouds” discovered and investigated by Hartmann, 
Plaskett+, Otto Struvet, and others. These appear to surround all stars of 
above a certain surface temperature; they are approximately stationary in 
space and are found in all parts of the sky. There is no reason to suppose 
that calcium especially predominates in the chemical constitution of these 
clouds. They shew the spectral lines of ionised calcium in their spectra, almost 
to the exclusion of all others, but this is probably a consequence of the fact 
that the atom of calcium is ionised with less energy than the atoms of other 
elements (cf. § 51 below). 


* Publications of the Lick Obs. x11. (1918), p. 96. 
t Publications of the Dominion Astrophys. Obs. 11. (1924), 335; M.N.R.A.S. uxxxtv. (1924), 80. 


¢ Astrophys. Journ, uxy. (1927), p. 162. This paper contains a bibliography and general 
discussion of the problem. 
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Central Portion of Nebula in Orion (N.G.C. 1976) 


Mt Wilson Observatory 
Trifid Nebula in Sagittarius (Jf 20) 


Irregular Nebulae 
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Extra Galactic Nebulae. 


32. The remaining class of nebulae, by far the most important of all, 
comprises the huge nebulae of regular shape which lie far outside our galactic 
system of stars. We have already discussed the arrangement of these in space. 
As it will be convenient to discuss their forms and shapes hand-in-hand with 
theory, fuller discussion is deferred to a later chapter (Chap. XIII). 


33. We have now described, although only in the very barest outline, the 
universe revealed by the telescope of the astronomer. The contemplation of 
this universe arouses a whole series of questions to which we are impelled to 
seek for an answer. What, in ultimate fact, are the stars? What causes them 
to shine, and for how long can they continue thus to shine? Why are binary 
and multiple stars such frequent objects in the sky, and how have they come 
into being? What is the significance of the characteristic flattened shape of 
the galactic system, and why do some of its stars move in clusters, like shoals 
of fish, while others pursue independent courses? What is the significance of 
the extra-galactic nebulae, which appear at a first glance to be other universes 
outside our own galactic universe comparable in size with it, although different 
in general quality ? And behind all looms the fundamental question: What 
changes are taking place in this complex system of astronomical bodies, how 
did they start, and how will they end? 

We shall discuss these questions approximately in the order in which they 
have been stated, devoting our next three chapters to examining the nature 
of the object which occurs most frequently of all in nature’s astronomical 
museum, the simple star. 


CHAPTER II 
THE LIGHT FROM THE STARS 


STELLAR MAGNITUDES AND LUMINOSITIES. 


34. THE ancients thought of the stars as luminous points immovably 
attached to a spherical shell which covered in the flat earth much as a 
telescope-dome covers in the telescope, so that when one star differed from 
another in glory, it was not because the two stars were at different distances 
from us, but because one was intrinsically more luminous than the other. 


Hipparchus introduced the conception of “magnitude” as measuring the 
brightnesses of the stars, and Ptolemy, in his Almagest, divided the stars 
into six groups of six different magnitudes. The 20 brightest stars formed 
the first magnitude stars, while stars which were only just visible to the eye 
were the sixth magnitude stars. Thus Ptolemy regarded the differences of 
visible glory as being represented by five steps, ee step down being repre- 
sented as an increase of one magnitude. 


35. According to the well-known physiological law of Fechner, the effect 
which any cause produces on our senses is proportional to the logarithm of 
the cause. If we can just, and only just, appreciate the difference between 
10 and 11, we shall not notice any difference at all between 20 and 21, but 
shall just be able to detect the difference between 20 and 22, or between 
5 and 53. Our senses do not supply us with a direct estimate of the intensity 
of the phenomenon which is affecting them, but of its logarithm. It is then not 
surprising to find that what Ptolemy regarded as equal differences of bright- 
ness were actually equal differences in the logarithms of the amounts of light 
received. Sir John Herschel remarked in 1830 that Ptolemy’s “first magnitude” 
stars were just about 100 times as bright as his sixth magnitude stars, so that 
his five steps correspond to a difference of 2 in the logarithm of the amount 
of light received, and actually it is found that each one of his five intermediate 
steps corresponds very closely to a uniform difference of 0°4 in the logarithms 
of the light received, and so to a light ratio of 10 or 2°512. 


Accurate measurements of apparent brightness are now expressed on the 
scale introduced by Pogson* in 1856, on which each step of one magnitude 
represents a light ratdo of exactly 2°512. It is, of course, necessary to admit 
fractional magnitudes, a tenth of a magnitude representing a light ratio of 
1:10} (an easy number to remember), and a hundredth of a magnitude a hght 
ratio of 10093, 


* Catalogue of 53 known variable stars, Radcliffe Observatory, 1856. 
+ More exactly the number is 1-:0965. 
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36. Thus, if R, and R, are the amounts of light received from any two 
stars, their magnitudes m,, m, are connected by 


m, —m,= — 2°5 (log R, — log Ry) ..........c ec eeeee (36:1), 


and as a conventional standard has been selected to fix what is meant by zero 
magnitude, this relation determines the magnitude of every star in the sky. 


The star from which we receive most light is of course the sun, whose 
magnitude is — 26°72. Apart from it, the apparently brightest star is Sirius, 
of magnitude — 1°57, and then Canopus, far down in the southern sky, with 
magnitude — 0:86. The magnitudes of all other stars are expressed by positive 
numbers, Vega of magnitude 0°14 coming next, then Capella (0:21), Arcturus 
(0°24), and the bright component of a Centauri (0°33). At the other extreme 
we may place the faintest stars which are accessible photographically in the 
100-inch Mount Wilson telescope, of which the magnitude is about 21. The 
difference of about 474 magnitudes between these and our sun represents a 
light ratio of 10”. 

For comparison with these figures of stellar magnitudes, it may be added 
that the “magnitude” of the full moon is about — 12°5, and that of Venus at 
its brightest is about — 40. The magnitude of a standard candle 100 yards 
distant is also — 40, and that of a standard candle 6000 miles away is 21:1. 


Absolute Magnitudes. 


37. So long as the stars were deemed to be all at the same distance, 
the relative brightnesses of various stars gave appropriate measures not 
only of the amount of light we received from them, but also of the amounts 
of light they emitted; a first magnitude star not only sent two and a half 
times as much light to the earth as a second magnitude star, but also 
was supposed to emit two and a half times as much light in all—it might 
fairly be said to be two and a half times as luminous. We now know that 
the differences in the amounts of light received from different stars arises 
largely from their being at different distances, and before we can make any 
progress with our physical knowledge of the stars we must eliminate this 
distance effect; in other words, we must consider what would be the amounts 
of light we should receive from the various stars if they were all placed at the 
same distance away. The standard distance used for this purpose is generally 
10 parsecs, although some continental writers prefer to use the Siriometer (§ 4). 


38. Suppose that an amount R, of radiation is received from a star whose 
distance is p parsecs. If the same star were placed at a distance of 10 parsecs, 
the radiation received, R,, would be given by 


= p\ : 
R,=R, (4) ee ene se ies (38'1), 


since the intensity of light falls off inversely as the square of the distance. 


32 The Light from the Stars [cH. II 


If m denotes the actual observed magnitude of the star, and M the mag- 
nitude the same star would have if moved to a distance of 10 parsecs from 
us, then formula (36'1) provides the relation 


_ Ry\ _ : ig \a 
M—m =~ 25 log (7) =- 25 log () 
= 5-5 log p.. 


If @ is the parallax of the star in seconds of are, p = = so that 
M =e tb log ai Sirsa ctatiecnenrse? (38:2). 


The magnitude M, which would be the observed magnitude of the star if 
it were moved to a distance of 10 parsecs* from us, is called the absolute 
magnitude of the star, while m is called its apparent magnitude. 

The absolute magnitude M gives a measure of the total light emitted by 
a star, and again of course a drop of five magnitudes must represent a light 
ratio of 100. Of stars whose absolute magnitude is known with fair certainty, 
the most luminous is the bright companion of the binary star B.D. 6° 1309 
recently investigated by Plaskett, which has an absolute magnitude of about 
—64. The star S Doradus, in the greater Magellanic cloud, is almost 
certainly brighter, its absolute magnitude being estimated at — 9°0. 


At the other end of the scale come Proxima Centauri, our nearest neigh- 
bour in the sky, with an absolute magnitude of 14°9, the companion to Procyon, 
with absolute magnitude about 16, and the faint star Wolf 359, whose absolute 
magnitude is 16°5. 

Between the two extremes of absolute magnitude just mentioned, — 6'4 
and 16:5, is a range of 229 magnitudes representing a light ratio of 1500 
millions. The sun with an absolute magnitude of 4°9 comes not far from the 
middle of this range. Plaskett’s star, B.D. 6° 1309, with an absolute magnitude 
of — 6°4, emits about 30,000 times as much light as the sun, while Wolf 359 
emits only 0:00002 times as much light. It is usual to speak of the light emitted 
in terms of “luminosities,” that of the sun being taken to be unity. Thus the 
luminosities of the two stars just discussed are 30,000 and 0:00002 respectively. 


39. We can obtain some idea of the way in which the luminosities of the 
stars are distributed by considering the luminosities of our nearest neighbours. 
If we go far afield, our results at once become vitiated, because the fainter 
stars at great distances are unknown to us. But our previous discussion (§ 8) 
has made it probable that all fairly bright stars within a distance of 4 parsecs 
are known, so that if we limit ourselves to the fairly bright stars within a 
distance of 4 parsecs from the sun, this complication is not likely to enter 


* If M,;, denotes the absolute magnitude when the Siriometer is taken as standard distance 
in place of 10 parsecs, 
Mgip=M - 1°57. 
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to any great extent. The stars within a distance of 4 parsecs at present 
known are shewn in the following table: 


Table IV. The nearest Stars in order of Distance. 


Mass 
Spectral (Sun as 


Parallax 
ype unity) 


Visual | Absolute 
Ma 


Mag. Luminosity 


Sun . 1 GO 
Proxima Centauri : é 000010 M 
a Centauri A ‘ “BE 112 GO 
a Centauri B : ; 0°32 K5 
Munich 15040 "Be 5 0:00041 M5 
Wolf 359 ; ; 0:00002 M6 
Lalande 21185 F : 0:0051 M2 
Sirius A : : 263 AO 
Sirius B : . 0:0026 A7 
B.D. —12°, 4523 . 0:00072 ==! 
Innes (11h. 12m. — 57:2) : 0:00011 — 
Cordoba 5h. 243 ; : 0:0018 MO 
rt Ceti ee on : 0°32 KO 
Procyon A p 2 3° 55 F5 
Procyon B ; : ‘ 0:00003 

e Eridani ; : : 0:26 

61 Cygni A ; 6 ; 0-055 

61 Cygni B : : : 0:029 

Lacaille 9352 “95 5 : 0-011 

Struve 2398 A : : : 0:0035 

Struve 2398 B : : i 0:0018 
Groombridge 34 : : : 0:0060 

e Indi ; : : 015 

Kruger 60 A : % ; 0:0026 

Kruger 60 B : ; : 0:0007 

Oh. 43°9 m. +4°55 : “¢ ‘ 0:00017 

Lacaille 8760 : ; 4 0-032 
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Counting the components of binary and multiple systems as separate stars, 
we see that 27 stars are known to lie within a sphere of 4 parsecs radius 
drawn around the sun as centre. For almost all purposes these 27 stars form 
the best sample we can obtain of the stars as a whole, for as soon as we go 
further afield than 4 parsecs, certain types of stars are likely to have remained 
undiscovered, so that the discovered stars do not form a true sample of the 
whole. 


On dividing the 27 individual stars into groups according to their absolute 
magnitudes, the numbers in the different groups are found to be as follows: 


Abs. Mag. 0 <> 4<—> 8 <> 12 <> 165 
No. of stars 2 7 10 8 


and we notice that stars whose luminosity is less than that corresponding to 
M = 4 are distributed fairly evenly amongst the different absolute magnitudes. 


J 3 
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There appears to be a slight excess of stars of absolute magnitudes between 
8 and 12, but our list is certainly deficient in stars fainter than twelfth mag- 
nitude (cf. fig. 1, p. 8), and if all stars were included the excess would probably 
be in the faintest stars of all. Our sun is well up in the list, being fourth out 
of twenty-three. 


This distribution fails to represent that in the universe as a whole because 
the number of stars under discussion is so small as to contain no stars of very 
high luminosity. By counting the stars to far greater distances, Kapteyn and 
Seares have obtained results summarised in the following table: 


Table V. The Luminosity-Function (Kapteyn-Seares). 


No. of stars 
per magnitude 


Abs. Mag. Luminosity 


The last column gives the relative number of stars per unit absolute 
magnitude which have the absolute magnitude shewn in the first column, or 
the luminosity, in terms of the sun as unity, shewn in the second column. 
Between absolute magnitudes 4 and 12 the stars are again found to be fairly 
evenly distributed, although the excess of faint stars which we suspected in 
the smaller sample is now quite noticeable. But the table further shews the 
existence, in quite small numbers, of stars of very high luminosity, their 
numbers falling off steadily and very rapidly for absolute magnitudes less than 
about 5, i.e. for stars appreciably more luminous than the sun. 


The last column of Table IV gives the masses of the stars when these are 
known from direct observation. The mass of the sun is calculated from the 
circumstance that its gravitational attraction just suffices to keep the earth 
in its orbit. In the same way the masses of the two components of a binary 
system can be calculated from the fact that the gravitational attraction of 
each just retains the other in its orbit. There is no other means of calculating 
the masses of stars by direct observation, so that no masses are entered except 
for the components of binary systems. We shall, however, find later that 
purely physical considerations make it possible to calculate the masses of 
single stars with fair accuracy from their luminosities and the temperatures 
of their surfaces. 
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STELLAR RADIATION, 


40. Of even greater importance than the luminosity, or quantity of light 
emitted by a star, is the quality of this light, as revealed by analysis in a 
spectroscope. 

Stefan found in 1879 that the amount of radiation emitted by a perfectly 
radiating surface of any kind is proportional to the fourth power of its absolute 
temperature 7. The radiation per unit area of surface is usually taken to be 
oT ergs per unit time, where o is “Stefan’s constant” whose value, according 
to the determinations of Coblentz* and Millikan, is 

o= 542 x10~ erg em. tdegres™ oy ..0tlescee.- (40:1). 

In 1893 Wien brought forward a general thermodynamical argument 

which shewed that the law of partition by wave-length must be of the form 

HUNG NISS J (NL [AS ON iene sso acer ogee (40:2), 
and in 1900 Planck discovered the form of the function f(AT), so that the 
complete law of radiation is now known in the form 


2 
Ex dy = sl a Nee Sane ieee tee (403), 
ekTA_] 


where C is the velocity of light, R is the universal gas-constant and h is 
another universal constant, “Planck’s constant.” 
The values of these quantities are 
C = 2°998 x 10" cms. a second 
Py mio Saye Mate ag eee EE RTE AE (40°4). 
h=6'55 x 10-” erg seconds 


The point of primary significance in these formulae is that they are entirely 
independent of the nature of the matter which emits the radiation, the con- 
stants o, h, R and C all being universal constants of nature. There is a simple 
physical reason for this. The radiation inside a hot body at a uniform tem- 
perature 7’ is absorbed and re-emitted many times before it reaches the 
surface, so that the radiation which finally emerges is in thermodynamical 
equilibrium with the matter of the body. Its constitution must thus depend 
solely on the temperature 7. Stefan’s law may equally well be stated in the 
form that radiant energy in thermodynamical equilibrium with matter at 
temperature 7’ is of amount a7 per unit volume, where a is an absolute 
constant of nature. This radiation, of course, travels equally in all directions. 
If it all travelled in the same direction, the amount crossing a unit area of 
surface in unit time would be a7‘; when allowance is made for the different 
directions of travel, the amount is found to be #aCT7*. If this unit area forms 
part of the surface of a perfect radiator, this amount of energy }aC7" is equal 


* Phys. Rev. v1. (1916), p. 694; Sci. Papers of the Bureau of Standards, Nos. 357 and 360 (1920). 
+ Phil. Mag. xxxtv. (1917), p. 16. 
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to the emission per unit area of the radiator, which we have taken to be o7"*. 
Thus the two constants a and o of Stefan are connected by the relation 


TH LLC Soadsececs papemine sense eee (40°5). 
The values of o and C already given lead to the value 
a=7°63 x 10- in c.G.s. centigrade units ............ (40°6). 


Effective Temperature. 


41. When a star’s distance is known, we can calculate its total emission 
of radiation from measurements of the amount of radiation received on earth. 
When the diameter of the star is also known, we can deduce its emission of 
radiation per square centimetre of surface. If this is put equal to oT‘, T, is 
defined to be the “effective temperature” of the star. With this definition, a 
star emits as much radiation as a perfect radiator of equal surface raised to 
the temperature T,. 

According to Abbott and Fowle, the “solar constant” has the mean value 
1-938, which means that outside the earth’s atmosphere, every square centi- 
metre directly facing the sun receives 1-938 calories of radiation a minute. 
The mean angular diameter of the sun is 32’0”, so that the earth’s mean 
distance from the sun is equal to 

1 radian 

32’0” 

diameters, or 2148 radii of the sun. Every square centimetre of the sun 
accordingly discharges (214°8)? times as much radiation as falls on a square 
centimetre of the earth’s atmosphere. Thus the rate of emission per square 
centimetre of the sun’s surface is 1°938 x (214°8)? or 89,400 calories a minute. 
Since a calorie is equal to 4184 x 10’ ergs, the radiation per square centimetre 
is 6:24 x 10 ergs a second; each square centimetre of the sun’s surface dis- 
charges enough energy to work an 8 horse-power engine. 

If we put 6:24 x 10°=oT', we find for the effective temperature of the 
sun’s surface 


= 107-4 


T,, = 5750° absolute = 5470° Centigrade. 


The foregoing calculation has shewn that to calculate a star’s effective 
temperature, it is not necessary to know a star’s radius and distance from the 
earth separately; it is enough to know the ratio of these quantities as ex- 
pressed by half of the angular diameter of the star. The ratio of the radiation 
received by each square centimetre of the earth’s surface to the radiation 
emitted by each square centimetre of the star’s surface is the square of the 
ratio just mentioned, so that a knowledge of this ratio makes it possible to 
calculate oT’ and hence T,. 

The calculation for an actual star is best performed by using the sun’s 
radiation as a stepping-stone. Let the angular diameter of the star be 1/n 
times the angular diameter of the sun, and let the total radiation received 
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from the star be 1/m times that received from the sun. Then each square 
centimetre of the star’s surface must emit n?/m times as much radiation as a 
square centimetre of the sun’s surface, and hence 


effective temperature of star = n?m74 x 5750 degrees abs. 


Of recent years the angular diameters of a number of stars have been 
measured by means of an interferometer attached to the 100-inch telescope 
at Mount Wilson, and the measurements so obtained have made it possible to 
calculate directly the effective temperatures of the stars in question (cf. §§ 54 
and 55 below). 


The Pressure of Radiation. 


42. Maxwell shewed on theoretical grounds that radiation must carry 
momentum as well as energy with it, and it will subsequently be found (see 
Chap. X) that this transport of momentum by radiation plays a fundamental 
part in the dynamics of stellar structures. As a consequence of its carrying 
momentum, radiation must exert a pressure on any material surface it en- 
counters. Maxwell proved that a beam of radiation, all travelling in the same 
direction, would exert a pressure in the direction of its motion equal to its 
energy per unit volume*. For radiation in thermodynamical equilibrium with 
matter at temperature 7’ this is equal to a7’. The existence of this pressure 
was confirmed experimentally by Lebedew+ and by Nichols and Hullf. 


In the interior of a body which is at a uniform temperature 7’, radiation in 
thermodynamical equilibrium with the matter travels equally in all directions. 
After allowing for the different directions of travel, the pressure of radiation 
in any direction whatever is found to be pp given by 


Dy POLAT BUNT SANE Te OA (42:1). 
Great caution is necessary in applying this formula to astronomical 
problems, since the interiors of astronomical bodies are not at uniform 
temperatures, with the result that stellar radiation is not generally in perfect 
thermodynamical equilibrium with matter (cf. § 73 below). 


The Partition of Radiant Energy. 


43. The partition of energy by wave-length which is expressed by formula 
(40°3) is exhibited graphically in fig. 3, in which X is taken as abscissa and 
E, as ordinate. It might at first be thought that there would be a whole 
series of different curves corresponding to different values of the temperature 
TY. But on drawing the curves it is found that differences of temperature are 
represented merely by differences in the horizontal and vertical scales on 
which the curve is drawn; this property follows from the circumstance that 
the law of partition of energy is of the general type given by formula (40-2). 

* Treatise on Electricity and Magnetism (1873), § 792. 


t+ Annalen der Physik, vz. (1901), p. 433. 
+ Physical Review, x11. (1901), p. 307. 
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If, however, we agree on a definite scale for X and £,, then different 
temperatures require different curves, and these lie as shewn in fig. 4. The 
four curves here shewn are drawn for the temperatures 7’= 3000, 4000, 5000 
and 6000 degrees absolute. These curves, which at a first glance look very 
different from one another, are all derived from the curve of fig. 3 by expan- 
sion of its horizontal and vertical scales. 


Energy Ey 


Fig. 3. Wave-length d 


When the temperature T' is specified, formula (40°3), which is represented 
graphically in fig. 3, gives #, as a function of ». The wave-length for which 
E, is a maximum is of course the value of X at the peak of the curve shewn 
in fig. 8; this is generally denoted by Ay. Formula (40°2) shews that, in 
general, Xx, Must vary inversely as 7, while by differentiation of formula 
(40°3) the actual relation is found to be 


Nan l = 0'2885/%em. depress | foes .n sc .azaessta> (43:1). 


The whole area of the curve shewn in fig. 3 represents the total radiation 
of energy at a given temperature distributed according to wave-length. The 
majority of this area is concentrated round the ordinate X =),,,,, 80 that to 
a rough approximation the radiation from a body at temperature 7’ may be 
thought of as being all of the same wave-length X,,,,,, determined by equation 
(43°1), and therefore as being all of the same colour. In fact, we can arrange 
a scheme in which the colours of radiation are regarded as corresponding to 
the temperature of the body by which it is emitted as follows: 


Colour Wave-length Temperature 
Reddest visible light ................5. A\=7500 A. T'=3850 degrees abs. 
WiellOw Ne hGRn Hit sarc desereet ceesee ate 6000 4800 
SUMMSh OR ait vaatmuneevomstenevceetes es 5000 5750 
JOUNEH IISA hh oondacnadte rentedooucn ss a oe 4500 6400 
Most violet visible light ............ 3750 7700 
Limit of atmospheric absorption ... 2950 9800 
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, Im this table, as also in fig. 4, wave-lengths are measured in the usual 
“Angstrom” unit (A) of 10-*cms., while temperatures are measured in degrees 
absolute on the Centigrade scale. 


5000 10000 20000 A 30000 


<——> Range of Visible Light 
<< Range of Photographic Light 


< Limit of Atmospheric Absorption 
Fig. 4. Distribution of Energy in the Spectra of Perfect Radiators at different Temperatures. 
The wave-lengths given for the limits of the visible spectrum have been 
obtained by slight extrapolation from observations recorded by Nutting*. 
* Phil. Mag. xxtx, (1915), p. 301. 
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Nutting finds that light of given energy has maximum visibility when its 
wave-length is 5550 A., this being approximately half-way between the two 
limits of visibility. The wave-length given for sunlight, 5000 A., has reference 
to light as emitted by the sun, not to the light received from the sun after 
partial absorption by the earth’s atmosphere. This latter light, which we may 
call daylight, is considerably redder than the “sunlight” of wave-length 
5000 A., its wave-length being much nearer to the wave-length of maximum 
visibility, 5550 A. 


44. Some stars appear blue when examined through a telescope; our 
Table might at first be thought to suggest that these had a temperature of 
about 6400. Others appear red, and our Table might be thought to suggest 
that these had a temperature of about 3800. Neither of these inferences 
would be justified. When the light from a blue star is analysed in a spectro- 
scope, its energy curve does not come to a maximum height in the blue; 
this height goes on increasing with decreasing wave-length, until it comes 
to an end somewhat abruptly at about 4 = 2950—not because the star emits 
no light of shorter wave-length than this, but because our atmosphere 
absorbs such light before it reaches the spectroscope. 


Thus all that the blue colour of a star entitles us to say is that the 
temperature of such stars is certainly higher than 9800°. There is a similar 
situation with regard to the red stars, the limit at the red end of the spectrum 
arising from the circumstance that our eyes cannot perceive radiation of 
wave-length greater than about %=7500. A better estimate of the tem- 
peratures of such stars, and indeed of all stars, is obtained by examining the 
shape of the whole energy curve, or rather of that part of it which is accessible 
to observation, instead of merely the position of the ordinate which represents 
maximum energy. The temperatures of the blue stars are in this way found 
to range up to about 30,000°, while those of the visible red stars may range 
down to 2500°. Thus there is a range of at least 12 to 1 in the temperatures 
of the visible stars, and, as the emission of radiation varies as the fourth 
power of the temperature, this represents a range of over 20,000 to 1 in the 
emission per unit area of their surfaces. 


45. Within the spectral limits already mentioned (about 2950 A. to 7500 A.), 
the curves giving the observed distribution of energy in stellar spectra are 
found to have shapes which agree tolerably well with the theoretical curves 
discussed in § 43. This makes it possible to determine the effective tem- 
peratures of stars from the shape of their observed energy-curves. 


This method has frequently been used to determine the effective tem- 
perature of the sun, the temperature so obtained usually being somewhat 
higher than the temperature of 5750 determined in § 41 from the sun’s total 
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emission of radiation. In 1921 Coblentz* determined the sun’s effective 
temperature by this method as 6140° absolute. 

The same method has been used to determine the effective temperatures 
of other stars, by Wilsing, Scheiner, Miinch, Rosenberg, Plaskett, and others. 
In 1923 Sampsont calculated the effective temperatures of 17 stars from 
the shapes of their energy curves, and in 1925 increased the number to 64. 
In 1924t Abbott analysed the spectra of nine stars by the use of a radiometer 
attached to the 100-jnch telescope at Mount Wilson. Some of the results 
thus obtained are shewn in Table VI below: 


Table VI. Effective Temperatures of Stars (Sampson- Abbott). 


Effective Temperature 
Spectral 

Star Type 

Sampson Abbott 


y Cassiop 30,000 — 
y Pegasi 25,000 — 
B Tauri 30,000 
B Orionis (Rigel) 14,800 
a Lyrae (Vega) 11,600 
a Canis Maj. (Sirius) 12,800 
a Cygni (Deneb) 10,900 
a Cephei 8900 
B Cassiop 7800 
a Canis Min. (Procyon) 8300 
a Ursae Min. (Polaris) 6500 
Sun 6140* 
y Cygni 6200 
a Aurigae (Capella) 5500 
e Cygni 4600 
a Bootis (Arcturus) 4200 
e Pegasi 3600 
a Tauri (Aldebaran) 3400 
a Orionis (Betelgeux) 3400 
B Pegasi 3200 
a Herculis — 


* Coblentz’s estimate. 


MAGNITUDE SCALES. 


46. We have already noticed that the eye is only sensitive to light of 
wave-length lying between the limits 7500 A. and 3750 A., this being the range 
marked “Range of visible light” in Fig. 4. Similarly the photographic plate 
only records starlight of wave-lengths lying within a range from about 6000 A. 
to 2950 A., the limit of atmospheric absorption, this being the range marked 
“Range of photographic light” in Fig. 4. 

* Sci. Papers of the Bureau of Standards, 438 (1922), or Journ. of the Optical Soc. of America, 
v. (1921), p. 272. 


+ Monthly Notices of the R.A.S. uxxxut. (1923), p. 174, and txxxy. (1925), p. 212. 
t Astrophys. Journ. ux. (1924), p. 87, or Mount Wilson Contribution, No. 280. 
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Thus neither visual observation nor photography records the total light 
coming from a star. Speaking in very general terms, we may say that 
photographic estimates are concerned only with the amount of blue light 
coming from a star, while visual estimates are concerned only with the 
amount of yellow light. Actually the matter is far more complicated than 
this statement would suggest, for the relative sensitiveness of the eye to light 
of different colours varies with the intensity of the light; when the light is 
very faint, blue light produces an abnormally large effect on the eye, whereas 
when the light is very strong, blue light is comparatively ineffective. This 
is known as the Purkinje effect; it explains why blue objects are more easily 
seen than red ones in a faint light, why moonlight makes the whole world 
look blue, and why artists paint shadows blue regardless of actual colours. 


Apart from detail, however, we may say that visual estimates of stellar 
magnitudes are unduly favourable to stars of reddish or yellow colour, while 
photographic estimates are unduly favourable to stars of bluish colour. 

To avoid this complication, two distinct scales of stellar magnitude are in 
use, the visual and the photographic. The visual scale deliberately estimates 
only the light visible to the normal eye, absolutely disregarding all light 
which is too red or too blue to be seen, while similarly the photographic 
scale only estimates the light which is recorded on the photographic plate. 
We have already explained how visual magnitudes are measured, each mag- 
nitude representing a light-ratio of 2°512, and the zero-point being fixed by 
reference to standard stars. On the photographic scale also, each magnitude 
is made to represent a light-ratio of 2°512, while the zero-point is fixed by 
the arbitrary convention that the photographic and visual scales shall agree, 
on the average, for stars of spectral type A 0 (ef. § 52 below), and of visual 
magnitudes between 5:5 and 6°5. 


Colour-Index. 


The difference between the visual and photographic magnitudes of a star 
is called the “colour-index” of the star. Its sign is determined by the equation 


Colour-index = (Photographic Magnitude) — (Visual Mag.). 


Since magnitudes are measures of the logarithms of the light received, it 
is clear that the colour-index measures approximately the ratio of the amount 
of blue light received from a star to the amount of yellow light; it accordingly 
depends solely on the effective temperature of the star. 

Still a third scale of stellar magnitudes must be mentioned, namely, the 
bolometric scale, which measures the total radiation emitted by a star, as 
shewn by the total area of the energy curve. Great success has recently 
attended direct measurements of the total radiant energy received from the 
stars, the instrument generally used being a thermocouple in a vacuum, a 
type of instrument introduced by Coblentz. When Coblentz first used such 
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an instrument at Lick in 1914, it was only possible to measure the radiation 
from stars brighter than the fourth magnitude. With the 100-inch telescope 
at Mount Wilson, Pettit and Nicholson are now able to measure the total 
radiation received from stars down to the thirteenth magnitude, this bemg 
about equal to the radiation received from a candle 2000 miles away. 


Even when it is not possible to obtain direct observational evidence of 
those parts of the energy curve which lie outside the visual range, our 
general knowledge of the theory of radiation assures us that they must be 
there, and those parts of the curve which are accessible to observation enable 
us to complete the whole. The bolometric scale of magnitude gives a measure 
of the whole energy emitted by the star, as represented by its completed 
energy curve. 


Bolometric Correction. 


Just as the difference between the photographic and visual scales is 
represented by the colour-index, so the difference between the bolometric 
and visual scales is represented by a quantity called the “bolometric correc- 
tion,” its sign being determined by the equation 

Bolometric correction = (Visual Magnitude) —(Bolometric Mag.). 

Roughly speaking, the bolometric correction measures the ratio of a star’s 
total radiation to the visual radiation received after absorption by the atmo- 
sphere. Thus the bolometric correction, like the colour-index, depends only 
on the effective temperature. Calculation and observation both shew that 
the bolometric correction has its minimum value at a temperature of about 
6800 degrees. The zero-point of the bolometric scale is fixed by agreeing 
that the bolometric correction at this temperature shall be zero. The effect 
of this is to make the bolometric correction always a positive quantity. 


Theoretical Evaluation of Colowr-Index. 

47. Following a method first suggested by Hertzsprung*, both the 
colour-index and the bolometric correction can be calculated theoretically in 
terms of the effective temperature 7,. 

By Planck’s formula (40°3) the partition of energy in the radiation emitted 
per square centimetre by a surface of effective temperature 7’, is 


jets ase oy eed aman (47-1), 


eRT > —] 
Hence the total intensity of radiation between wave-lengths , and i, 
emitted by a star of radius r is #, given by 


* Zeitschr. fiir Wissenschaftliche Photographie, 1v. (1906), p. 43. 
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If we integrate from about A, = 3750 A. to A» = 7500 4., we obtain a formula 
for the emission of radiation which is visible to the eye; let us call this 
visual radiation. Similarly if we integrate from about A, = 2950 A. to about 
r= 5000 A., we obtain a formula for what we may call the photographic radia- 
tion, and finally if we integrate from ,=0 to A,= 00, we obtain a formula 
for the bolometric radiation. 

In both visual and photographic radiation from bodies at stellar tempera- 

hc 
tures, a simple calculation shews that e®7. is large compared with unity, so 


that formula (47:2) may be replaced by 
—hC 


re 
B=4rr)| QrhOtehTrAQ-6dr oo. ceceaceeecenn (47:3). 


X 


Moreover, since the ranges of integration are comparatively small, we 
may, to an approximation, suppose the radiation all concentrated in one single 
wave-length A, selected so as to be near the middle of the range. The 


formula now becomes 
—-hC 


E = 4arr® [2rhC2eRhT er A. (Ag — Ay) ]..-- eee eeee eres (47°4). 
Since a drop of unity in absolute magnitude represents a light-ratio of 
(10)"*, the absolute magnitude M on any scale is connected by the emission H 
on the same scale by a formula of the type 
O'4M =—log H+ cons.  ........... cesses eee (47°5). 


Inserting the value of H given by equation (47'4), we obtain, after 
multiplication by 2°5, 
he 
M=-—5logr+2°5 logy eRT Xo + cons., 


or, introducing the numerical values log, e = 0°4343 and hC/R =1°432, 


1555 
M=-—5logr+ rT. PiGOTIS, Jes aneachecen eee (47°6). 


According to Brill, visual radiation may be supposed to centre round 
wave-length 5290 A. On putting \, = 5290 A. in equation (47-6) we obtain as 
the absolute visual magnitude of a star of radius 7, 


29,50 
My i, =— 5 log r+ “a ° =f CONS, “asec anger anne (47:7). 


Similarly photographic radiation centres round a wave-length 4250 A., and 
on putting = 4250 A. in formula (47°6) we obtain 


36 
Mynot. = — 5 log r + a se cons. TAT ee (478). 


The definition of colour-index now supplies the relation 


7200 


Colour-index = My, — My, = 7 + cons. 
e 
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The constant can be determined from the agreed convention that the 
colour-index shall vanish for stars of spectral type 40. As their effective 
temperature is about 11,200°, the constant on the right must be — 0°64, and 


the equation becomes 
7200 


LT. 


This formula enables us to calculate theoretically the colour-index corre- 
sponding to any effective temperature. Thus we have 


Colour-index = 


oes ae): Uline (47-9). 


Effective 
ceeea 30,000 | 25,000 | 20,000 | 15,000 | 10,000 6,000 4,000 | 3,000 | 2,000 


— Colour-index | —0°40 | —0°35 | —0-28 | —0-16 | +008 | +056 | +116 1-76 2°96 


Hither the formula or the table will give the colour-index of a star in 
terms of its effective temperature. What is of especial importance for 
physical astronomy is that by using the table backwards, we can deduce a 
star’s effective temperature from its colour-index. The colour-index of a star 
is of course readily determined observationally ; we need only estimate the 
magnitude of the star twice, once visually and once photographically. 


Theoretical Evaluation of Bolometric Correction. 


48. Slightly different methods are needed for the discussion of the bolo- 
metric magnitude scale, since bolometric radiation cannot be treated as 
centering round one mean wave-length, but extends throughout the spectrum. 

On integrating formula (473) from 7» =0 to X=, we merely obtain, as 
the total bolometric emission of radiation by a star of radius 7, 


Fie dra Tee amas, Cte (48:1), 


where o is Stefan’s constant introduced in § 40. Using this value for # in 
equation (47°5) we obtain 


Myo, =— 5 logr —10 log T, + cons. ............... (48:2). 
This and equation (47°7) now give the relation 
Bolometric correction = M,;, —M,.., = eee +10 log T, + cons. 


The quantity on the right attains its minimum value when T,= 6790, 
and on determining the constant so as to make the bolometric correction 
vanish at this temperature, we obtain the complete value of the bolometric 


correction in the form 


Bolometric correction = eS i +10 log 7, — 42°53 ...... (48°3). 
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The foregoing are the forms of equation adopted by Russell, Dugan and 
Stewart*. On the other hand, Hertzsprung+ gave the following formula for 
M,;,, in 1906: 


My js, = 2°3 (“~)" —5logr+cons. ......... (48°4), 
and from this and equation (48°2), we obtain 
; ; 14,300\°* 48:5 
Bolometric correction = 2'3 (“F- ) +10 log T, + cons. ...(48°5). 
é 


The bolometric correction, as given by this formula, is found to be a 
minimum when 7, = 6800. Adjusting the constant on the right of formula 
(48:5) to make the bolometric correction vanish when it is a minimum, the 


formula becomes 
14,300 


f, 

Eleven years later Eddingtont calculated the values of the bolometric 
correction which were required by the purely physical observations of Nutting§ 
on the visibility of light of various wave-lengths. As was subsequently 
remarked by Seares||, the empirical table constructed by Eddington in this 
way agreed almost precisely with a table calculated from Hertzsprung’s 
formula (48°5). The quality of the agreement is shewn in the first two lines 
of the following table, the values given by formula (48°3) being shewn in the 
third line. 


0-93 
Bolometric correction = 2°3 ( ) +10 log T, — 42°9. 


Iv 2540 | 3000 | 3600 | 4500 | 6000 | 7500 | 9000 | 10500 | 12000 
Am (Hertzsprung) 2°62 | 1°67 | 0°94 | 0°35 | 0°02 | 0:02 | 0°16 | 0°36 | 0°58 
Am (Nutting-Eddington) | 2°59 | 1°71 | 0:95 | 0°35 | 0:00 | 0:02 | 012 | 0:31 | 053 
Am (Formula (48°3)) 3°00 | 1:94 | 1:28 | 0°42 | 0:04 | 0:02 | O16 | 0°36 | 0°59 


Each set of values indicates that Am is a minimum at about 6800 degrees, 
and the zero-point in each has been arranged so that the bolometric correction 
is zero at this temperature. As a consequence a star’s bolometric magnitude 
is always less than its visual magnitude, or again a star is always more 
luminous bolometrically than visually. At temperatures below 6800° the 
bolometric excess is of course mainly due to the heat and infra-red radiation 
which does not affect the eye at all, while at the other extreme of high 
temperatures the excess is mainly due to the ultra-violet radiation cut off by 
atmospheric absorption. 


The bolometric correction assumes its greatest importance in the case of 
stars whose effective temperature is so low that they are almost invisible. 


* Astronomy, p. 736. t+ Zeitschr. fiir Wissenschaft. Photog. tv. (1906), p. 43. 
$ Monthly Notices of the R.A.S. uxxvu. (1917), p. 605. §$ Phil. Mag. 29 (1915), p. 301. 
|| Astrophys, Journ. ty. (1922), p. 197. 
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An extreme instance is provided by the variable star y Cygni. Visually this 
varies from the 5th to the 14th magnitude, so that its visual luminosity is 
4000 times greater at maximum than at minimum. Yet the bolometric 
observations of Pettit and Nicholson * at Mount Wilson shew that the total 
radiation varies by a factor of only 1°7. Thus of the apparent visual change 
of 9 magnitudes, no less than 8'4 mags. must be ascribed to the bolometric 
correction. The radiation of this star at minimum consists almost entirely of 
invisible heat—in fact, it sends us some 50,000 times as much heat as Sirius 
would if the two stars were placed at such distances as to appear to be of 
equal brightness. 

As with the formula for colour-index, one of the main points of interest 
about the formula for the bolometric correction is that it can be used to 
determine a star's effective temperature when its bolometric magnitude has 
been determined observationally by radiometric measurements. In this way 
Nicholson and Pettit have determined the temperatures of a number of stars, 
especially long period variables such as y Cygni just mentioned. The bolo- 
metric corrections for these stars are generally found to be exceedingly great, 
averaging 43 magnitudes at maximum, and 7:8 at minimum, from which 
Nicholson and Pettit deduce temperatures of 2300° and 1650° respectively. 


The Calculation of Stellar Radii. 


49. Before leaving the group of formulae we have just been discussing, 
we may notice that the group of formulae (47°7), (47:8) and (48:2) provide 
a means of determining the radius of a star when either its visual, photo- 
graphic or bolometric absolute magnitudes are known. 

In each formula the final constant remains to be determined, and this is 
conveniently done by taking the sun as a standard case. The sun’s apparent 
visual magnitude is — 26°72. The standard distance with reference to which 
absolute magnitudes are reckoned is 10 parsecs, or 2,062,648 mean radii of 
the earth’s orbit, this being of course the number of seconds of are in 
10 radians. It follows that the sun’s absolute visual magnitude is 

— 26°72 + 5 log (2,062,648) = 4°85. 

The sun’s effective temperature being close to 6000, the bolometric 
correction is negligible, and we may take the sun’s bolometric absolute 
magnitude also to be 485. The colour-index at 6000° is about. 0°56, so that 
the sun’s absolute photographic magnitude is about 5°41. 

Using these values, taking the sun’s effective temperature to be 6000° 
and the sun’s radius to be unity, we find that the radius # of any star in 
terms of the sun’s radius as unity is given by any one of the formulae 


log R=— 0-2 Myy —2log T,+ 838...0..ccc0 (49:1), 


* Report of the Director of Mount Wilson Observatory (1924), p. 101. 
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log R =—0°2 My, + OL eee (49:2), 
log R= — 0:2 Mano, + dee BA ee as? (49°3). 


We may also determine the constant in equation (47°5), namely, 
log H = — 0'4 M + cons., 


by reference to the sun as standard. As regards bolometric magnitude, we 
put M = 4°85, the value just found, and # = 3°80 x 10*, the total bolometric 
radiation of the sun in ergs per second. The constant is then found to be 
35°52, so that the total radiation of energy H,,), of any star is given by 

log Eryo, = — 0°4 Myo, + 35°52... eee eee eee (49:4). 


STELLAR SPECTRA. 


50. From the foregoing theory it might reasonably be expected that 
every star should exhibit a continuous spectrum with the distribution of 
energy shewn in fig. 3. To an exceedingly rough approximation this is 
indeed found to be the case, but the spectrum is invariably complicated by 
the presence of dark lines, and sometimes of bright lines as well (see the 
typical spectra shewn in Plate VI*). Modern physical theory explains very 
clearly how the former at least of these complications originates. 

Bohr’s theory of atomic structure, which is now generally accepted by 
physicists as providing at least a useful working model of atomic processes, 
supposes the atom to be capable of existing only in certain definite states, 
each of which has a specific amount of energy associated with it. Whenever 
an atom passes from one to another of these states, radiation is emitted or 
absorbed. The frequency v of this radiation is related to the energies H,, F, 
of the two states by Einstein’s equation 


where A is Planck’s constant, and #, refers to the state of higher energy; 
if this is the original state of the atom, the change of state is accompanied 
by an emission of radiation—in the reverse case by absorption of radiation. 


In a mass of matter which is at uniform temperature throughout, the 
atoms distribute themselves amongst the various possible states in such 
a way as to give maximum entropy. If 1, 2 are states of higher and lower 
energy respectively, a certain number of atoms in state 2 are at any instant 
absorbing energy and jumping up to state 1. To maintain the entropy at its 
constant maximum value, an exactly equal number must be falling from 
state 1 to state 2 and emitting energy in the process, so that statistically 
there is no change on balance. 


* These are reproduced from photographs by Curtiss and Rufus at the University of Michigan. 
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A star, however, is not a mass of matter at uniform temperature. Heat 
continually flows from its interior to its surface. Since heat always flows in 
the direction in which the temperature is falling, just as water flows in 
a direction in which the height is falling, a star’s temperature falls as the 
surface is approached. Energy which has been emitted in some internal 
layer of high temperature, and has the constitution appropriate to that high 
temperature, passes to outer space through surface-layers of lower temperature. 
These layers absorb radiation which is of awave-length suitable for absorption— 
ie. radiation of those particular frequencies which represent jumps of the 
atoms from one possible state to another—but, on account of their lower 
temperatures, they do not emit an equal amount of radiation of the same 
wave-lengths. There is now no longer a statistical balance between the 
absorption and emission of the radiation of these particular wave-lengths, 
but definite deficiencies in the radiation of the wave-lengths in question. 
and, when the radiation reaches outer space, these deficiencies reveal them- 
selves by dark lines crossing the spectrum at the places corresponding to 
these special wave-lengths. These dark lines are called “absorption-lines.” 
The outer layer we have just described, the seat of the absorption by which 
these lines are produced, is called the “reversing-layer” of the star; the 
inner layer which produces the light which undergoes this absorption is called 
the “ photosphere.” 


We should accordingly expect the spectrum of a star to consist of the 
continuous bright spectrum already discussed, modified by the presence of 
absorption-lines. Such absorption-lines were first observed in the spectrum 
of the sun by Fraunhofer in 1814. 


The “flash spectrum” which appears at a total eclipse of the sun provides 
proof that the above explanation of the dark lines is the true one. After the 
photosphere has been covered by the advancing moon, the only light which 
reaches the earth is that emitted by the reversing layer, and the spectrum of 
this light is found to consist of bright lines on a dark background, these lines 
having precisely the same wave-lengths as the Fraunhofer dark lines. This 
proves that the atoms of the reversing layer are themselves emitting radiation 
of the wave-lengths in question; the Fraunhofer lines appear relatively dark 
merely because the reversing layer emits less radiation of these wave-lengths 
than it extracts from the light of the photosphere. 


A bsorption-Lines. 


51. Since Fraunhofer first observed absorption-lines in the spectrum of the 
sun, it has been found that not only the spectrum of the sun, but practically 
all stellar spectra are of the general type suggested by theory, consisting, 
that is to say, of a continuous bright background with absorption-lines 
superposed, 


J 
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These absorption-lines are among the most informative objects in the 
whole of astronomy. In accordance with Doppler’s principle, a difference of 
velocity v between a source emitting light and an instrument receiving the 
light, causes the wave-length 2’ of the light received, to be different from 
the wave-length A of the emitted light, the two being connected by the 
v 
C 
motion of a star causes the lines in its spectrum to shew a slight displacement 
from their standard positions, and by measuring the amount of this displace- 
ment it is possible to determine the star’s velocity of recession or approach, 
relative to the moving earth. We have already noticed how W.S. Adams and 
Kohlschiitter found that certain peculiarities in these lines made it possible 
to determine the absolute magnitude of the star by which they are emitted, 
and hence its distance. Further the Einstein theory of relativity requires that 
each spectral line should shew a displacement towards the red end of amount 
proportional to M/r, the gravitational potential at the surface of the emitting 
star, so that if the displacement can be measured in the light emitted by 
a particular star, the value of M/r is at once known. This method has recently 
been used to determine the value of M/r for the companion of Sirius. The 
mass M of this star was already known, from its gravitational pull on Sirius, 
to be about 0°85 times the mass of the sun, so that it became possible to 
calculate the star’s radius r. This proved to be only about 20,000 kms., 
shewing that the mean density of the star must be about 50,000 times that 
of water. 

Finally, a comparison of the positions of the absorption bands of a stellar 
spectrum with those obtained from known chemical substances in the 
laboratory, makes it possible to identify the atoms or molecules which absorb 
the light in the star's surface. Practically all of the lines in the solar spectrum 
have been identified in this way, and are found to originate from the atoms of 
elements known on earth; a large number of the lines originating from the 
upper layers of the sun’s atmosphere have their origin im ionised atoms, 
particularly those of calcium, strontium and barium. 


relation ’ =X (1 + 7 where C is the velocity of light. Consequently the 


Table VII (opposite)* gives the 90 chemical elements which are known on 
earth, arranged in order of their atomic number, with an indication of 
whether they are represented (P) or absent (A) in the spectrum of the sun. 


Sahat and, more recently, R. H. Fowler and Milne}, have shewn how 
this identification of absorption lines in stellar spectra makes it possible to 
estimate the temperature of the absorbing atoms, and hence the effective 


* Compiled from Russell, Dugan and Stewart, Astronomy, p. 503; Miss Payne, Stellar atmo- 
spheres, pp. 5 and 184; Publicat, Ast. Soc. Pac. 39 (1927), p. 238; Astrophys. Journ, Lxviit. (1928), 
p- 327, ete. 

t+ Phil. Mag. xu. (1920), pp. 472, 809. Proc. R.S. 994 (1921), p. 135. Zeit. f. Phys. v1. (1921), 
p. 40. 

~ M.N., R.A.S. uxxxit. (1923), p. 403. 
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temperatures of the stars. For instance, the solar spectrum and most stellar 
spectra (see Plate VI) shew two very conspicuous lines, the H and K lines of 


Table VII. The Chemical Elements in the Solar Spectrum 


Atomic Present Atomic Present 
Number Element or Absent Number Element or Absent 
1 Hydrogen P 47 Silver ee 
2 Helium 12 48 Cadmium 12 
3 Lithium je 49 Indium iP 
4 Beryllium P 50 Tin 1P 
5 Boron P 51 Antimony IP 
6 Carbon P 52 Tellurium A 
7 Nitrogen Pe 53 Todine A 
8 Oxygen Ie 54 Xenon A 
9 Fluorine A 55 Caesium A 
10 Neon A 56 Barium 12 
ll Sodium {es Di Lanthanum Pp 
12 Magnesium i 58 Cerium le 
13 Aluminium P 59 Praesodymium P 
14 Silicon 1B 60 Neodymium P 
15 Phosphorus A 61 Tlinium A 
16 Sulphur A 62 Samarium P 
17 Chlorine A 63 Europium iP 
18 Argon A 64 Gadolinium A 
19 Potassium P 65 Terbium A 
20 Calcium P 66 Dysprosium A 
21 Scandium P 67 Holmium A 
22 Titanium P 68 Erbium A 
23 Vanadium Pp 69 Thulium A 
24 Chromium (2 70 Ytterbium A 
25 Manganese P 71 Lutecium A 
26 Iron Pp 72 Hafnium A 
27 Cobalt iE 73 Tantalum A 
28 Nickel P 74 Tungsten A 
29 Copper ie 75 Rhenium A 
30 Zinc P 76 Osmium A 
31 Gallium iP 77 Iridium A 
32 Germanium iP 78 Platinum A 
33 Arsenic A 79 Gold A 
34 Selenium A 80 Mercury A 
35 Bromine A 81 Thallium Pp 
36 Krypton A 82 Lead 1 
37 Rubidium iP 83 Bismuth A 
38 Strontium 12 84 Polonium A 
39 Yttrium je 85 — =o 
40 Zirconium ie 86 Radon A 
41 Niobium ie 87 — — 
42 Molybdenum Ie 88 Radium A 
43 Masurium A 89 Actinium A 
44 Ruthenium 1B 90 Thorium A 
45 Rhodium 12 91 Protoactinium A 
46 Palladium 12 92 Uranium A 


Fraunhofer, which a comparison with laboratory spectra assigns to ionised 
calcium. Calculation shews that ionised calcium is only active in absorbing 
radiation within a limited range of temperature which extends approximately 


4-2 
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from 3000° to 15,000°; according to Fowler and Milne the maximum activity 
occurs at 6290°. Other lines in stellar spectra provide the means of fixing 
other ranges of temperature. From a combination of all the evidence, it is 
possible to fix the temperature of the sun’s “reversing layer” at about 6000", 
and to estimate the temperatures of other stars. 


Spectral Type. 


52. The circumstance that the H and K lines of calcium were specially 
prominent in the sun was at one time interpreted to mean that the sun was 
in some way especially rich in calcium. That three different stars shewed 
prominently the lines of, say, hydrogen, calcium, and titanium oxide, was 
supposed to indicate that the composition of a star changed as it aged, so 
that the atoms of which it was made changed, by transmutation of the 
chemical elements, from hydrogen into calcium, from calcium into titanium 
oxide, and so on. But it is now clear that the star's spectrum reveals its 
surface-temperature rather than its chemical composition. If the sun’s tem- 
perature were suddenly doubled, without any change in its chemical com- 
position taking place, the calcium lines would almost disappear from its 
spectrum and hydrogen lines would take their place ; if the sun’s temperature 
were halved, the calcium lines would again disappear and the solar spectrum 
would be dominated by the bands of titanium oxide. 

Two stars whose outer layers were at the same temperature and in the 
same physical state would shew different spectra if they contained different 
chemical elements, or even if they contained the same chemical elements in 
ditferent proportions. A few cases are known in which the lines of certain 
elements appear in abnormal strength in the spectra of particular stars but 
apart from these, it appears to be a general rule that the elements appear in 
the same relative proportions in all the stars*, Asa consequence stellar spectra 
fall approximately into a single continuous sequence, different positions in the 
sequence merely representing different temperatures of the star’s surface. 


It is not yet convenient to express a star’s spectrum as a temperature, 
although possibly this means of identification may come into use in time. At 
present a star’s spectrum is described by reference to arbitrarily selected 
standard points in the continuous series of spectra. As regards the spectra of 
normal stars, six selected points are designated by the letters B, A, F, G, K, 
M, in this order; the statement that a star’s spectrum is B3 means that it 
is three-tenths of the way on from B to A. A star whose spectrum is exactly 
at B is generally said to be of type BO; a star whose spectrum is described 
merely as being of type B may be anywhere from BO to B9. Type O comes 
in front of type B, its various sub-classes being temporarily designated as 
Oa, Ob, Oc, Od and Oe, Oe itself being further divided with ten sub-divisions. 
Typical spectra of the various classes are shewn in Plate VI facing p. 49. 


“ Miss Payne, Stellar Atmospheres, chap, x111. 
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The characteristics of the various types of spectra are briefly indicated in 
the following table: 


| Probable 


Type Elements shewn Typical stars effective 
Temp. 
0 Tonised helium. Doubly and Oa BD+35° 4013 | “honk 
trebly ionised oxygen and Od x Cephei 30,000 (2) 
nitrogen O0e5 2 Orionis J aa ; 
Oe8 Plaskett’s star 28,000 
B Hydrogen and Helium (strong) BO ¢ Orionis 23,000 
ionised silicon, oxygen, ni- Bi V Puppis 22,000 
trogen, magnesium and Bs Rigel 15,000 
calcium 
A Hydrogen (strong), ionised AO Sirius 11,200 
and neutral metals (weak) A2  Deneb 10,900 
A5_ Altair 8,600 
Ff Tonised calcium (very strong), FO Canopus 7,500 
hydrogen and metallic lines F5 Procyon 8,000 
G Neutral metals and ionised GO Capella A 5,650 
calcium, hydrogen (weak) Sun 6,000 
K Neutral metals and ionised KO Arcturus 4,200 
calcium (very strong), A5  Aldebaran 3,300 
hydrogen (very feeble). At AT 61 Cygni 4,000 


#5 titanium oxide bands 
begin to appear 


M Titanium oxide (strong). MO Betelgeux 3,000 
Continuous spectrum very M3 Kruger 60 3,200 
weak at violet end M6 a Herculis 2,500 


The table shews that the sequence of spectral types can be regarded 
not only as one of decreasing temperature, but also as one of decreasing 
ionisation or increasing aggregation. In class O trebly and doubly ionised 
atoms are prominent; later we come to singly ionised atoms, then to complete 
atoms and finally to complete molecules exhibiting band-spectra. The complete 
molecular structures are built up as the temperature diminishes. 


53. One reason why a star’s spectrum cannot conveniently be specified 
simply as a temperature, is that the spectrum of a mass of hot gas does not 
depend solely on its temperature ; it depends to an appreciable degree on its 
density as well. The theoretical reason for this is provided at once by the work 
of Saha, R. H. Fowler and Milne, to which reference has already been made. We 
shall discuss the theory of ionisation more fully below (§ 137) when it will be 
seen that the ionisation temperature for the atoms of any particular element 
depends very largely on the density of the matter of which the atoms form 
part. Thus stars of the same spectral class have different effective tempera- 
tures when their atmospheres have different densities, the differentiation 
being most marked when the effective temperature is low. Asa consequence, 
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the colour-index and bolometric correction do not depend solely on a star's 
spectral class. As regards colour-index, the deviation is shewn in the following 
table given by Seares*. 


Colour-index 
dense diffuse 


T (dense) — T (diffuse) 


The temperature difference in the last column is somewhat provisional, 
being based on somewhat uncertain data, but it suffices to indicate the extent 
to which the spectra of stars of types G and K depend on the densities as 
well as on the effective temperatures of the stars. 


ESTIMATES OF EFFECTIVE TEMPERATURES. 


54. The etfective temperature 7’, of a star has been defined to be such 
that the radiation emitted per second from each square centimetre of the star's 
surface is o7;', this being the amount of radiation that would be emitted from 
a perfect radiator at temperature T,. 

We have found four ways of estimating the effective temperature of a 
star: 


(1) From a comparison of a star's observed angular diameter with the 
total radiation received from it (§ 41). 

(2) From the shapes of the energy curves obtained by analysing the 
distribution of energy in the star’s spectrum (§ 45). 

(3) From the colour-index, which gives, in a general way, the ratio of 
photographic to visual light emitted by a star (§§ 47, 53). 

(4) From the bolometric correction, which gives a measure of the ratio of 
a star’s total radiation to its emission of visual light (§ 48). 


That these four methods give fairly accordant values for the effective 
temperatures of stars of different spectral types, is shewn in the following 
table which is given by Russell, Dugan and Stewartt. 


* Astrophys. Journ. ty. (1922), p. 198. 
+ Astronomy, p. 753. 
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Table VIII. Effective Temperatures (Russell, Dugan and Stewart). 


Effective Temperature deduced from 


Adopted 
effective 


Bolometric| Energy Angular | Temperature 


Spectral 


Radiation Curves Diameters 


Long period 
variables : 


min. 


GO 
G5 
7G) 
K5 


* Only one star is used, the companion of Sirius, and its spectral type is uncertain. 
+ Values for sun (§§ 41, 45). 


RADIATION AND PHYSICAL CONSTANTS OF VARIOUS STARS. 


55. We shall now consider the radiation and physical constants of various 
stars as given by the foregoing formulae. 


The Sun. For convenience the various data already given for the sun 
may be collected together. 

Sun’s diameter = 864,000 miles = 1:391 x 10" cms. 

» surface = 6°08 x 10” sq. cms. 

volume = 1°412 x 10® cu. cms. 
» mass = 2°00 x 10* grammes. 
mean density = 1-416 grammes per cu. cm. 
» emission of energy = 3°80 x 10® ergs per second. 
» emission of energy per gramme = 1°90 ergs per second. 
» emission of energy per sq. cm. of surface = 6:24 x 10" ergs per second. 
» apparent visual mag. = — 26°72. 
, absolute visual mag. = 4°85. 
, absolute bolometric mag. = 4°85. 
, absolute photographic mag. = 5-4. 
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Sun’s effective temperature 
(total radiation) = 5750 absolute 
(energy curves) = 6000 absolute. 


Betelgeux (a Orionis). This is the twelfth brightest star in the sky, 
its apparent visual magnitude being 0°92. Its spectral type is M0. From 
observations on the energy curve Sampson and Abbott estimate effective 
temperatures of 3400 and 2600 respectively; Coblentz, from direct bolometric 
measurements, estimates an effective temperature of from 2800 to 3300. The 
angular diameter of the star as determined by interferometer measurements 
at Mount Wilson, is 0°047”, which would represent an effective temperature 
of exactly 3000. Thus all methods agree in assigning to the star an effective 
temperature of about 3000". 


The probable parallax of the star is 0017”. Combining this with its 
angular diameter of 0°047”, the diameter of the star must be 44 times the 
radius of the earth’s orbit, or about 250 million miles. With this parallax, 
the star's luminosity must be 1320 times that of the sun, its bolometric 
absolute magnitude being — 4°6 and its total emission of radiation about 6000 
times that of the sun. The star is a variable, but shews only slight changes 
of luminosity. 


Antares (a Scorpil), the sixteenth brightest star in the sky, is in many 
respects similar to Betelgeux. Its spectral type is M0, its apparent visual 
magnitude being 1:2. The angular diameter, as measured with the interfero- 
meter, is 0:040”, which corresponds to an effective temperature of about 
3020 degrees. Its trigonometrically measured parallax* of 0:026” gives the 
star a diameter of 140 million miles, absolute magnitude — 1:7 and luminosity 
about 440; the corresponding bolometric magnitude is — 3°4 and total emission 
of radiation about 2000 times that of the sun. 


Seares, Russell and others disregard its measured parallax, and, treating 
it as a member of the Scorpius cluster, assign it the parallax 0°0085” of the 
cluster. This gives it an absolute magnitude of — 42, and an absolute bolometric 
magnitude of — 5:9, with an emission of radiation of about 20,000 times that 
of the sun. 


Arcturus (a Bootis) is the third brightest star in the northern sky, and 
the fifth brightest in the whole sky. Its spectral type is K 0 and its apparent 
visual magnitude 0:2. Coblentz has determined its effective temperature by 
thermocouple measurements as from 3500 to 4500; Sampson from energy 
curves gives 4200. Its angular diameter, as measured with the interferometer, 
is 0'022”, again indicating an effective temperature of 4200. 

Assuming an effective temperature of 4200, its parallax of 0:080” gives it 
a diameter of 26 million miles, an absolute bolometric magnitude of — 0°8, 
and a total emission of radiation equal to 180 times that of the sun. 


* General Catalogue of Parallaxes, Schlesinger (1924). 
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Capella (a Aurigae), the second brightest star in the northern sky, is a 
binary system which has the rare distinction of being both a visual and 
a spectroscopic binary. Its parallax is 0°063” and its period 104 days. 

The brighter component is of visual magnitude 0°8, its spectral type 
being G0, the same as that of the sun. From the shape of its energy curves 
Sampson and Abbott estimate its effective temperature as 5500 and 5800 
respectively. Its absolute magnitude, both visual and bolometric, is — 0-2, 
its luminosity and emission of radiation being about 105 times that of the sun. 
With an effective temperature of 5650, its surface must be 120 times that 
of the sun, and its diameter 11 times that of the sun, or say 94 million miles. 


Its mass is 4°18 times the mass of the sun, whence its mean density must 
be 0:004. 


The fainter component is of spectral type F'0, representing an effective 
temperature of about 7400. Its visual magnitude is 1‘1, so that its absolute 
magnitude, both visual and bolometric, is 0°1. Its radius is about 54 times 
that of the sun. Its mass being 3°32 times that of the sun, its mean density 
is 0028. 

B.D. 6° 1309 (Plaskett’s star)*. This is a spectroscopic binary with a 
period of 14414 days, which is the most massive and the absolutely brightest 
star whose elements are known with fair certainty+. The minimum values 
possible for the masses are 75°6 and 63:2 times that of the sun. These are not 
computed masses, but values of M sin*z, where 7 is the inclination of the orbit, 
so that the actual masses are probably considerably greater. The spectral 
type is 0 8, which on the theoretical scale of Fowler and Milne, would repre- 
sent a temperature of about 28,000 degrees. 


H.D. 1337 (Pearce’s star)}. This is a spectroscopic and eclipsing variable 
of period 3°5234 days, which has the distinction of being the most massive 
and the absolutely brightest star whose mass and luminosity are known with 
precision. The masses of the two components are found to be 363 and 
33'8 times the mass of the sun, with a probable error of about 5 per cent. 
The visual absolute magnitudes are —5:95 and — 4°84, the bolometric 
absolute magnitudes being estimated at — 8°82 and —7-71,so that the total 
emission of radiation by the two components are respectively 294,000 and 
73,000 times that of the sun. The spectroscopic type is 084, which may 
again be supposed to indicate an effective temperature of 28,000 degrees. 

An analysis of the light curve shews that the star consists of two ellipsoidal 
components which are almost in contact, their semi-major axes being 23°8 


* Dominion Astrophys. Observ. Publications, 11. (1922), No. 4. 

J Otto Struve (Astrophys. Journ. uxv. (1927), p. 273, and Lxvit1. (1928), p. 109) finds that the 
quadruple system 27 Canis Majoris has probably at least 950 times the mass of the sun. He 
discusses other possible interpretations of the observations, but can find no satisfactory explana- 
tion which would give a total mass substantially less than that just mentioned. 

+ Dominion Astrophys. Observ. Publications, 11. (1926), No. 13. 
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and 15'5 radii of the sun, and the distance between their centres being 40:1 
radii of the sun,so that their closest points are only 0°8 radii of the sun apart. 

V Puppis. This is a spectroscopic and eclipsing binary whose elements 
are well determined. Both components have spectral type B1, and Plaskett 
assigns an effective temperature 22,000 degrees to both. The masses are 19°2 
and 17:9 times the mass of the sun, and the absolute bolometric magnitudes 
are — 5:26 and — 5:05, so that the emission of radiation of the two components 
are 11,000 and 9100 times that of the sun respectively. 

Sirius (a Canis Majoris), the brightest star in the sky, is a visual binary 
with a period of 49°3 years. 

Its brighter component is of spectral type A 0; Sampson and Abbott have 
determined effective temperatures of 12,800 and 11,000 respectively, while 
its colour-index indicates an effective temperature of 11,200. Assuming an 
effective temperature of 11,200, its absolute bolometric magnitude is 0°9. Its 
diameter is then 1°58 times that of the sun, its mass being 2°45 times that 
of the sun, so that its mean density is 0°9. 

The faint companion is of absolute visual magnitude 11:3. Moore finds its 
spectral type to be A 5, or possibly 43 or A 4. Its mass is about 0°85 times the 
mass of the sun. The ratio of mass to radius, as determined by the Einstein 
shift of spectral lines, fixes its radius as 0:030 times that of the sun; hence 
its mean density must be about 50,000. Its bolometric absolute magnitude 
must be approximately the same as its absolute visual magnitude, and its 
total emission of radiation must be 0°0028 times that of the sun. Com- 
bining this with its known size, we can deduce an effective temperature 
of 8000°. This corresponds to a spectral type of about A7, in agreement 
with Adams’ determination. 


Kruger 60*. This is a visual binary of period 549 years. Its two com- 
ponents are the least massive of all stars whose masses are known with fair 
accuracy. 

The brighter component has a mass equal to 0:25 times that of the sun. 
Its spectral type M3 corresponds to an effective temperature of about 3200. 
This gives it an absolute bolometric magnitude of 10:0, so that its emission 
of radiation is 0:009 times that of the sun. Its radius must accordingly be 
one-third of that of the sun, and its mean density about 10. 

The fainter component has a mass equal to 0-20 times that of the sun, 
its spectral type and effective temperature being approximately the same as 
those of its companion. Its absolute bolometric magnitude is 11°5, so that it 
has an emission of radiation equal to 0-002 times that of the sun, and a radius 
equal to one-sixth that of the sun. Its mean density is accordingly about 60. 

The foregoing data, together with some others, estimated and calculated 
by similar methods, are collected in the following table: 


* Aitken, Lick Observ. Bull. 365 (1925). 
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THe TEMPERATURE-LUMINOSITY DIAGRAM. 


56. The foregoing table has given the absolute bolometric magnitudes 
and the effective temperatures of certain stars. The former of these two 
quantities serves to specify the quantity of radiation emitted by a star, while 
the latter specifies its quality, at any rate in respect of its more essential 
features. 


We can conveniently exhibit the quantity and quality of light emitted by 
a number of stars by representing each star as a point in a plane diagram. 
We shall find it convenient to take the stars’s absolute bolometric magnitude 
M as ordinate, and the logarithm of its effective temperature, log 7,, as 
abscissa. Further, we shall place the stars which radiate most energetically at 
the top of the diagram, and those of lowest effective temperature to the right. 
This is a modification of a procedure introduced by Russell in 1913. Russell 
took absolute visual magnitude as ordinate and spectral type as abscissa, 
but the quantities we have selected are far more fundamental, and consequently 
far more intimately connected with the physical condition of the star. 


We have seen (§ 49) that a star’s emission of radiation # in ergs per second 
is given by 
log H = 35:52 —04M. 
It is also given by 
B=4rr' oT, 
where r is the radius of the star, o is Stefan’s constant, and 7’, is the star’s 
effective temperature. From these two equations we obtain 


logr = 19°33. —2log T,—O2M 2....... eee (5671), 


which gives a star’s radius in terms of 7’, and M. If R is the radius measured 
in terms of the radius of the sun (6:95 x 10° cms.), the equation takes the form 


log R= 8-49 — Qlog T, -O-2M .....ccccccecceeee (56-2), 


We see that stars of a specified radius lie on a straight slant line in a 
diagram in which M and log 7’, are taken as ordinate and abscissa. 


Such a diagram is shewn in fig. 5. The slant lines represent the lines of 
constant radii equal to 0:01, 0:1, 1, 10, 100 and 1000 times the radius of the sun. 


The points surrounded by small circles represent the stars within 4 parsecs 
of the sun, as given in Table IV. Three of these are omitted owing to their 
spectral type and effective temperature being insufficiently known. The 
remaining points, marked by small crosses, represent stars which appear in 
Table IX, but not in Table IV. These stars are of exceptional interest but 
are in no sense typical of the whole mass of stars. The best sample of the 
stars as a whole is formed by the stars within 4 parsecs of the sun, and so 
by the stars enclosed in circles in fig. 5. 
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Giants and Dwarf Stars. 


57. In 1905 Hertzsprung* discovered that the red stars fell into two 
distinct classes, one of which he called Giants on account of their great size, 


Effective Temperature 
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Fig. 5. Effective Temperatures, Absolute Bolometric Magnitudes and Radii of Stars. 


©—Stars within four parsecs of Sun. 
x—More distant stars. 


and the other Dwarfs on account of their small size. This division is clearly 
shewn in our diagram, there being no M-type stars of magnitudes between 


* Zeitsch. fiir Wissenschaftliche Photog, 11. p.442. Seealso v. p. 86, and Ast. Nuch., No. 4296. 
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— 3-4 (Antares) and 7-4 (Lacaille 8760). Similarly there are no K-type stars 
between — 0°8 (Arcturus) and + 5:7 (7 Ceti and a Centauri 5). 


In 1914 H. N. Russell * confirmed Hertzsprung’s conclusion, using more 
extensive material, and again, in 1917, Adams and Joyf, discussing the 
spectroscopically determined absolute magnitude of 500 stars, reaffirmed the 


Fig. 6. Absolute Magnitudes and Spectral Type of 2100 stars (Mount Wilson Observatory). 


conclusions of Hertzsprung and Russell, finding a distinct division to occur 
in stars of spectral type redder than K 4. Fig. 6¢ shews the absolute visual 
magnitudes of 2100 stars plotted against their spectral types, and the division 
again shews with remarkable clearness. 


* Nature, April 30, 1914. 
+ Astrophys. Journ. xuv1. (1917), p. 313. 


+ This diagram was prepared by Mr Hubble and appears in the Carnegie Institution Year-book 
No. 20 (1921), p. 270. ) 
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A general discussion by Adams, Joy and Humason*, in 1925 shews that 
the absolute magnitude of the faintest of the giant M-type stars is +0°7, 
while that of the brightest of the dwarfs is 6-9, leaving a clear gap of 6°2 
magnitudes. For stars of type M5 or later this interval increases to about 
11:0 magnitudes. 


Thus the red stars fall into two distinct groups—giants, such as Betelgeux 
and Antares, which emit a large amount of radiation and so require a very 
large surface to discharge it, and dwarfs such as the two components of 
Kruger 60, which emit but little radiation and so need only small surfaces. 


The Main Sequence. 


We notice that the majority of stars in figures 5 and 6 he on a narrow 
slant-band which runs across the diagram. This band is commonly called 
the “Main Sequence.” Various attempts have been made to fix its exact 
position. By comparing the magnitude-differences of the two components of 
binary systems with their differences of spectral type, HO. Redman ft has 
recently obtained the following determination of the central line of the main 


sequence : 


Bo BS AO | Ab | PORES KO| K5| MO} M5 
— 0°62 | 0°20 | 1°30 | 2°52 | 2°80 | 3°32 | 4:21 | 5:09 | 5°17 | 6°79 | 7°64 | 11°80 


Spectral type 


vis 


This method has the great advantage of being practically unaffected by 
errors in the determination of stellar distance. Redman further finds that in 
the region F'0 to K 0 the spread of the main sequence is about two-thirds of 
a magnitude on either side of the central line. 


The White Dwarfs. 


When a number of stars are entered in a temperature-luminosity diagram 
of the type shewn in fig. 5, practically all are found to lie either on the main 
sequence or to the right of it. Fig. 5 shews three stars occupying isolated 
positions to the left of the main sequence. 


Stars of this type are described as “white dwarfs.” Only four are known 
with certainty, namely, the three shewn in the diagram, and the companion 
to o Ceti, to which very possibly Procyon B ought to be added. These stars 
are, however, of very low luminosity, so that white dwarfs are likely to escape 
detection except when they are near to the sun. Table IV (p. 33) shews that 
there are no fewer than three white dwarfs (counting Procyon B) within 
4 parsecs of the sun, and this suggests that the white dwarfs may be common 
objects in space, although not in star-tables. 


* Report of the Director of Mount Wilson Observatory, 1925-6, p. 128. 
{ M.N., R.A.S. wxxxvimt. (1928), p. 722. 


CHAPTER III 
GASEOUS STARS 


GENERAL CONFIGURATIONS OF EQUILIBRIUM. 


58. THE preceding chapter has exhibited the stars asa series of bodies shew- 
ing very wide ranges of size and density and considerable ranges of mass and 
surface-temperature. Much labour has been expended in building up a physical 
theory of the structure of the stars. The first attempts treated the stars as 
spheres of gas, in which the pressure of the gas resisted the tendency of the 
star to collapse under its own gravitational attraction. And as the study of 
the internal constitution of the stars is still best approached through this 
conception, we shall examine it in some detail before turning to more realistic, 
but also more complex, theories of stellar structure. 

We start, then, with the consideration of a sphere of gas which is at rest 
throughout, the pressure of the gas exactly balancing gravitational forces at 
every point. If p is the pressure, p the density and g the force of gravity at 
a point distant r from the centre of the star, the condition that gas-pressure 
and gravitational force shall exactly balance is expressed by the usual equation 
of hydrostatic equilibrium 


The value of g, the force of gravity, is 
nig th : : 
g=—% | ampr Cie 1 dec ae eae eee (58:2), 


where y is the gravitation constant (y = 6°66 x 107°). 
Substituting this value for g into (581), we readily obtain 
22 
: = e ) care ee (58°3). 
This differential equation enables us to find p if p is given, or p if p is 
given, but does not determine the arrangement of both p and p of itself; for 
this some further relation or datum is necessary. 


Lane’s Law. 

59. If we replace 7 by ar, the new co-ordinate ar is suited for the study 
of the original mass of gas after its linear dimensions have been uniformly 
stretched a-fold. This stretching changes the original density p into ap. 
Now 11 we replace r and p by ar and a~*p, and at the same time replace p by 
a~‘p, equation (58°3) becomes 

1 d | (ar? d(ap) 
(ar)? d(ar) E d(ar) | “b Gory (a pia ne (59:1), 
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which is exactly identical with equation (58'3), the factors in a cancelling 
throughout. Thus if equation (58°3) is satisfied, so also is equation (59'1). It 
follows that if a mass of gas, initially in equilibrium, is stretched uniformly to 
a times its original linear dimensions, and the pressure is at the same time 
changed to pa~‘, the new mass of gas so obtained will be in equilibrium. 


In a gas in which Boyle’s law is obeyed, the pressure is given by 


where R/m is the gas-constant (8°26 x 10”) for a gas of molecular weight unity 
and yw is the molecular weight of the gas. If p is to be changed to a~‘p, while 
p is changed to a~*p, then JT must be changed to a~?7’ in order that equation 
(59°2) may still be satisfied. 

Thus if p, p, 7, r are the values of the pressure, density, temperature and 
distance from the centre in a mass of gas in equilibrium, these values can be 
changed to p’, p’, 7”, r’ given by 

= ON FOO OPE PEN Lol EO Scviek essay (59°3), 
and the mass of gas will still be in equilibrium. This was pointed out by 
Homer Lane in 1870*, and is commonly known as Lane’s law. 


Homologous Configurations. 


60. Two configurations (p, p, 7, r) and (p’, p’, T’, r’) of a spherical mass of 
gas, which are related by equations (59°3) are called homologous configurations. 
As we give all possible values to a ranging from a=0 to a= in these 
equations, we pass through an infinite number of homologous configurations. 
This series of configurations may be spoken of as a homologous series. The 
equations shew that throughout the length of a homologous series 
rT is constant, 
T/p* is constant, 
p/T* is constant, 
for each element of matter forming the star. 


At one end (a= 0) of a homologous series, the radius of the mass of gas is 
zero and its temperature infinite. At the other end (a=), the radius is 
infinite and the temperature zero. In general there will be an infinite range 
of energy between the two ends, but it is not altogether a simple matter to 
determine which end corresponds to high energy and which to low. 


If we imagine a star to move a slight distance along a series of homologous 
configurations, so that a changes to a + da, the radius increases, so that work 
must be put into the star to expand it against its own gravitational attraction, 
each element of gas being moved against the pressure of the neighbouring 
elements. On the other hand, the gas cools so that heat is yielded up by the 


* Amer. Journ. of Science, utr. (1870), p. 57. 
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mass of the star. The amount of heat dQ which must be added to the 
gaseous star to cause it to move from the configuration a to a+ da is readily 
found to be given by 


aq=@ [[]lBe° = eC 2) de oe cceesesee (60'1), 


where C, is the specific heat at constant volume and the integration is 
throughout the whole mass of the star. The question of whether the internal 
energy of the star increases or decreases as we proceed along a homologous 
series, turns on the sign of the integral in the above equation. 
The average energy of a molecule of the gas is 

6 CL AEB MEE sawavdees ceed soured anegnens (60:2), 
where 3 RZ is the energy of translation and 38RT is the remaining energy of 
the internal vibrations, etc. of the molecule, so that @ is the ratio of the 
internal to translational energy. From the usual formula for C, we obtain 


R 
pO,P=$(1 +8) pP=G(. + B)p, 


and the value of dQ is seen to be 
d he 
aQ=F|[[sa-aypav 


By a known formula*, «, the ratio of the two specific heats of a gas, is 
given by 


2 
c= 1 + 30 +8) ec ve ccecccccccrecceccccs (60°3), 
so that the value of dQ can be written in the alternative form 
daff[3«e—-—4 ,,, 
aQg= S| |[S<—F ao {aft (60°4). 


If 3« — 41s positive throughout the star, dQ is positive, so that the expanded 
state of the star is a state of higher energy than the contracted state. Thus if 
we assume a star to be limited to configurations on a single homologous series, 
it appears that when « is greater than $, a loss of energy, as for instance by 
radiation from its surface, will cause the star to contract. By Lane’s law, the 
temperature simultaneously increases at every point of the star, and we have 
the seemingly paradoxical result that the more the star radiates heat from its 
surface, the hotter it becomes. The explanation is, of course, the simple one 
that the contraction of the star sets free enough gravitational energy to 
account for both the radiated energy and the heating of the star. 


If 3«—4 is negative throughout the star, the reverse conditions prevail; 
the expanded state of the star is a state of lower energy than the Ase 
state, and if the star loses heat by radiation, it expands and cools. We shall 
return to a fuller discussion of these questions later. 


* Jeans, Dynamical Theory of Gases, p. 185. 
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Poincaré’s Theorem. 


61. The foregoing results as well as others of a more general kind may 
also be obtained from a theorem first given by Poincaré*. 


Consider a collection of detached masses moving under no forces except 
their own mutual gravitational attraction. The masses may be stars, mole- 
cules, dust particles, atoms or electrons; for convenience we shall speak of 
them as molecules. 


The equations of motion of a single molecule of mass m are 


dx 
mas Be NCC ee ont aa Cus ener oa set (61°1), 
where X, Y, Z are the components of the force acting on it. Using these 
equations we readily find that 


2 
5 galSm (ae + yf + 2] = 204 E (0X + yV $28) cece (61-2), 
where the summation extends over all the molecules, and 


oT = Sm (Ge) i (SY) 7 | bac Abs (61°3), 


so that 7’ is the total kinetic energy of translation of the system. 


If the only forces which act on the molecules are those arising from their 
mutual gravitation, we have 


A=-— owe etc., 
Ox 


where W is the total gravitational potential energy of the system. This is 
equal to —y2Xim,m_,/r,. where m,, mz are any pair of molecules, r,, is their 
distance apart, and the summation extends over all pairs of molecules. Since 
W is homogeneous in a, y, 2 and of dimensions — 1, it follows from a well- 
known theorem that 


ow oW. oW 
eo eae Rec eget noeacece (61:4). 
Equation (61:2) now assumes the form 
2 
Se [San a? + 8 +29) SLT FW clea ene oie ani oe (61°5). 


If the system has attained to a steady state, the left-hand member 
vanishes, and the equation assumes the form 


This is known as Poincaré’s theorem. Eddington has remarked + that, from 


equation (61°5), it can be extended in the form 
1a 
aeee? PEW IS RA A, : 
5p 2T+ W (61-7) 
* Legons sur les hypotheses Cosmogoniques, p. 94. + M.N. uxxvi. (1916), p. 525, 


5-2 
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where J stands for Sm (a?+ y? + 2), in which form it is not restricted to states 
of steady motion. 

If, as before, 8 denotes the ratio of the total internal energy of the 
molecules to their energy of translation, the total heat-energy of the gas is 
(1+) T, and the total energy # is given by 


Br Wee OE ta Wiel bie sox arcenemane senate meee (61°8). 
In the steady state in which 27+ W=0 it follows that 
T (BV Be hog ea epeeeoneons (61:9), 


so that H increases with 7' if 8 is greater than unity, but decreases with T 
increasing, if 8 is less than unity. This brings us directly to the results 
already given in the last section. 


62. We can write the kinetic energy 7’ in the form 42mv’, where v is the 
velocity of translation of a molecule of mass m. The potential energy W may 
similarly be written in the form —42mV, where V is the gravitational 
potential at the point occupied by the mass m. Thus Poincaré’s theorem 
takes the form that 

Bis Gea gh Cis Day nadinuebecon deena (621), 


so that, in the steady state, the average value of v*, averaged over all the 
separate masses, is equal to the average value of $V. 


If the system is of total mass M and has a mean radius 1, the average 
value of $V is of the order of magnitude of yM/r, so that the average value 
of v? is of this order of magnitude. This provides a convenient rough measure 
of the average velocity of agitation of a system of gravitating masses in a 
steady state: it is equally applicable to systems of stars, star-clusters, nebulae, 
and masses of gravitating gas. 

If the particles which constitute the system are taken to be the molecules 
of a gas, or other independently moving units such as atoms, free electrons, 
etc., v is equal to 3A/mp times the temperature of the gas, where yu is its 
mean molecular weight. Thus the mean temperature of the gas is of the 
order of magnitude of 


so that the mean internal temperatures of different stars are approximately 
proportional to the values of 4M/r for these stars. Lane’s law is included as 
a special case. 


As regards absolute values, we find from this formula that if the sun (for 
which M=2 x 10*, r=6:95 x 10") is supposed to be formed of hydrogen 
molecules for which 4 = 2, its mean temperature must be of the order of 
15,000,000 degrees; if it is formed of molecules of air, the mean temperature 
will be about fourteen times this, or 210,000,000 degrees. 
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More accurate figures will be given later as the result of a detailed study 
of stellar models. But at the outset of this study we may notice that, apart 
from all particular models, the gravitational attraction of the molecules of 
a star endows the stellar matter with a temperature of the order of 10’ degrees 
centigrade. 


ADIABATIC EQUILIBRIUM. 


63. Let us now return to the general equation of equilibrium (58°38), 
namely 
1d /r°dp 
mi od, Meee = QU aisns SRR ReR EAs the 3/1), 
r dr ‘ 4 Rit a 687) 

As we have already noticed, this does not of itself enable us to determine 
the distribution of density inside a sphere of gravitating gas; we can only do 
this by introducing some further assumption as to the conditions in the star’s 
interior. 


In the early discussions of the problem the supposition usually made was 
that the star’s interior was in a state of “adiabatic” or “convective” equi- 
librium such as prevails in the lower regions of the earth’s atmosphere. As 
ordinary gaseous conduction is easily shewn to be too slow a process to account 
for the violent flow of heat to the star's surface (cf. § 71 below), it was sup- 
posed that the greater part of the heat was transferred from the star’s centre 
to its surface by convection currents. If the whole of a star’s interior is kept 
mixed and stirred up by such convection currents, the state of equilibrium in 
its interior is readily determined. We can imagine any two elements of the 
star of equal mass to become interchanged in the process of mixing; after 
they have expanded or contracted until their pressures are suitable to their 
new positions the stars must again be in equilibrium as before. The process 
of expansion is so rapid in comparison with the process of transfer of heat 
by conduction, that any transfer of heat by conduction may be neglected, and 
the condition for equilibrium is simply that the energy-contents of the two 
elements of gas must originally have been identical. 

When this is the case throughout the star, the pressure p and density p 
are connected by a relation of the form 

OS os ved e ct Sedacenantdakat (63:2), 
where K is a constant and « is the ratio of the specific heats of the gas. 
Here, then, is a possible further relation between p and p, and from equations 
(63:1) and (63:2) both p and p can be determined. 

Replacing p by its value Kp*, equation (63'1) assumes the form 

Kk d (ripr*$ 


: dp a , 
ede ) de hamy p09 ..dodciss osedls cues (63:3), 


a differential equation which determines the way in which p depends on r. 
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64. It is generally only possible to solve this equation by quadratures. 
There are, however, two exceptions. When « = 2, the equation assumes the 


simple linear form 


Kad G ie SQA isdn tes Pletal adel Bs te (641) 


which was discussed by Laplace. This equation is linear in p, and its general 
solution is easily found to be 


where c? = 2ary/K, and A and ¢ are constants of integration. We are not at 
present interested in the most general solution either of the general equation 
(63°83) or of the simpler equation (641). For if ¢ has any value other than 
zero in the solution (642), p runs up to an infinite value at the centre of the 
star. At the centre of an actual star, p must remain finite, reaching a maximum 
of the usual type at which dp/dr=0. The solution expressed by equation 
(642) only satisfies this condition when ¢ = 0, in which case it reduces to 


Again when «= 1-2, equation (63°3) has a solution in finite terms, first 
given by Schuster*, for which dp/dr is zero at the centre, namely, 


5 


r ae 
p=p.(1+ _) ae en (64-4). 


For other values of « the equation can only be solved by quadratures. 
Starting at the centre, taking an arbitrary value of p and assuming that 
dp/dr = 0, we find that p must steadily decrease as we pass outwards; as soon 
as p reaches a zero value we know that the star’s surface has been reached 
and at this point the quadrature stops. 


65. The solution of the general equation (63°3) by quadratures has been 
very fully investigated by Emden in his book Gas Kugeln+. Put *@ for 


the quantity we have denoted by K, R being the universal gas-constant, u 
the molecular weight of the substance of which the star is supposed to be 
formed, and m the mass of a molecule of molecular weight unity. The adiabatic 
relation (63°2) between p and p now becomes 


R 
p= ma Oph) Be, Sa te Ae ae (65:1). 
The usual Boyle-Charles law is expressed by 
p= a pei Us aid eerie. dae (65:2), 


* British Association Report, 1883, p. 428. 
+ Teubner (Leipzig, 1907). See also Encyc. der Math. Wissen., vol. v1 2B, part 2, reprinted 
in book form ‘‘Thermodynamik der Himmels Korper ” (Leipzig and Berlin, 1926). 
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where T' is the temperature corresponding to the given values of p and p. 
Comparing equations (65'1) and (65:2), we see that 
Pi OO Kiss seccssvess ses AAO BASED (65°3), 
so that © is the value of the temperature of any element of the star when it is 
compressed to the density p =1, and so is the actual temperature inside the 
star at the point at which the density is unity. 
If we now write u for p*"1 and introduce tv defined by 


Aary (k —1) mp 
nee em ig cp og raiu ne dadscen é 4), 
f= 9 ROx Pee (65°4) 
equation (63'3) is found to assume the form 
du 2du 
mare 0 OD) avn vse eee ype sc aedere dieses 65°5), 
de tear t™ (SED) 
where n stands for as so that p= (5) 
K—1? @/ - 


For any given value of n, the most direct procedure would be to assume 
an initial value u, at the centre, together with the condition du/dr=0 at the 
centre and calculate values of w and r by successive stages outward. But it 
is readily seen that the solutions so obtained would fall into homologous 
series, the central density p,, and so also u,, the value of u at the centre, 
having all values from zero to infinity as we pass along any one series. It 
is accordingly sufficient to calculate the solution for any one standard value 
of u,, when the solutions for all other values can be derived immediately by 
homologous contraction or expansion. Emden obtains his standard solution 
by taking u,=1, so that the central density p, is also unity. If, p,, % are 
the values of wu, p and r for this particular solution, the values corresponding 


to any other central density p, are given by 
1 n—-1 
= Up Uy == Poy; P= PcPis T= Ue $n) T= "pr ae ur (O06): 


66. As a first illustration of the use of this solution, Emden studies the 
internal arrangement of the sun on the improbable supposition that it is 
made of atmospheric air. For this, «, the ratio of the specific heats, is equal 
to 1:4, so that n =2°5. 

His numerical solution for the value n = 2°5 shews that the density at the 
centre is 2407 times the mean density. As the mean density of the sun is 
1416, the density at the centre on this model must be p,=3402. The 
numerical solution gives the radius of the mass of gas to be r, = 5-417, so 
that the last of equations (65°6) gives 

t= Ape 
The actual radius of the sun is 7=6'95 x 10" cms., and on inserting these 
values for r and r in equation (65°4) and putting « = 1°4, we obtain 
R 


REG 29-2908 10H oF 00s. wisgind! abu: (66'1). 
mye 
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The value of R/mp for atmospheric air is 2°87 x 10°, so that 
@ = 1°1226 x 10° degrees ........ ee RE (66:2). 


This, as we have seen, would be the temperature at a point inside the 
model sun at which the density is unity. From this it follows at once that 
the temperature, density and pressure at the sun’s centre are: 


Temperature at centre of sun = 455 million degrees. 
Density Pode han LS See BEDZ: 
Pressure ee »  » 43 x 10% dynes. 

= 43,000 million atmospheres. 


IONISATION IN STELLAR INTERIORS. 


67. These last figures refer only to a very special model of a single star, 
but calculations for other stars and other models give very similar tempera- 
tures for stellar centres. A large number of detailed calculations will be found 
in Emden’s book. As was first pointed out by the present writer in 1917%, 
neither molecules nor. atoms could retain their existence as such at temperatures 
as high as this. Whatever model we take, a simple calculation shews that the 
temperature throughout the greater part of a star’s interior must produce a 
very high degree of electronic dissociation, the molecules and atoms being 
almost completely broken up into their constituent electrons and nuclei, 
which will now all move about independently like the molecules of a gas. In 
more peaceful surroundings their electrostatic attractions would rapidly unite 
the wandering nuclei and electrons into complete atoms and molecules, but 
these are powerless in the general whirl of rapidly moving projectiles and in 
face of the shattering blows of the quanta of high-frequency radiation which 
the high temperatures of the stellar interiors generate. It is no more possible 
to build up an atom in the interior of a star than to build a house of cards in 
a hurricane. 

When I first put forward this view I believed it to be entirely novel, but 
I have since found that in 1644 Descartes had conjectured + that the sun and 
fixed stars were made of matter “which possesses such violence of agitation 
that, impinging upon other bodies, it gets divided into indefinitely minute 
particles.” 


68. This view of the constitution of stellar interiors reduces the central 
temperature to a value far below that just calculated. 


In breaking up a molecule of, say, nitrogen into its ultimate constituents, 
we replace a single moving unit by sixteen separately moving parts, two 
positive nuclei and fourteen free electrons. If the temperature remains un- 
altered each of these sixteen parts exerts, statistically, the same pressure 
as the original molecule, so that the pressure corresponding to a given 


* Observatory, xu. (1917), p. 43 and Bakerian Lecture (1917), Phil. Trans. 218 a, p. 209. 
+ Principiorum Philosophiae, Part 111, Chap. 52. 
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temperature 'is increased sixteen-fold. Or, to put the same thing in the form 
immediately suited to our problem, the temperature corresponding to a given 
pressure is decreased to one-sixteenth. 


The total mass of the sixteen moving parts is equal to the original mass 
of the nitrogen molecule of molecular weight 28. Thus we can regard the 
positive nuclei and negative electrons as forming a gas of mean molecular 
weight 28 or 1°75. If the original gas had been hydrogen, the mean molecular 
weight of the broken pieces would have been 0°5; similarly the mean molecular 
weight of broken up helium is 1°33, of broken up calcium is 1°90, of broken 
up iron 2°07, and of broken up lead 2°50. There is of course very much greater 
equality between the mean molecular weights of the broken up pieces of 
molecules than between those of the original molecules themselves, since the 
more massive molecules break into a greater number of separate fragments 
than the less massive ones; indeed, the atomic number of an atom of atomic 
weight n in general approximates to $n except for hydrogen and the very 
massive atoms, and in consequence the mean molecular weight of the broken 
mixture can never differ very greatly from 2. 

For a general mixture of elements such as are known to us on earth, we 
should not be far wrong in assuming a mean molecular weight of 2 for the 
broken up fragments. The corresponding value of R/mp is 413 x10’ in 
place of the much lower value assumed by Emden and used above, and on 
inserting this value in equation (66:1) we obtain ®@ =7'76 x 10° degrees. The 
central temperature 7’, is now found to be 

T, = 31°5 million degrees, 
the values of p, and p, remaining unaltered. 

We shall find reasons for supposing that the stars in general do not 
consist of a general mixture of elements of this kind, but that the great 
majority of their atoms have atomic weights comparable with that of uranium 
and the radioactive elements. We shall further find that in all probability the 
atoms are not completely broken up, although very nearly so. When we allow 
for these new factors the mean molecular weights of the broken up fragments 
is about 2°6 rather than 2, and this increases the value just calculated for 7’, 
to about 41 million degrees. We shall find that further adjustments have to 
be made in the value of J,, but these nearly neutralise one another leaving 
the final value of 7, in the neighbourhood of 40 million degrees. 


69. There would seem to be little room for doubt that the foregoing view 
of the interior structure of a star is the correct one. Convincing evidence in 
its favour is provided by the high density of many stars, and in particular, as 
Eddington first pointed out, by that of the companion of Sirius, which direct 
observation shews to be something like 50,000. It is inconceivable that such 
high densities could occur in a gas formed of complete atoms or molecules, 
although it is quite natural that they should be found when the molecules of 
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diameter 10-* cms. are replaced by crowds of free electrons of diameters about 
4.x 10-, of nuclei whose diameters are less even than this and of atoms 


d 


“whose rings of electrons have nearly all been stripped away. 

Even at a density of 50,000 times that of water, the electrons and nuclei 
are at mean distances apart which are of the order of 10” cms., and this is 
some hundreds of times the probable diameter of both free electrons and 
nuclei. If then all atoms were stripped absolutely bare of electrons, so that 
stellar matter consisted solely of electrons and bare nuclei, it would seem 
reasonable to assume the ordinary gas-laws to hold, even at these monstrously 
high densities, at any rate as a first approximation. Anderson* has pointed 
out that the electron pressure in stellar interiors is that of a “degenerate” 
gast, so that the pressure can in no case be given exactly by Boyle’s law, 
the divergence increasing from one of a few per cent. in ordinary stars to 
a factor of about 2 for Kruger B and Sirius B. 

We shall, however, find that, although the mean density of Sirius B may 
be 50,000, the density in its central regions is probably to be measured in 
millions, so that here Boyle’s law can hardly hold, even as an approximation. 
Furthermore, the temperatures at the centres of most stars are not adequate 
to break the atoms down to their ultimate constituents. Stellar matter 
consists in part of free electrons and perhaps some bare nuclei, but these are ~ 
mixed with miniature atoms in which some rings of electrons remain to clear 
a space about the nucleus, and when such atoms are present it is not obvious 
without further investigation whether Boyle’s law will give a valid approxi- 
mation to the pressure-density relation or not. 

For the moment we shall proceed on the supposition that the pressures in 
stellar interiors are those given by Boyle’s law, but we shall soon find it 
necessary to discard this supposition. For the two. reservations just men- 
tioned prove to be of the utmost importance in stellar physics, and probably 
dominate the whole dynamics of stellar interiors. 


THE PRESSURE OF RADIATION. 


70. We have been led to picture the far interior of a star as consisting of 
a crowd of dissociated electrons, of bare nuclei and of atoms stripped of 
electrons almost down to their nuclei. The electrons move about from one 
broken atom to another, seldom staying with any one atom for long, since the 
majority of the atoms are either completely or almost completely bare of 
electrons. As we approach the surface, we come to regions of lower temperatures 
where the disintegration is far less complete, and here we find semi-formed 
atoms. Finally, close to the surface we come upon ionised atoms from which 
only a few of the outer electrons are missing, and possibly fully formed atoms. 
In the M-type stars, the surface layers are so cool that even fully formed 
molecules are found, such as those of titanium oxide and magnesium hydride. 


* Zeitsch, f. Physik, wu. (1928), p. 874. + E. Fermi, Zeitsch, f. Physik, xxxv1. (1926), p. 911. 
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Before accepting this view of a star’s constitution as complete, a further 
complication must be taken into account. We have already noticed that the 
presence of radiation results in a pressure }a7"‘, where a = 7°63 x 10-%. If T'has 
the value just calculated for the centre of the sun, namely, 41 x 10’ degrees, 
the corresponding pressure of radiation is found to be 7-2 x 10% dynes, which 
is about one-sixth of the total pressure given by the rough calculation of § 66. 
Thus the mechanical effects of the pressure of radiation, while not great, 
are just too large to be disregarded entirely. The present writer drew 
attention to Emden’s neglect of the pressure of radiation when reviewing his 
Gas Kugeln in 1909*, and gave the first reasonably accurate estimate of its 
importance in 1917+. Eddington had attempted a calculation some months 
earlier, but had obtained values which were thousands of times too large 
through supposing the stellar matter to consist of unbroken atoms}. 


When the pressure of radiation is taken into account, the total pressure p 
inside a star whose material is of mean molecular weight yw is given by 


R ; 
PH PLT AGTS cocci (70'1), 


where the first term on the right represents the usual gas-pressure, which we 
shall henceforth denote by pg and shall, for the present, suppose to be given 
by Boyle’s law, and the second term denotes the pressure of radiation, which 
we shall call pp. If the ratio of gas-pressure to pressure of radiation is denoted 
by 2, 
1 R(1l+%X 
P=PetPr= (1 SF x) Pe= cone pr Souticucarvon (70:2), 

so that the effect of taking radiation-pressure into account is the same as that 
of reducing the molecular weight u by a factor X/(1 +). We may, if we please, 
treat the gas as though it had a fictitious molecular weight w’ given by 


and neglect the pressure of radiation entirely. By so doing we should be 
treating the pressure of radiation as though it arose from molecules of 
molecular weight zero, and on averaging over these fictitious molecules and 
the real material molecules of molecular weight ~ we obtain the average 
molecular weight yu’ given by equation (70'3). 

The very rough calculation given above has suggested that » is about 5 at 
the sun’s centre, so that we could allow for the pressure of radiation by reducing 
the effective molecular weight at the sun’s centre by about 17 per cent. 

In more massive stars the pressure of radiation assumes greater importance. 
To see this let us start from a standard star such as the sun and increase its 


* Astrophys. Journ. xxx. (1909), p. 72. 
+ Bakerian Lecture (1917), Phil. Trans. 218 a, p. 209. 
£ M.N. uxxvir. (1917), p. 16. 
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density 0-fold at every point, from p to p0, keeping the dimensions of the 
star fixed. At the same time let us increase its mean molecular weight 
times, from p to pp. 

The new star so obtained has 6 times the mass of the standard star, so 
that the value of gravity has been increased 6-fold at every point. To satisfy 
the dynamical equation 


the pressure must be increased 6? times at each point. If this is assumed to 
be given by Boyle’s law, 


we see that 7'/~ must be increased @ times, so that 7 must be increased Oy 
times. The ratio of pressure of radiation to gas-pressure, which is proportional 


3 3 
to Aa or to rE has now been increased a or @rp* times. 


As explained in § 59, we can let this star undergo any homologous con- 
traction we please and so assume any radius we please. Equations (59:3) 
shew that when the radius of the star is increased a-fold, the pressure of 
radiation, which is proportional to 74, becomes multiplied by a factor a~*, 
while gas-pressure is also multiplied by a factor a~*. Thus the ratio of gas- 
pressure to pressure of radiation remains unchanged by homologous contraction. 


Hence changing the density by a factor 0, the molecular weight by a factor 
yy and the radius of a star by any factor we please, changes the ratio of 
radiation-pressure to gas-pressure by the factor 6“ already calculated. In other 
words, in stars of different masses M and different molecular weights yw, the 
ratio of pressure of radiation to gas-pressure is proportional to M*u‘. Although 
this ratio is only of the order of 4 in the sun, it becomes considerable in stars 
whose mass is several times that of the sun. We must, however, notice that 
formula (70°5) is only accurate so long as radiation-pressure is negligible in 
comparison with gas-pressure ; as soon as the ratio becomes appreciable our 
calculations fail to give its exact value. Definite exact calculations will be 
given later. 

Whatever the relative importance or amount of the radiation-pressure may 
be, we get a true picture of stellar structure by thinking of the layers of 
stellar matter as held up against gravitation by the incessant impact of a 
certain number of atomic nuclei or partially stripped atoms, the “ molecular 
weight” of which is practically the same as that of the corresponding complete 
atoms, together with a far greater number of free electrons of standard 
“molecular weight” ;235 or 0°00055, and a rather small number of “molecules” 
of radiation, the molecular weight of which is negligibly small. The combined 
impacts of these three types of projectiles prevent the star from falling in 
under its own gravitational attraction. 
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This gives us a good snapshot picture of a star’s structure. We obtain the 
corresponding picture of its mechanism by thinking of the nuclei as a-ray 
particles, of the free electrons as 8-ray particles, and of the radiation as y-rays 
(although in most stars the main bulk of the radiation has the wave-length 
of X-rays); and, precisely as in laboratory work, the §-rays are more pene- 
trating than the a-rays, and the y-rays are more penetrating than either. 


RADIATIVE TRANSFER OF ENERGY. 


71. Apart from precise figures, the temperature inside a star must range 
from some million degrees at its centre to a few thousand degrees at its 
surface. The various solutions given by Emden agree in indicating* that 
there is a fairly uniform fall of temperature along a star’s radius except close 
to the centre, where the rate of fall is necessarily zero. If the sun has the 
central temperature of about 41 million degrees, calculated in § 68, the 
average fall of temperature along its radius of 6°95 x 10” cms. would be about 
0:0006 degrees per centimetre. 


The flow of heat consequent on a temperature gradient 07'/dr is 


per unit time per unit area, where $ is the coefficient of conduction of heat, 
and for a temperature gradient of the order of 0:0006 degrees per centimetre 
to produce the observed flow of heat at the surface of the sun (6°25 x 10” 
ergs per sq. cm. per second) the value of 8 in ergs must be of the order of 10¥. 


The flow of heat in a star will be the aggregate of the amounts transported 
‘by atoms and nuclei, by free electrons and by radiation, so that the total 
value of 3 will be the sum of contributions made by these three types of 
carriers respectively. 


The contribution arising from the transport of heat by material carriers, 
atoms, nuclei and free electrons, is given by the usual kinetic theory formulat 


where ¢ is the mean velocity of the type of carrier in question and J is its 
mean free path. A simple calculation shews that the transport of energy by 
free electrons far exceeds that by atoms and nuclei, so that as regards 
material transport the coefficient of conduction is given by formula (71:1) 
where ¢ and / refer to the free electrons. On inserting any reasonable values 
for ¢ and / into this formula, the resulting value of S$ is found to be far below 
the value of 10* which is necessary to account for the observed flow of heat 
to the sun’s surface. 


* See in particular a diagram given by Emden, Gas Kugeln, p. 86. 
+ Jeans, Dynamical Theory of Gases (4th Ed.), p. 291. 
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72. To discuss the transfer of energy by radiation, it is convenient to 
replace equation (71°1) by the equivalent equation 
ee O CECE cscerssucuevetusnaerene teat (721), 


where p’ is the density, and p’C, is the specific heat of the carriers per unit 
volume, é as before denotes their mean velocity, and J is their mean free path. 


The nuclei and the free electrons have, of course, quite definite free-paths. 
The same is true of the radiation if this is regarded as consisting of discrete 
quanta; when a quantum is emitted a free-path begins, and when it is re- 
absorbed the free-path ends. Whether we think in terms of undulatory theory 
or quanta, we may suppose that a beam of radiation is reduced in intensity 
by a factor e~** on passing through a thickness 2 of matter of density p, 
where & is the “coefficient of opacity” of the matter. In ordinary kinetic 
theory a stream of molecules is reduced to e~*/’ of its original strength after 
traversing a distance «, where J is the free-path. By comparison the free-path 
of our molecules of radiation must be supposed to be 1/kp. The energy of 
these fictitious molecules per unit volume is a7‘, so that the specific heat per 


unit volume is Sal") or 4aT’, which may be compared with the specific 


heat per unit volume pC, of ordinary material molecules, The velocity of 
these radiation-molecules is of course uniformly equal to OC, the velocity of 
light. 

If now we make the appropriate substitutions in formula (72:1), replacing 
é by CO, l by 1/kp and p’C, by 4aT", the formula becomes 


so that the transfer of energy by our fictitious radiation molecules is the same 
as if there were a coefficient of conduction having this value. On inserting 
numerical values suitable for the sun’s interior (say 7'=3 x 10’, k= 1000, 
p =10) and putting aC = 40 = 2°3 x 10-4, we find that this coefficient of con- 
duction is of the order of 10%. This so entirely outweighs the coefficients 
of conduction of heat by material conduction that the latter may be neglected 
by comparison. Further, the flow of heat produced by radiative conduction is 
at least of the same order of magnitude as that actually observed. Whether 
the two quantities are in complete agreement will be the subject of a careful 
enquiry below. 


With formula (72°2) for the coefficient of radiative conductivity, the radia- 
tive flow of heat per unit area becomes 


_g Af __ 4eTC ar 
pT Bip Bp eens 


Both these formulae are only approximate; indeed the fundamental 
formula (72°1) from which they are derived was only approximate. 
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73. As far back as 1894* Sampson had pointed out that the transfer of 
heat by radiation inside a star must far exceed the transfer by ordinary 
material conduction, but his detailed discussion of the problem was vitiated 
by his assuming an erroneous law for temperature radiation. In 1906+ 
Schwarzschild independently advanced the same idea, describing the vehicle 
of transfer of energy in the sun as “a mighty stream of radiant energy, 
springing from unknown sources in the sun’s interior and pressing through 
his atmosphere into the space beyond.” 


Our equation (72:2) is the mathematical expression of this physical 
concept. This, or rather its equivalent, formula (72°3), was first given in 1917 
by Eddington}, who derived it by a method which followed Schwarzschild’s 
original analysis much more closely than does that just given. Eddington 
believed this equation to be true for all stellar matter, including the 
case, not considered by Schwarzschild, in which the stellar matter is 
continually generating energy. In 1917 the present writer shewed§ that 
equation (72°3) is accurate only in stellar matter in which there is no 
internal generation of energy. This was precisely the type of matter to which 
Schwarzschild’s original analysis referred, since he supposed his equations 
to apply only to the sun’s atmosphere, while the generation of solar energy 
was assumed to occur in layers of greater depth. When there is an internal 
generation of energy at a rate G per unit mass, the formulae are in error by 
terms of the order of magnitude of G||. 


As a result of the temperature gradient which exists in a star’s interior, 
matter and radiation are not in precise thermodynamical equilibrium, and 
there is room for some arbitrariness in the definition of temperature. Asa 
matter of convenience it is best defined in terms of the emission of radiation 
by matter, the emission per unit mass at any point being taken to be kaCT'. 
When thermodynamical equilibrium exists, the quantity 7 defined in this 
way of course becomes identical with the ordinary temperature. 


With this definition, I have found that the outward flow of energy per 
unit area H, the radiant energy per unit volume R, and the pressure of 
radiation normal to the star’s radius, pp, are given by 


10 : 47 0 4a 9 0? . 
H= 52 (aCT')+ (F 5+ Tat \(28 4555 t-)( ) (73-1), 


G 
k 
R=at+} (5+ Lali cealie )(-34+3+--)(Z) (73:2), 


OAS ABiOPes Titre 


* Memoirs R.A.S. ut. (1894), p. 123. 

+ Gottingen Nach. (1906), p. 41. 

+ M.N. vxxvit. (1917), p. 16. 

§ M.N. uxxvit. (1917), p. 28; M.N. uxxxvi. (1926), p. 574. 

|| This has also been confirmed by Ambarzumian and Kosirev, M.N. txxxvu. (1927), p. 651. 
7 M.N. uxxxvi. (1926), p. 576. 
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where hele : 

Ov kp or 
Besides failing owing to the neglect of terms in G, equations (72°2) and 
(72°83) fall further into error near the surface of the star, owing to there being 
no true approximation to thermodynamical equilibrium between matter and 
radiation in these regions. The extent of this error has been discussed by 


the present writer*, Milnet, Freundlich, Hopf and Wegner}, and others. 


THE CONFIGURATIONS OF A STAR IN RADIATIVE EQUILIBRIUM. 


The General Equations. 


74. We have seen how radiation completely outstrips the material carriers 
in the transport of energy to the star’s surface. As a consequence the ordinary 
coefficient of conduction of heat is of no importance, and the build of a star 
is entirely determined by the values of &, the coefficient of opacity in its 
interior. If this coefficient is everywhere zero, the star is entirely transparent, 
and so cannot retain any heat; we have a star of zero temperature and 
therefore of infinite extent. If, on the other hand, the coefficient of opacity is 
everywhere infinite, the star is completely opaque, so that all radiation 
accumulates where it is generated until the star's temperature becomes 
infinite, and we have a star of infinite temperature and consequently of 
infinitesimal radius. Naturally, only the intermediate values are of any 
practical interest, but the two extreme cases just mentioned shew how the 
whole build of a star depends on the value of the opacity coefficient k. 
So much is this the case that attempts to investigate the build of stars 
before the value of this coefficient was known can only be regarded as 
speculation; much of it was, moreover, unfortunate speculation, since the 
results obtained were mostly at variance with the results subsequently 
obtained by using the true value of the coefficient of opacity. 


75. We have already noticed that the problem of determining the equi- 
librium configurations of a sphere of gas only becomes definite when some 
relation, outside the dynamical equations, is introduced to fix the temperature 
of the gas at every point. Emden’s solutions assumed the adiabatic relation ; 
each element of a star was supposed to have the temperature which it would 
assume if the stellar material was being continually stirred up. It is now 
clear that the proper relation to take is one expressing that the temperature 
of each element of the star is that determined by the flow of radiation. This 
flow of radiation is in turn determined by the rate at which energy is being 
generated in the star’s interior. The outward flow of energy across a sphere 


* M.N. uxxvit. (1917), p. 32. t bid. uxxxr, (1921), p. 361. 
f Ibid, uxxxvirt. (1927), p. 139. 
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of radius r must be equal to the rate at which energy is being generated 
inside the sphere of radius r; this leads to the equation 


eres Car ==] Seeds Cae (75:1), 


where G is the rate of generation - energy per unit mass at a distance r 
from the centre of the star. As we have seen in § 73, terms in G ought to be 
added to the left-hand member of this equation, but a numerical discussion 
shews that in the present problem they are inappreciable in comparison with 
the term on the right, and so may legitimately be disregarded. 

The approximate equation (75:1) may accordingly be taken to be the 
equation of radiative equilibrium. The physical meaning of this equation is 
that the temperature gradient d7'/dr at every point must be just that required 
to discharge the stream of radiation generated at all interior points. 

To examine the build of a star in radiative equilibrium we combine this 
equation with the dynamical equation which expresses the condition that the 
star shall be in dynamical rk as namely (§ 58), 

oP a BRDINOT «sad ccks.2 shee ets pps ete (75:2), 
in which p must now be taken to represent the total pressure, comprising 
both gas-pressure and pressure of radiation. The physical meaning of this 
equation is of course that the total pressure p is just adequate to support the 
weight of the whole column of gas standing above it. 

It can be shewn that the pressure of radiation is, with sufficient accuracy 
for the present problem, equal to its value when there is a state of thermo- 
dynamical equilibrium, namely 4a7%*. If we still assume the gas-pressure to 
be given by the ordinary laws of Boyle and Charles for an ideal gas, the total 
pressure p is 


— Ar 


. = Oe ete tae eae (75°3). 


Writing @ for the mean value of G throughout a sphere of radius 7, the 
equation of radiative equilibrium (75'1) assumes the form 


gee kod 7 Gat’) = -@{" Aarpr2 dr ...ccececeee. (75°4), 
or, transformed by the use of equation (75: cli 
4mrCy d 
ee ONS cee <i pean Napa Cpa (75:5). 


If we write pg, pr, for the gas-pressure and the pressure of radiation 
(4aT") respectively, this may be put in is form 
4arCry di 
- ree aie Fo (Pot Pp)oettseseeeessiensees (756). 
This and the dynamical equation (75:2) determine the configurations of 
equilibrium of the gaseous star. 
J 6 
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Eddington’s Model. 


76. The first attack on these equations was made by Eddington*, who 
has discussed their solution subject to the special assumption that kG has 
a constant value throughout the star. This special assumption facilitates the 
mathematical treatment of the problem enormously, for when it is made, 
equation (75°6) admits of immediate integration in the form 

re Pp 2 Mat Dkk. acters teemetomepaeran: (76:1). 

This shews that when £G is assumed to be constant throughout a star, the 
ratio of pg to pz is also constant. Inserting their values for pg and pp the 
equation becomes 


amp (4arCry : 
elle 4h a ib sry to 0% (76°2). 

Thus p varies as T°, so that p varies as p? throughout the star, and this 
is the relation of pressure to density which prevails in a sphere of gas 
arranged in adiabatic equilibrium with «=4. Thus Eddington’s assumption 
restricts us to stars arranged in the same way as a sphere of gas in adiabatic 
equilibrium with «= 4 or n=38. But, as we shall now see, such a sphere of 
gas has very weird and wonderful properties, which make it unsuitable to be 
used as a model of actual stars. 


In general, the total mass of a sphere of gas is 
M = 40 | pr’dr, 


and, on inserting the appropriate values for p and r from equations (654) 


and (65'6), this becomes 
(3-—n) 


RO« 3 
a 2 BRO Ee Re 2 : 
M=4mp, 2 (j a a | prtAdeanr dens (76°3). 


This shews that in general M depends on p, and on @. For a mass of 
matter of given heat-energy © is given. As a star formed of such matter 
expands or contracts adiabatically, ® retains its value unchanged through the 
expansion or contraction, but p,, the central density, changes. Equation (763) 
shews that a given mass of matter for which the value of @ is assigned can 
always find a position of equilibrium by changing its value of p,—ie. by 
expanding or contracting. If n is greater than 3, (8—n)/2n is negative, so 
that large masses are diffuse and small ones are compact. When n is less 
than 3, the reverse is the case; large masses are compact and small ones are 
diffuse. The closer the value of n is to 8, the more rapidly the density varies 
with the mass. Finally as n touches the value 3, the addition or subtraction 
of the slightest amount of mass causes the star to rush through the whole 
range of values from p,=0 to pp= 0. 


* M.N. uxxvu. (1917), pp. 16 and 596, and uxxxiv. (1927), pp. 104 and 308; see also The 
Internal Constitution of the Stars, Chap. VI. 
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In the special case of n=3, M depends on © only. Combining the 
general equation (65:3) with Eddington’s integral (76:2), we readily find that 


AarCry R 
ate! $1) a8) 764). 
( ye sabe (76°4) 

By equation (76:3) all stars having the same mass M must have the same 
value of ©, so that if equation (76:4) were true, they would have also the 
same value of kG. Thus Eddington’s assumption that &@ is constant through- 
out each single star involves that kG is the same in all stars of the same mass. 


Eddington’s earlier investigations were based on the supposition that k, 
the coefficient of opacity, was also constant. The constancy of k@ for stars of 
a given mass then involved the constancy of G, so that the average rate of 
generation of energy of stellar matter could depend only on the mass of the 
star of which it formed part and stars of equal mass were necessarily of equal 
luminosity. Indeed, Eddington actually announced this conclusion under the 
name of the “ mass-luminosity” law. But it is clear that it must be a con- 
sequence merely of the special assumption that kG@ is constant, and cannot 
have reference to actual stellar conditions; a star's average generation of 
energy will be the average of the generations of its separate elements, and 
these will not be determined by the mass of the star, but by the substance of 
which it is made. A star made of pure uranium will necessarily generate 
100 times as much energy as one of equal mass which is only one per cent. 
uranium and the rest lead. The former star will consequently emit 100 times 
as much radiation as its fellow of equal mass, whereas on Eddington’s model 
the two stars would necessarily emit equal amounts of radiation. 

This brings out the main defect of this special model. A model which 
cannot take into account that different substances, such as lead and uranium, 
have different capacities for generating radiation, does not seem a suitable 
model to assume for stellar structure. 

After the appearance of Kramers’ theory, which we shall now discuss, 
Eddington abandoned the supposition that & was constant, although retaining 
the constancy of kG, As we shall see (§ 90), this causes the star’s luminosity 
to depend on other things than its mass, so that the supposed “mass- 
luminosity” law disappears, and a star of given mass M can have any 
luminosity from 0 to «. 


The Absorption Coefficient. 


77. In 1923 Kramers* investigated the process of absorption of X-radiation 
in matter. As the ordinary radiation inside a star has about the same wave- 
length as the X-radiation of the laboratory, the investigation immediately 


* Phil. Mag. xuvi. (1923), p. 836. A valuable account and critical discussion of Kramers’ 
theory will also be found in Eddington’s Internal Constitution of the Stars, Chap IX, p. 229 
et seq. : 
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provided a value for the coefficient of opacity & for ordinary stellar material. 
His theoretical investigation shews that k must be of the form 


where c is a constant, # a numerical factor, and pw, p, 7’ have the same 
meanings as before. The value of the constant ¢ is found to be 


wr 6ae he CU, 
°= 33 A ma0*mh +f) 


where JV is the atomic number and A the atomic weight, e is the charge and 
m, the mass of an electron, u, is the mean velocity of an electron at 1° 
absolute. The number F represents the ratio of the total absorption to that 
caused by free electrons, and 1/f is the number of free electrons per atomic 
nucleus. 


The formula has been tested under laboratory conditions and is found to 
agree well with observation. But under laboratory conditions there are 
practically no free electrons so that F’ and f are both very large and cancel 
out in the value of &. Under stellar conditions, where most of the atoms are 
highly ionised, f is quite small, so that the factor 1+ may be put equal to 
unity. The value of #’ can now only be calculated from pure theory, laboratory 
experiments providing no means of checking this value. 


A preliminary investigation by Eddington* suggested that F had a fairly 
uniform value of from 8 to 10, but Milnet subsequently shewed that this 
value was too small by a factor of the order of 2 or 3. If we absorb in the 
factor F a further small correction in the opposite sense which Rosselandt 
shewed to be necessitated by the distribution of radiant energy over different 
wave-lengths, it is found that the yalue of / must be about 208. 


In most investigations the numerical value of F is unimportant, the results 
depending only on the general form of the law for k, which has been tested 
by experiment. And when the value for #’ enters, it is generally through so 
low a power that small errors in the adopted value for F are unimportant. 
For instance, we shall find ultimately that the central temperature of a star is 
proportional to FS so that an error of 100 per cent. in the assumed value for 
F results only in an error of 9°7 per cent. in the central temperatures of 
the stars. 


Adopting the value #= 20, and inserting numerical values into ¢ for all 
quantities except NV, A and yw, equation (77:1) assumes the form 


neions N*\ p 
k=446 x 10 (z) ples Reiaievoa wraierelete s wniatelerelsts (77°3). 
* M.N. vxxxty. (1924), p. 104. + Ibid. txxxv. (1925), p. 750. 


t Ibid. uxxxtv. (1924), p. 525. § Ibid. Lxxxvr. (1926), p. 561. 
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GENERAL STELLAR EQUILIBRIUM. 


78. On introducing the value of the opacity coefficient from equation (77:1), 
the general equation of radiative equilibrium (75°6) assumes the form 


4nCypT** dpp 


d 
gy \Pa + Pr) = — Si ee (78/1) 
Let us again replace pg by App, so that » is given by 
__ tp 
~ fampT* 


On inserting the value of p given by this equation, and dividing through- 
out by dp,/dr, equation (78:1) becomes 


127CyRT? 


d 
oa A+ 1) = = 
dpp, [Pr ( ) cFGamxr 


79. The case which is physically simplest and most natural occurs when 
c, F, G and p are all constant throughout the star. We shall not limit our 
discussion to this case, but shall allow for some possibility of variation in 
these quantities by assuming that 


The effective molecular weight ~ does not appear at all in the equation of 
radiative equilibrium just considered, but reappears when we return to the 
dynamical equations. 

If we insert the value just assumed for c¥G, and replace 7’ by its value 
as given by pe=4aT", equation (78:2) becomes 


dd 12nCyR /3p,\* 2-9 
Page = a (-22) GSR DOSES (79°3) 
If for brevity we put 
4(4-)) 
ee (=22) Ps ee ee Rene (79-4), 


so that x is a function of pp only, and so only of 7, the equation assumes 
the form 


4b —D an = at-¥ (41) see estate sae (79°5). 


80. The general nature of the solution is best seen by graphical methods. 
For this it will be sufficient to consider the case in which 4 —1 is positive, so 
that x, as defined by equation (79-4), is small near the surface of the star, and 
increases steadily as we pass into the star’s interior. 

Taking « and 2 as abscissa and ordinate respectively, I have found* that 
the solutions lie as shewn in Fig. 7. There is found to be an asymptotic 


* M.N. uxxxv. (1925), p. 201. 
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solution, passing through O in the figure, to which all other solutions ap- 
proximate very rapidly as x increases. 

The physical interpretation of this is very simple. The surface of the star 
is determined by pg=0, and so by X=0, so that the axis of w represents the 
star's surface. The value of «, although small at the star’s surface, is not 
actually zero, and the various solutions correspond to different values of # at 
the surface, and so to different effective temperatures of the star. But we see 
that very shortly they all run together; the influence of the special conditions 
which prevail at the surface soon disappears as we pass inwards into the star, 
and at a short distance from the surface we are on the asymptotic solution, so 
that % depends only on a, and no longer on the effective temperature of the 
star’s surface. 


rv 


O ax 
Fig. 7. 

The star's surface temperature and effective temperature 7’, are determined 
by the star's emission of radiation, and so by the rate at which energy is 
being generated in the star's interior. The bunch of solutions shewn in Fig. 7 
branch out from the asymptotic solution, and it is this branching out which 
enables us to find a solution suitable for every given rate of internal generation 
of energy by the star. 


81. Equation (79°5) may also be solved by analytical methods. To do 
this it is convenient to regard 4 (} — /) as a small quantity and search for an 
expansion in powers of this small quantity. 

If, to a first approximation, we neglect 4($ — 1) altogether, we find that » 
is a root of 

ch (Mail ype ee (81-1). 
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This approximate solution fails near the star’s surface, because dd/dax 
may become infinite here. This circumstance, however, only represents the 
branching out which has already been noticed, and equation (81°1) will give 
one solution, which we may regard as the asymptotic solution, right up to 
the boundary of the star. 


As far as first powers of the small quantity $(4—J), it is readily shewn* 
that the asymptotic solution is 


N= E = Mee] Ce SF 0 ae (81:2). 


The second factor alone would of course give the solution already obtained, 
the root of equation (81:1). This further approximation shews that the 
amount of error involved in the earlier approximation is quite small. The 
maximum error occurs when «=, in which case it is of amount AX such 
that 

AX 21 — (4 -D. 

When /=0, this is of the order of 3 per cent., and for all small values of 

l the error is so small that we may properly neglect it. 


To a similar degree of error we might have determined 2 directly from 
equation (78:2) and should have obtained 2 as a root of the equation 
129 CRyT? 
cFGam 


To within the degree of error just mentioned, this gives the value of X 
throughout a star's interior, no matter in what way c, F and G vary, provided 
only that their changes are not too abrupt. 


AA+1)= 


82. We now turn to the dynamical equations. 
The total pressure p is given by 


Bok 

p=(1+5) = of Rae Ms ok Nee (82:1) 
If 7” is defined by 

Ni 
r=(1+5)27 RAR ee 82:2), 
ye (82:2) 

where 4 is any constant, 

= cae PL accccecccessvcescoecessereeres (82°3), 


so that the pressure is identical with that in a fictitious mass of gas in 
which radiation pressure is non-existent, the density p is the same as in the 
actual star, the molecular weight has a uniform value , throughout, and the 
temperature is 7”. Emden’s numerical solutions give the equilibrium of just 
such masses of gas. 


* M.N. uxxxy. (1925), p. 203. 
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If we suppose the variations in yu to be given by our previously assumed 


relation 
pore pg dh Tee act nneraesencepene eters: (82:4), 
the value of 7” becomes 
heen + ni gis SPR CI = (82'5), 
and the relation pg = Ap, assumes the form Bat 
cfs 
Be tay fas ( p Sd ik Nie 30: 
= pragl Le J=4ar Awl ols sip aia 8 6/0i0\9 Bid.aie ( 6) 


If, as in § 79, we put cFG equal to BT", equation (81:3) becomes 


127CRyT?~! 


ste Ls) 2 tO pe ae (82:7), 


A(A+1)= 
or, replacing 7’ by its value in terms of 7” and X as given by equation (82°5), 


b-j+l g-j-_ [127CRy]7 7 G-) 89° 
x (x +1) -| ar yaa a a (82'8). 
This equation gives the value of » in terms of 7’, and with this value of 
» equation (82°6) gives the value of p as a function of 7”. 


Stars of Small Mass. 


83. We have seen (§ 70) that A, the ratio of gas-pressure to radiation- 
pressure, is fairly large at the centre of the sun, and for stars of different 
masses is approximately proportional to 1/M*. For stars of mass con- 
siderably less than that of the sun, » will be quite large, so that 1/A may be 
neglected. 

In this case the left-hand member of equation (82°8) takes the simple 


form \?~”, so that this is proportional to 73-9) throughout the star. From 
equation (82°6) we now find that 


oli oc pid pr B +I) gp 8 R545- Hl 


Thus so far as its distribution of density is concerned a star of small mass 
arranges itself like a sphere of gas, without radiation pressure, in adiabatic 
equilibrium with 


bar} 
When yp and cFG are uniform throughout the star, 7 and J are both zero, 
so that n = 3:25. 


Stars of Very Great Mass. 


84. Inside an ideal star of enormously great mass, \ is very small, so that, 
from equation (82'8) 
Net Cg GD 
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Equation (82'6) now shews that p « 7’", where 
_—  85=+37-1 vi ie 
Ce fart) Ly 
When wu and cFG@ are assumed uniform throughout the star, 7 =/ =0 so 
that n= 7:0. Our analysis shews that in this case the star would arrange 
itself like a sphere of gas in adiabatic equilibrium with n=7. The radius of 
such a sphere is, however, infinite, so that the star must find some means of 
evading the constitution which our analysis would try to impose on it. 


n 


Stars of Moderate Mass. 


85. The case of a star of intermediate mass, in which X can neither be 
treated as very small nor very great, presents more serious difficulties. We can 
obtain the relation between p and 7” by eliminating » between equation 
(82°6) and (82°8), but the result will not in general be of the desired form 


which corresponds to a sphere of gas in adiabatic equilibrium and so, thanks 
to Emden’s tables, is suited to easy numerical computation. 

The p, T’ curve which results from the elimination of \ between the two 
equations just mentioned can always be made to agree with equation (85:1) 
at the centre of the star by a suitable choice of the constant multiplying 7” 
in this equation. We can further make the tangents to the two curves coin- 
cide at the centre of the star by a suitable choice of n. Moreover, the two 
curves agree in any case at the surface of the star (p = 0, 7’ = 0). 

Thus by a suitable choice of n we can make the curves agree at three 
points, two of which are close to the centre of the star, round which the main 
part of the mass is congregated. In the special cases of X small and 2 great, 
the curves not only agree at these three points, but coincide throughout their 
lengths. 

For stars of intermediate mass we shall determine n in the way just 
described, and then assume the p, 7” relation to be that given by equation 
(85:1). Analysis of definite cases suggests that this procedure gives quite a 
good approximation for stars of small and medium mass. 

The value of n will of course be the value of 

T’ op 

pore 
obtained by differentiating equations (82°6) and (82°8) and eliminating dh. 
After simple algebra its value is found to be 


ese! 4+ (1 —j) a 
ei ae mae ea Fe eores sbigul (85:2), 


In passing we may notice that for a star of small mass (A, large) this gives 
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the value of n already obtained in equation (8371); for a star of large mass 
(x, small) it gives the same value for n as equation (84'1). 


In the special case in which » and cFG@ have uniform values throughout 
the star, so that 7=1=0, this reduces to 


Thus as 2, varies from % to 0—ie. as we pass from stars of very small 
mass to stars of very great mass, n varies continuously between n = 3:25 and 
n=, the two limiting values already obtained. 


We can obtain somewhat higher accuracy as follows. The contributions 
47pr?dr made to the total mass by small equal steps dr in r, increase from 0 
at the centre (r=0) up to a maximum, and afterwards decrease until they 
again become zero at the surface. A study of Emden’s solutions suggests that 
the maximum occurs near to a value r’ of 7 such that half the total mass of 
the star is contained within the sphere of radius r’, Thus we may say that 
the main part of the star's mass is concentrated about the value 7” of r. 


A further study of Emden’s solutions shews that the temperature at a 
distance r’ from the centre ranges from 0°59T, for stars of very small mass 
up to 0°617, for stars of very great mass. We shall obtain sufficient accuracy 
for our present purpose by supposing this temperature to be uniformly equal 
to 0607. To the accuracy of this approximation, half of the star’s mass is at 
a temperature greater than 0°607,, whilst half is at a lower temperature, the 
temperatures of different elements of the star being ranged fairly closely 
around the value 0°607,. If ’ is the value assumed by 2) at a distance 71” 
from the centre, equation (82°7) gives the relation 


Nl ee (OGO ha 2 eee (85°4). 


When pw and cF@ have uniform values throughout the star, 2 =0, and this 
equation becomes 


ARE Lae O TTD Ne hee acares entasesecen sone (85'5) 
which reduces further in the special cases of large and \ small, giving 


for a star of very small mass, \’ = 0°880A,, 
” ” ” large ” rv = 0-775 Nes 


Clearly on replacing », by 1’ in formulae (85:2) and (85°3) we shall obtain 
a better approximation to the arrangement of stars of moderate mass. 


When n=5, the standard differential equation (65:5) can be solved in 
finite terms, the solution being Schuster’s solution 


Var 
p=pe(I + = : 


Q? 
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For all values of n less than 5, the differential equation (65°5) gives the 
star an infinite radius; for values of n less than 5, the radius is finite. From 
equation (85°83), the critical value n=5 corresponds to A’ =0'286 and, by 
equation (85°5), the corresponding value of \, is 0°35. Even this improved 
approximation, however, fails for the limiting case of a star of infinite radius, 
for I have found, as the result of numerical calculations by quadratures, that 
the actual value of X, for which the radius first becomes infinite is quite close 
to X=0'5. For this reason we revert to the simpler approximation again 
from § 88 onwards. 


DISTRIBUTION OF DENSITY. 


86. Emden’s numerical solutions give the following values for the radius tr, 
of masses of gas arranged in adiabatic equilibrium with different values of n, 
and for p,/p, the ratio of the central density to the mean density : 


n= 325 4:0 45 49 55:0 
y= 800 1500 32:14 169-47 Pa 
p.[p=88 623 6378 934800 co 


We see that gaseous stars of large mass have very high central condensation 
of mass; the greater part of their mass is condensed in a very small central 
region, while their outer layers are mere tenuous unsubstantial veils drawn 
round small and massive central cores, 

For instance, from Emden’s solution* for a star arranged according to the 
law n = 4°9, I have calculated the following values for M,/M, the ratio of the 
mass enclosed within a sphere of radius r to the total mass: 

%=0 1 2 3 4 5 10 50 169°5 

M,/M=0 0125 04386 0657 0788 0850 0:958 0:997 1:000 

The main part of the mass is concentrated very near to the centre of the 
star. Ninety-six per cent. of the whole is enclosed within a sphere whose 
radius is one-seventeenth of that of the star, the remaining space, which is 
99:98 per cent. of the total volume of the star, containing only 4 per cent. of 
the star’s mass. 


To make the example more concrete, let us imagine that Betelgeux, with 
a radius 300 times that of the sun, is arranged internally according to the 
law n=49. The above figures shew that a sphere of radius equal to that of 
the sun (r, = 0°56) drawn round the centre of Betelgeux will contain over a 
twentieth part of the star's mass, or a mass which is almost certainly greater 
than that of the sun itself. Thus to within a sun’s radius from its centre, 
Betelgeux would, if it had the structure we have imagined, be denser than the 
sun. The remaining 299 radii are comparatively devoid of matter and it is 


their inclusion in the star’s volume which reduces its mean density to the low 
value of 0:000002. 


* Gas Kugeln, p. 81. 
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The masses of stars such as Betelgeux, Plaskett’s star, Pearce’s star and 
Otto Struve’s star (27 Canis Majoris) are so great that if the gas-laws were 
obeyed, their internal arrangements might well approximate to that repre- 
sented by the law n=4'9. The central densities of such stars being a million 
times their mean density, the last three of these stars would have a central 
density of the order of 100,000, which is greater than the mean density of 
the companion to Sirius. These densities do not actually occur, because as we 
shall see later, the gas-laws break down long before they are reached. 


ABSENCE OF CONVECTION CURRENTS. 
87. To the accuracy of the approximation considered in §85, the dis- 
tribution of pressure p and density p in every star is of the type determined 
by the relation 


where «—1=1/n. 

The ratio of the specific heats of the stellar material, y, must be very 
nearly equal to 12, since the atoms are very nearly broken up into their 
ultimate constituent nuclei and free electrons, which possess no capacity for 
internal energy. 

Equation (87'1) can be written in the form 

pis Dip See Ate eternal taseeas cece (87:2), 


Le Kare, cela ead sate (87°3). 


We have seen that in general n has values greater than 3:25, so that « is 
less than 1:308 for all stars, while y, being nearly equal to 1°667, is certainly 
larger than 1:308. Thus y—x« is positive, so that Z increases as p decreases 
and vice versa. 


where 


Now a spherical mass of gas in which p and p are arranged according to 
the relation (87:2) will be stable if Z increases everywhere as we pass from 
centre to surface, but if L decreases in any region, convection currents will be 
set up until the stellar matter has become thoroughly stirred up and the 
matter rests in equilibrium with J constant over the region in question*, 

Our analysis has shewn that ZL increases everywhere on passing from 
centre to surface, so that there will be no convection currents. We can see 
in a general way why this must be. Convection occurs in a kettle of water 
which is being heated, when the hot water at the bottom is of lower density 
than the cool water at the top; it is absent in a star (except perhaps quite 
close to the star’s surface) because the hot matter near the centre, notwith- 
standing its intense heat, is still enormously more dense than the comparatively 
cool matter near its surface. 

Thus we see that the mixture of matter in a star’s interior is not analogous 
to that in the earth’s lower atmosphere in which the constituent gases are 


* Problems of Cosmogony, p. 193. 
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kept thoroughly mixed by winds and convection currents, but rather to the 
serene upper atmosphere in which the lightest elements float to the top while 
the heaviest sink downwards under gravity. 


Our discussion has applied only to the interior of a star. On approaching 
the star's surface, our equations of radiative equilibrium begin to fail, so that 
the discussion gives no information as to the occurrence of convection-currents 
near a star’s surface. Solar physics suggests that there may be quite appreci- 
able convection currents near a star’s surface, but this neither confirms nor 
disproves our theoretical result, which has reference only to stellar interiors. 

We cannot overlook the possibility that other factors, which our idealised 


discussion has ignored, may produce a tendency to establish convection 
currents in stellar interiors. 


Electric Field. 


We have treated atoms and electrons merely as gravitating particles, thus 
ignoring the electric field in a star’s interior. The electric forces between 
electrons and positively-charged atoms completely outweigh the gravitational 
forces, and this causes the charges to arrange themselves so that the positive 
and negative charges nearly neutralise one another, leaving only a small 
residual field. This, however, provides no justification for neglecting this 
residual field altogether. 

Just as the molecules of hydrogen and helium have diffused upwards in 
the earth’s atmosphere on account of the smallness of their masses, so the 
free electrons, having far smaller masses than nuclei and atoms, must diffuse 
outwards in a star. As a result, the inner regions of a star must become 
positively charged, and the outer regions negatively charged. The process is 
held in check by the electric fields which electronic diffusion creates in the 
star's interior, and as soon as the central regions of a star acquire an appreci- 
able positive charge, the tendency for the free electrons to wander away to 
the surface is counteracted, and a state of equilibrium is attained. The 
problem is further complicated by the tendency of the free electrons near a 
star’s surface to escape from the star altogether, precisely as the hydrogen 
molecules have escaped altogether from the earth’s atmosphere. This results 
in the star acquiring a positive charge*. 

Pannekoek + and Rosseland f have studied the equilibrium of a star, taking 
the electric forces into account. They find that a quite simple solution exists, 
such that the inward force on an electron at any point is precisely equal to 
the outward force on a positively-charged atom at the same point. Rosseland 
has investigated stellar equilibrium on the supposition that this condition 

* Jeans, Dynamical Theory of Gases (4th Edn.), p. 348. 


t+ Bull. Ast. Netherlands, x1x. (1922), p. 107. 
+ M.N., R.A.S. uxxxty. (1924), p. 720. 
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determines the state of actual stars, and finds that atoms of different weights 
would be nearly evenly distributed throughout the star, even if there are no 
convection currents. I have, however, calculated* that this special solution 
assigns a positive charge of about 9 x 10" coulombs to the sun, whereas the 
limit of charge, fixed by the condition that it shall just restrain negative 
electrons from leaving the sun, is 4 x 10® coulombs, or only 0:0045 times that 
given by Rosseland’s solution; the factor of 0:0045 is, moreover, independent 
of the special constitution of the sun, and is the same for the stars. Thus in an 
actual star the effect discussed by Rosseland only goes about a two-hundredth 
part of the way towards producing a general mixing of atoms, and so may be 
neglected for all practical purposes. 


v. Zeipel’s Theorem. 


In 1924, H. v. Zeipel{ published a remarkable series of investigations 
which claimed to shew that the generation of energy per unit mass G in a 
uniformly rotating star is given by 


Gace (1 2 — See ieee as (87°4), 


where @ is the angular velocity and ¢ is constant throughout the star. The 
theorem is obviously impossible when @ has any appreciable value different 
from zero, since it makes G assume violently negative values near the surface 
of the star (oe =0). In the special case of a very slow rotation, v. Zeipel’s 
result takes the form that G@ must be constant throughout the star. If, for 
instance, a star consisted only of atoms of lead and of uranium, there could be 
no equilibrium until complete mixing of these atoms was attained. 


Milne and Eddington have interpreted v. Zeipel’s condition as one which 
the star would evade rather than conform tof, the latter suggesting that an 
actual star would evade it by setting up a system of rotatory currents in 
meridional planes. 

The simple explanation of the puzzle appears, however, to be that v. Zeipel 
did not derive his theorem from the exact equations of equilibrium (73:1) but 
from Eddington’s inexact equations (72°83). The latter, as we have seen, are 
only true in the special case of @=0. Thus to reconcile v. Zeipel’s theorem 
with the assumptions from which it is derived, we must assign to the un- 
determined constant c the special value c=0. The theorem now takes the 
harmless form that when G=0, then @=0. If the exact equations (73:1) are 
introduced, the theorem is found to fail altogether. 


Thus stellar matter appears to be free to arrange itself under the influence 


* M.N., R.A.S, uxxxvi. (1926), p. 561. 

+ Le. p. 562. 

t UN., R.A.S, uxxxtv. (1924), p. 665, and subsequent papers, 
§ Observatory, xuvii1, (1925), p. 73. 
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of the gravitational and electric forces acting upon its constituent particles, 
and we have seen that the gravitational forces predominate, so that the 
heavier elements tend to sink to the star’s interior. 


This consideration at once suggests that the elements which proclaim 
their existence spectroscopically in the outermost layers of the sun and stars 
are likely to be only the lightest of the elements contained in the star; 
beyond these there ought to be other heavier elements, too heavy to rise to 
the surface, which have found their natural place near the centre of the star. 
We should not expect to find these elements on the earth since the earth, to 
the best of our knowledge, has been formed quite recently from the outermost 
layers of the sun. 


INTERNAL TEMPERATURE, DENSITY, ETC. 


88. The foregoing analysis has determined the model on which a gaseous 
star is built; we now turn to the consideration of the absolute values of 
temperature, density, etc. 

When the relation between 7’ and p is px 7’, equation (82'3) shews 
that the configuration of the star is that of a sphere of gas in adiabatic equili- 
brium with a mean molecular weight equal to w, throughout. Thus the 
general relations already developed in § 65 are directly applicable with 7’ 
replacing 7’ throughout. 

In particular we have (cf. equation (65°3)) 

MgO STA iihicn eecssshettvesencdde sent (88:1), 
where ® is given by equation (65°4) with yw put equal to ~, and «-l= = 


Using this value of © and equations (65°6), the equation becomes 


| = Beard 1) gaPe esssssssseeeenene (88:2), 
or again, introducing the mean density p, defined by M = 4rpr’, 
,_ __ Sympy _—(pe\ M é 
Ud ee (&) = emir Bete (88°3). 
Passing from 7” to 7’ by the use of relation (822), we find that 7’, is 
given by 
ti 3ym Ne ) pe\ Muy 
cg at en An Ae Pe ; 
tT; aoe S Le sioptecanten (88:4), 
or, multiplying throughout by 7,/ 
far 3ym re Pe Mp, ae 
ae (aac) @ ie (88'5), 


where y, is the value of the effective molecular weight at the centre of the 
star. 
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Inserting the numerical values R/m = 8:26 x 10’ and y = 6°66 x 10%, and 
further measuring M and r in terms of the mass (2:00 x 10%) and radius 
(6:95 x 10”) of the sun, this assumes the form 

re 1 Pe ate : 
= 69° é ———_—.(£}) ——]| ......... 88°6), 


in which M and r are measured in terms of the mass and radius of the sun. 


From equation (82°6) we obtain at once 


oe (ae) (tle 
PONT gl Naar 


so that, on substituting for 7’,’ from (88:2) 


Ne! poet M2 + (5) = BL + eH cccecseeenseeeeees (88°7), 
where 
rc R\4 (n+1)r/? 3B+9 a (BY j 
pe (=) es | pays (Ey econ (88'8). 


This completes the analysis necessary for the evaluation of internal tem- 
perature, density, etc. Starting from any values of n, we calculate the value 
of A, from relation (85:2); equation (88°7) next gives the mass of the corre- 
sponding star, and equation (88°6) then gives the central temperature for a 
star of this mass. 


Stars with uniform effective molecular weight. 


89. The problem assumes its simplest form when the effective molecular 
weight is constant throughout the star. In this case 7=0, so that from 
equations (887) and (88'8), 

Det SEB Cl Te Na Aes cess exten foceee (89:1), 


Bz (=) ear (2 i oa ornare (89-2). 


The value of B now depends only on n, and is readily determined from 
Emden’s numerical solutions. 


where 


Emden gives solutions only for the values n= 2°5, 3, 4, 4°5, 49 and 5, so 
that solutions for intermediate values of n must be obtained by interpolation. 
The interpolation becomes easy on noticing that the values of 1/r,, and of 


n° i run quite smoothly with n. Table X (p. 97) gives values calculated 
0 
from Emden’s solutions, those corresponding to the values n= 8°25 and 3°5 
being obtained by interpolation. 
The table refers to the case in which yu is constant throughout the star so 
that j= 0, and the relation (85°2) between n and A, reduces to 
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Table X. Solutions for various internal arrangements of stars. 


K n t Pe 3 () aa (2) B BOE 
i B Np.) | (meta \p A ed 

1:4 ey 5°42 24°] 6°60 0235 1:02 x 10° 255 
1°33 30 6:90 54:4 6:04 0:285 1:27 x 10% 319 
1°31 3°25 8:00 88 5°84 0°322 1°43 x 1069 358 
1:29 30 9°52 152 5:67 0°374 1:60 x 10° 400 
P25 4-0 15:00 623 DAD 0°554 2°00 x 1089 500 
1-222 4°5 32°14 6378 5:20 1124 2°46 x 1089 614 
510) ee se) 169°47 934,800 5:20 §°524 3:03 x 10% 758 
1-200. [05°0 (oo) oa) 5:20 foe) 3°19 x 10 799 
114 70 ro) oo) 5:20 oo) —_ — 


Further progress can only be made by assigning a definite value tol. As 
the labour of continuing the calculations for all values of / would be excessive, 
we may confine our attention to two values for /, namely J=4 and /=0, 
trusting to interpolation or extrapolation to give an adequate idea of the 
solutions for other values of J. 


Solutions when j =0 and 1=4 (Eddington’s model). 


90. When /=4, equation (89°3) gives n= 3, independently of the value 
of X,; this, as we have already seen (§ 76), is the model discussed by Eddington. 
For this value of n, Table X gives p,=54'4p, so that the central density is 
always equal to 544 times the mean density, and B=319. 

Equation (89°1) now becomes 

Nghe OLD (LAN Y sshin.s cease bs devia «salen (90:1) 
which gives A, at once in terms of M and uy, and we have already noticed 
that A is constant throughout the star, as is also obvious from equation (82°7). 
Equation (88°6) gives the central temperature in the form 

; A (Me 
T, = 198 x 102 (—*) Sie dete Resioresiahh (90:2) 

The total emission of radiation # is in general equal to MG, where G is 
measured at the surface of the star, and when all stars are supposed built 
on the same special model (n= 3), this is proportional to MG where G@ is 
measured at the star's centre. Inserting the value of G from equation (81°3), 
or from Eddington’s integral (76'1), we find that 


Using equations (9071) and (90-2), and also the relation EH = 47or°T7',4, 
where 7’, is the effective temperature of the star’s surface, we find that 


Eu M*(. +1) pt 7? 
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Transforming to absolute bolometric magnitude m, by using the relation 
m=-—2'5 log # +a constant, this becomes 


m=cons— flog M+4£log(A+1)—2logw—2log 7, ...(90°5). 


The supposed “mass-luminosity” law mentioned in § 76 has now dis- 
appeared completely. The luminosity of a star of given mass M can be 
anything from zero to infinity, and a star can adjust its configuration to any 
given emission of radiation by selecting a suitable surface temperature. Low 
surface temperature accompanies low luminosity and vice versa. 

The constant on the right of equation (90°5) admits of evaluation in terms 
of constants of nature and the coefficients in Kramers’ opacity-law. Eddington * 
found that when the constant was evaluated in this way, the absolute magni- 
tudes given by the formula did not agree with those of observed stars. The 
average error proved to be about 2} magnitudes, the stars having only about 
an eighth of the luminosity that Kramers’ law would require if they were 
purely gaseous stars built on the model /= 4 or k@=constant. For a star of 
given mass and luminosity, the average error in log 7, is of the order of 14, 
so that the stars have some 138 times the effective temperatures and so only 
about a two-hundredth part of the radius that Eddington’s discussion would 
assign to them; on his model, a star of the mass and luminosity of the sun 
would be as big as Betelgeux. 

Eddington accordingly treated the constant on the right of equation (90°5) 
as adjustablet, selecting its value so that the formula gave the right absolute 
magnitude for Capella. Using this value for the constant, and taking w = 2°11, 
the formula was found to shew a fair agreement with observation which we 
shall discuss later (§ 118). 

Russell first drew attention to a general objection affecting not only 

Eddington’s model, for which /=4, but all stellar models for which / has a 
positive value. 

If J=}, as in Eddington’s model, then &k@ is constant, whence we readily 
find that 


ld r 
G= pnt da (; ip pr*dr) xX @ constant. 


Inserting Kramers’ value for &, we obtain, since p/7'* is constant on this 
model, 


1 
pr? 


G=—— 5. (T [" pred) xa constant. 


dr 


In the outer regions of a star p is small and T* decreases rapidly with r, 
so that G assumes a large negative value. Thus the model demands a very 


* M.N, uxxxiv. (1924), p. 104. t Lc. p. 308, 
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large positive generation of energy in the star’s central regions, and a very 
large negative generation of energy in its outer regions. Since @ becomes 
very small near the star’s surface, these almost balance out, leaving only a 
small residue of net generation of energy. 


This objection applies to all positive, but not to negative, values of /. Our 
model with / negative will give a true picture of the effect of a deficiency of 
energy-generation at the star’s centre, and since there is continuity in passing 
through /=0, small positive values of J will represent the general tendency 
of a central condensation of the generation of energy. 


Solutions when j =0 and 1=0. 


91. We next consider solutions with 7=/=0, representing stars with 
uniform effective molecular weight, generation of energy uniformly distributed 
throughout the mass of the star, and opacity coefficient strictly proportional 
to upT'-* 


The simplest case occurs when the star's mass is so small that ) may be 
treated as a large quantity. The value of n is then 3:25 and B=358. 
Equation (89:1) now assumes the form 


MEMES Sh gwar ee! SAliosiog | Oe (91:1), 


while equation (88°6) becomes 
T, = 224 x 10° ae Oe stl vay (91-2). 
These formulae make it very easy to calculate the values of d, and 7, for 
stars of given mass and radius, provided only this mass is so small that A, 
comes out to be a fairly large number. 


When the masses are not so small as this, the procedure is more com- 
plicated. We start with a series of values of n and calculate the corresponding 
values of A, from equation (85°3). Table X next gives the value of B and 
with these values of B and X, known, equation (89:1) at once gives the value 
of 7M. Thus for any assigned value of yu, we have a systein of values of M 
corresponding to different values of n. By interpolation we find the value 
of n, and hence the whole solution, corresponding to any given mass. 


The following table shews the result of such calculations. No special 
value of « has been assumed, but the table is arranged so as to facilitate 
calculation for the value ~=2°5. In this case the factor (w/2°5) of course 
becomes equal to unity, and the fourth column gives the mass directly. For 
other values of yw it is necessary to calculate M (4/2°5)? before commencing to 
use the table. 
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The last column of the table gives values of the central temperature T7,, 
or rather of the quantity 7',.r, where r is measured in terms of the radius of 
the sun; these are calculated directly from equation (88°6). 


Table XI. Solutions fon stars of different masses. 


1°204 4°900 758 0°32 65°25 15200 x 108 
1-200 5-000 799 0:29 78°78 fe) 
1141 7:000 _— 0:00 ee) oe) 


As examples of the use of this table and Table X, Table XII gives 
calculated values of the central density and temperatures of actual stars, 
calculated on the supposition of a uniform effective molecular weight ~ = 2°5. 


Table XII. Solutions for actual stars. 


(Solutions with 7 =/=0 calculated for eff. mol. weight 4 = 2:5.) 


Star (0 =1) Ne n p Pe r(Q@=1) Ts 
B.D. 6° 1309 | [78] 0-29 | 500 | 0-14 [o ] os [x ] 
H.D. 1337 A 363 0°45 | 4:59 0-004 40 23°8 200 x 106 
V Puppis A 19°2 O67 | 4:27 0:06 120 76 160 x 10° 
uw Herculis A 76 1:20 | 3:90 0-14 70 4°6 100 x 10° 
Sirtus A 2°45 3°53 | 3°50 0:93 140 1:58 80 x 108 
Sun 1:00 12°2 3°33 1°42 140 1:00 55 x 108 
60 Kruger A 0°25 | 150 3°26 9°6 860 0°33 42 x 108 

FA B 0°20 | 230 3°25 60 5300 0-17 65 x 108 
Betelgeux [40] 0:42 | 4:65 | 2x10-¢ | [0-04] | 300 10 x 108 
Capella A 4:18 2°08 | 3°65 0:004 1 11 19 x 106 
a Cent. B 0:97 129 3°32 0-76 70 12 45 x 108 


92. In § 90 we saw that when the mass M of a star is given, and the 
effective molecular weight w of the matter of which it is composed, it is 
possible to calculate the value of 2,, the ratio of gas-pressure to pressure of 
radiation at its centre. It is also possible to calculate n. Thus all stars for 
which M and yw are specified have the same values of X, and n. They are 
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therefore (since n is given) all built on the same model, and at corresponding 
points radiation-pressure has the same importance relative to gas-pressure. 

It has also been found possible to calculate 7,7, the product of the central 
temperature and the radius of the star, but it has not been found possible to 
calculate 7, and r separately. Thus all stars which have given values of M 
and yp lie on a certain homologous series along which 7,7 is constant. 

The question arises as to what further physical conditions determine which 
particular configuration will be assumed by an actual star. The analysis of 
§ 90 supposed J and j (cf. § 79) both to be zero, and so supposed yw and cF@ 
to have constant values throughout the star. We have specified the value 
of u, but have so far not found it necessary to specify any valué for cF@. 

At the centre of the star we have, from equation (81°3), 

PAE Byres pne 4. Sones t (92-1). 
cFGam 

In § 77 we obtained the value of c¥' on Kramers’ theory of absorption, in 
the form 


Ae (Ac + 1) = 


N2 
cF = 4:46 x 10% (z) A ontens shake (aect (92:2). 
Inserting this value for cf’, and using the known numerical values 
C=3 x 10”, R/m= 8:26 x 10’, y= 6°66 x 1078, a=7°64 x 10, equation (92°1) 
becomes 


2 _— 
Re Ost) sh (aE SOE eRe ele ee (92:3). 


All stars which have the same mass M and the same effective molecular 


weight uw have the same values of >,. Equation (92°3) now shews that [3 is 
2 


proportional to (=) G. As we pass along the homologous series of configura- 


tions 7’, varies, and the actual position which a given star will assume on this 
series is determined jointly by the values of (N/A) and G@. 

It will be remembered that N is the atomic number and A the atomic 
weight of the atoms of which the star is formed. For a given star these will 
be fixed, and treating V/A as a constant, equation (92°3) shews that 7, varies 
as (@). Thus there will be one and only one configuration appropriate to a 
given value of G, and if a star’s mean generation of energy G is given, the 
star can always find a configuration of equilibrium by shrinking or expanding 
until its central temperature 7, has the value appropriate to the given value 
of G. The question of the stability of this configuration will be considered 
later. Let us for the moment suppose it to be stable, then, since G@ is propor- 
tional to the luminosity of the star, we see that: 

In gaseous stars which have the same given values for M, w and N*/A— 
i.e. stars whose mass and composition is fived—T, is proportional to the square 
of the luminosity of the star. 


J 7 
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Since 7,r is constant it follows that the radius of the star ws inversely pro- 
portional to the square of its luminosity. 

These are the laws which would be obeyed if all the quantities which we 
have assumed to be uniform were actually uniform and if the gas-laws were 
accurately obeyed throughout stellar interiors. 

Observation reveals no tendency for these laws to be obeyed. As we 
shall see below (§ 167) the least luminous stars of a given mass generally 
have the smallest radii and the highest central temperatures. We shall see 
at once that the laws are not obeyed, since the atomic weights of stellar 
atoms, calculated on the supposition that the gas-laws are obeyed, will be 
found to vary widely from one star to another. 


Tur ATOMIC WEIGHT OF STELLAR MATTER. 


93. Equation (92:3) may be written in the form 
Bia iOS Dhaene sd abel (93:1), 
A AL(Ae + 1)G 
and so provides a means of determining N/A for the atoms of which actual 
stars are composed. Indeed, we have already calculated 7, and X, for a 
number of stars, and since G is readily calculated from the star’s luminosity, 
the value of V?/A is obtained at once. 

It must of necessity be possible to determine N?/A from observations on 
a star’s structure, because the coefficient of opacity, by which the star’s whole 
structure is determined, is proportional to N?/A. If we cut every atomic 
nucleus in a piece of matter into two equal halves, we halve both V and A 
and so also N2/A, with the result that the substance becomes twice as trans- 
parent as before. This is the theoretical basis of the well-known physical fact 
that a large clot of matter in the form of a massive nucleus is far more effective 
in absorbing X-radiation than a large number of small clots of equal total mass. 
It is for this reason that the physicist and surgeon both select lead as the 
material with which to screen their X-ray apparatus; a ton of lead is far 
more effective in stopping unwanted X-rays than a ton of wood or of iron. If 
we knew the strength of an X-ray apparatus, and the total weight of shielding 
material round it, we could form a very fair estimate of the atomic weight 
of the shielding material by measuring the amount of X-radiation which 
escaped through it. 

In using formula (93:1) we are in effect using just such a method to 
determine the atomic weight of the atoms of which the stars are composed, 
A star is in effect nothing but a huge X-ray apparatus. We know the total 
mass of many stars, and we can readily calculate the rate at which they are 
generating X-rays—it is merely the rate at which they are radiating energy 
away into space. If we could shut a Maxwell demon inside a star and make 
him cut each atomic nucleus in half, keeping the star's mass and rate of 
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generation unaltered, we should, as we have seen, halve the coefficient of 
opacity of the star. This would necessitate a change in the star’s build: in 
actual fact its radius would increase fourfold while its surface temperature 
would be halved. We could follow the progress of the demon’s work by 
watching the changes in either the radius or the surface-temperature of the 
star. Hence from the observed surface-temperature or the calculated radius 
of any star the mass and luminosity of which are known, it must be possible 
to estimate the atomic weight of the atoms of which the star is composed. 
Formula (93'1) provides the means. 


Table XIII gives the values of N?/A calculated from this formula. The 
third column contains the bolometric luminosity in terms of the sun’s bolo- 
metric luminosity as unity, and the fourth contains the value of G measured 
in ergs per gramme per second. 


Table XIII. Atomic Weights of Stellar Matter. 
(Calculated on the supposition that the gas-laws are obeyed.) 


Mass Bolom. 
(© =1) | Lum. (0 =1) 


AI 


V Puppis 19:2 11,000 1,100 0°67 160 x 10% 190 
uw Herculis 76 1,250 300 1:20 100 x 10 210 


Sirius A 2°45 38 29 3°53 80 x 106 350 
Sun 1:00 1:00 1:90 12°2 55 x 108 440 
60 Kruger A 0°25 0-01 0-06 | 150 42 x 108 100 

5 B 0°20 0-003 0:02} | 230 65 x 108 130 
Betelgeux [40] 6,000 [300] 0°42 10 x 10° 320 
Capella A 4:18 105 48 2°08 19 x 108 250 
a Cent. B 0°97 0-46 0:90 12°9 45 x 108 750 


The values of NV?/A in the last column cannot lay claim to any high 
degree of accuracy. There are two principal sources of error, namely the value 
assumed for G and the value assumed for A, in equation (93°1). 


In the case of stars of very high or very low temperature, the value of 
G cannot be determined at all exactly. It is determined from the bolometric 
absolute magnitude of the star, and even if the visual absolute magnitude is 
known, the bolometric correction is generally very uncertain. An error of only 
half a magnitude in the bolometric correction would throw the value of NV?/A 
into error by a factor of 1°58. 

This source of error almost vitiates the entries for V Puppis, w Herculis, 
60 Kruger and a Orionis, but hardly affects those for such stars as the Sun 
and Capella, for which the bolometric correction is small, and the absolute 
emission of radiation is well known. But the entries for these stars are affected 
by errors in the value of X,. For stars of the mass of our sun, equation (91'1) 
shews that A, varies inversely as w~‘ so that A, (A, + 1) varies approximately as 
pw. As the value of 7, also varies approximately as ~ (equation (90°2)) it 


4-2 
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follows that the calculated value of N?/A varies approximately as u**. For 
stars of large mass the variation is different but of comparable amount. Thus 
a small error in the value assumed for yw, will result in a large error in the 
values calculated for NV?/A. 

With this in mind let us examine the significance of the values for N?/A 
shewn in Table XIII. 


94. Atoms of moderate weight have an atomic weight A which is approxi- 
mately twice their atomic number WN, so that A is approximately four times 
N*/A. In more massive atoms the factor is larger; for uranium NV = 92 and 
A = 238, so that N2/A = 35°5 and A =6'7 (N?/A). Thus all the entries in the 
last column represent atomic weights far higher than that of uranium, and in 
most cases atomic weights of thousands at least. 

These values of V2/A have been calculated relative only to a very special 
model of stellar structure. If we had complete confidence that this model gave 
a true picture of the structure of a star, and if we further had complete 
confidence in Kramers’ theory of the absorption of X-radiation and of the use 
we have made of it, we could only conclude that stellar matter shewed a 
stopping power for radiation far beyond that of any known terrestrial atoms, 
and hence that it consisted of atoms far heavier than uranium. 

There is no a priori objection to supposing that stellar matter consists of 
atoms heavier than uranium ; indeed we shall see later that such a possibility 
must be taken very seriously into consideration and that there is much to be 
said for it. The only atoms with which the chemist is acquainted are the 
atoms which occur in the outer surfaces of the stars and near the surface of 
the earth, which in turn has probably at one time been formed out of the 
surface layers of the sun. Thus the atoms of chemistry are “surface-atoms ” 
and there is no valid reason for expecting them to form a fair sample of the 
atoms of the universe as a whole. It is a priort far more probable that their 
very lightness has caused them to float to the surfaces of astronomical masses, 
and that concealed in the far depths of these bodies are atoms of far higher 
atomic weight, whose extreme weight bas caused them to gravitate to the 
centres of the stars. If so terrestrial chemistry may properly be described as 
“ surface-chemistry,” and cosmical chemistry, of which terrestrial chemistry is 
a branch, deals with a wider range of elements. 

But the acceptance of this hypothesis does not make it possible to accept 
the values of V’*/A shewn in the last column of Table XIII. These figures 
have been calculated for an assumed molecular weight «= 2'5. Now even 
completely broken up uranium has an effective molecular weight 2°56 which 
is greater than this; atoms of atomic weight far above uranium would in all 
probability have still higher values of « even if they were completely broken 
up, and our calculated central temperatures are inadequate to break up even 
atoms of uranium completely. 
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Thus our assumed value of ~ = 2°5 is too small to be consistent with the 
calculated values of N’?/A. Before we can accept these values we must amend 
our model by increasing the value of w very substantially. The values of 
NV?/A must now be recalculated for this increased value of « and since, as we 
have already seen, these values vary approximately as y*, the new values of 
N*/A will be far greater than the old. This increase in the values of V?/A 
demands a still further increase in » and so on indefinitely. We know nothing 
about the relation between yu, N and A for our hypothetical heavy atoms, so 
that it is impossible to say whether or not the race will ever stop; it may be 
it is impossible to find values of N?/A and u which are consistent with one 
another and with the observed stopping-power of the stars for X-radiation on 
the model we have under discussion. What is abundantly clear is that if ever 
the race does stop, we shall by then have reached values of N?/A far higher 
than those shewn in Table XIII, and shall be contemplating atoms of which 
the atomic weight is many thousands. 


While no absolutely convincing reason can be assigned why such atoms 
should not exist in the stars, it will be generally felt that it is improbable that 
they do. If their existence is found to be a necessary consequence of our 
having assumed a special model for stellar structure, then it behoves us to 
look for other models which entail less improbable consequences. 


95. Eddington, who found himself confronted with a similar difficulty in 
discussing his model of a star (§ 76), examined whether the difficulty could 
be avoided by concentrating the star’s generation of energy near its centre*. 
If this is done, all the radiation has to pass through the whole radius of the 
star; on the model we have just been discussing, in which energy is generated 
uniformly throughout the star’s interior, the radiation has, on the average, 
only to pass through about half of the star’s radius before emerging into space. 
Eddington’s plan, in effect, sets twice as many atoms at work to stop the 
radiation, so that each atom need only have half the stopping power it would 
otherwise require. 

His actual calculation shews that in the extreme case in which the whole 
generation of energy is localised at the centre of the star, the observed facts 
can be explained by assuming a coefficient of opacity less by a factor of about 
2°5 than would otherwise be required. Some later calculations of my ownt 
confirm the general accuracy of this result, but apart from such detailed 
calculations it is in any case obvious, on the general grounds explained above, 
that the factor of reduction cannot be very far from 2. 

Thus if we change our model and suppose its whole generation of energy 
to be localised at its centre, the values of N?/A shewn in Table XIII may be 
divided by a factor of from 2 to 2°5. But when this is done the values of 
N?/A are still of the order of 150, and such values correspond to atomic 


* M.N, uxxxv. (1925), p. 408. { M.N. uxxxvi. (1926), p. 561. 
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weights of the order of 1000 at least—more when we adjust for the increased 
value of . Thus redistribution of the generation of energy cannot solve, and 
hardly alleviates, the difficulty. 


96. Another possible line of attack is to redistribute the atomic weights. 
Instead of supposing N*/A to have a uniform value throughout, we imagine 
the heavier atoms to be concentrated near the centre of the star. In an 
actual star the heaviest atoms would naturally gravitate to the centre. This 
redistribution places the heaviest atoms where they are most effective in 
stopping radiation, and so, in a sense, increases the radiation-stopping 
efficiency of the stellar matter. I have examined the question in some 
detail*, and find it does not provide a solution of the problem. Redistribution 
enables us to reduce the average value of N?/A throughout the star, but 
does not reduce the maximum value, which now occurs in the star’s central 
regions, and the problem remains as acute as ever. 


97. Still a third possibility is to suppose w to vary inside the star. 
Detailed calculations which I have madet, shew that this can substantially 
lessen the values of V?/A for stars of small mass. On the other hand, it 
makes no appreciable decrease in the values of N/A necessary in the most 
massive stars, and can hardly be regarded as providing a solution. 


98. A far more drastic possibility remains, By formulae (72°3) and (77°3), 
the flow of radiant energy per unit area H is 


4aT?O dT 

th aaa B8kp dr 
a aCuT*® dT 
=~ 335% 10%_§ (NYA) de (98-1) 


Near the surface of a star the value of H is a matter of direct observation. 
Our procedure has in effect been to calculate the values of 7, p, and d7/dr 
for given stars, assuming that they conform to our particular model, and to 
examine what values of N?/A are necessary to make the calculated value of 
H agree with the observed value. The necessary values of N2/A have all 
been very improbably high. 

We can reduce these values for N?/A, while retaining the observed value 
of H, either by increasing some factor in the denominator of the fraction on the 
right of equation (9871) or by decreasing some factor in the numerator. We 
cannot do much with p, since the mean density of the star is a matter of 
direct observation, and no possible change in « can substantially alleviate 
the discrepancy. The only remaining factor is 7°°dT/dr, or 

PR ety 
Lb a Bigs 2 
* M,N. Lxxxvi. (1926), p. 570. The appropriate analysis is that given in the present chapter ; 
we have to assign a positive value to l. 


+ L.c., p. 571. To represent this possibility, we have to assign a negative value to j in the 
analysis of the present chapter. 
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Even a moderate decrease in temperature throughout the star lessens this 
factor enormously. Reducing the value of 7 uniformly to half its value, 
divides this factor by (2)’*, which is equal to about 181. We can now divide 
our calculated values of N*/A by 181, and find that, from being impossibly 
high, they have now become far too small to be at all plausible. Thus 
reducing T by something less than a half must lead to reasonable values of 
the atomic weights. 


The pressure in a star’s interior is fixed, as regards order of magnitude at 
least, by the circumstance that it has to support all the layers above against 
gravity. If the stellar matter obeys the laws of a perfect gas, this, in con- 
junction with the fixed mean density of the star, leaves no opportunity for 
substantial adjustment of the temperature so long as the gas-laws are obeyed. 


Imagine that the temperature is artificially reduced to a certain uniform 
fraction @ of its value throughout one of the gaseous stars we have been 
considering, each particle of the star retaining its position, so that the density 
and the star’s gravitational field remained unaltered. The gas-pressure is 
now reduced by a factor @ and the radiation-pressure by a factor 6, so 
that the total pressure is inadequate to support the star against its own 
gravitation. The star would start to collapse except that a new factor may 
immediately come into play. Let us suppose, to take a definite illustration, 
that the original temperature was so high as to keep the majority of the 
atoms ionised right down to their nuclei. The diminished temperature cannot 
maintain this high degree of ionisation, so that a certain number of atoms 
start to reform as far as their K-rings. Now at such densities as we have 
found would prevail at the centres of gaseous stars, K-ring atoms cannot be 
treated as mere points, so that the gas-laws will not be strictly obeyed. The 
new gas-pressure will accordingly be greater than @ times the old pressure , 
and may even exceed the old pressure if the deviations from the gas-laws are 
sufficiently large. If it should happen that the total new pressure is exactly 
equal to the total old pressure throughout the star, the star will be in equi- 
librium again. The pressure and density will have remained unaltered by 
the change, but the values of V?/A which are necessary to maintain radiative 
equilibrium are reduced by a factor of 07°. 


It will of course be understood that this is a purely fictitious case; an 
actual star could not undergo the changes we have described without a good 
deal of internal readjustment. Let us nevertheless continue to use this purely 
fictitious case to examine what values of @ would be necessary to pass from 
an ideal gaseous star to an actual star. 


We shall find later that the atomic numbers of stellar atoms are probably 
in the neighbourhood of NV = 95, and so just higher than those of uranium for 
which N=92. The value of yw for fully broken-up uranium is 2°56; for 
stellar atoms, which are not quite fully broken up, it will be about 2°6. The 
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values of N?/A given in table (134) were calculated for the value p= 2°5. 
To pass to the value ~=2'6, they must (§ 94) be multiplied by about 
(2°6/2'5)** or 1:40. When this is done we obtain the values: 

Sun 620, Sirius A 490, a Centauri B 1050, Capella A 350, etc. 


For uranium W?2/A is 35:5, so that for stellar atoms the actual values will 
be of the order of 37, and the values just calculated are about 16 times too 
large. The values of @ such that reduction by the requisite factor 6”* reduces 
them to the uniform value of 37 are: 

Sun 0°69, Sirius 0:71, a Centauri B 0°64, Capella A 0°74. 


For the average typical star we may suppose that the necessary reduction 
in temperature is one of 30 per cent. of the temperature in the gaseous state. 
At first sight this may appear too slight a change to produce any profound 
changes in our views of stellar mechanism. But the pressure of radiation 
taT* is reduced by a factor of (0°70) or 0°24, so that 1t becomes quite small, 
relative to the total pressure, even in quite massive stars, and quite insignificant 
in all others. 

The free electrons and atomic nuclei are so small that after the tempera- 
ture has been reduced they continue to exert pressure in accordance with 
Boyle’s law. Their pressure is only 70 per cent. of what it originally was, 
so that for the star to remain in equilibrium, the atoms must make up 
the deficiency of 30 per cent. in the gas-pressure as well as the deficiency of 
76 per cent. in the pressure of radiation. With an atomic number of 95, 
there are about 95 times as many free electrons as atoms, so that each 
atom must exert about 7$ x95, or 40, times the pressure exerted by a 
free electron, and so about 40 times the pressure it would exert if Boyle’s 
law were accurately obeyed. 


To exert a pressure of this magnitude the atoms must be so closely 
packed as to be almost in contact, or rather so closely packed that their 
effective volumes occupy almost the whole of the available space. Such a 
condition may be properly described as a liquid, or semi-liquid, state. 


Our main conclusion, then, is that if Boyle’s law is assumed to be obeyed 
throughout the interior of a star, the observed capacity of the atoms for 
stopping radiation demands an impossibly high atomic weight. We can 
reconcile the observed opacity with reasonable values for the atomic weights 
by supposing the density to be so great that Boyle’s law is not obeyed, but 
the deviations from Boyle’s law have to be so great that the matter must be 
supposed to be in a liquid or semi-liquid state. This refers of course only to 
the central regions of the star; the outer layers must in any event be gaseous. 
We leave the discussion at this point for the moment, because an entirely 
independent chain of evidence, to be presented in the next chapter, points 
still more conclusively to the liquid or semi-liquid state, as does also a third 
line of evidence to be put forward in Chapter X. 


CHAPTER IV 
THE SOURCE OF STELLAR ENERGY 


INADEQUACY OF TERRESTRIALLY-KNOWN SOURCES. 


99. We have seen that each square centimetre of the sun’s surface emits 
sufficient energy to drive an eight-horse-power engine continuously; the output 
from each square centimetre of an O or B type star, such as Plaskett’s star or 
V Puppis, which is at least 200 times as great, is sufficient to drive an express 
locomotive at full speed year after year and century after century for millions 
of years. Since the full implications of the doctrine of conservation of energy 
have been understood, efforts have been made to discover the origin of the 
energy which is poured out with such terrific profusion by the sun and stars. 


A priori there are two general possibilities open. Either the stream of 
energy liberated from a star’s surface may be continually fed to the star from 
outside, or it may be generated in the star’s interior, and driven out through 
its surface, as the only means of preventing an intolerable heating of the 
interior. An illustration of the former mode of liberation of energy is provided 
by a meteorite falling through the earth’s atmosphere, the energy of its 
radiation being provided by the impact of molecules of air on its surface; an 
illustration of the latter is provided by an ordinary coal fire. 

The only serious effort to explain the sun’s energy as being supplied from 
outside was that of Robert Mayer, who conceived solar energy as arising 
from a continuous fall of meteors into the solar atmosphere. But simple 
calculations shew that a mass of meteors equal in weight to the earth would 
barely suffice to maintain the sun’s radiation for a century, and that meteors 
sufficient to maintain the sun’s radiation for only 30 million years would 
double its mass. As it is quite impossible to admit that the sun’s mass can 
be increasing at such a rate, Mayer’s explanation has to be abandoned. As no 
other way can be imagined by which energy of comparable amount can be 
brought in from outside, we are driven to regard the sun’s generation of heat 
as taking place throughout its body. 

The essential datum of the problem is no longer the energy discharged by 
a square centimetre of a star’s surface, but the energy generated per gramme 
of its mass. As we have seen, the sun generates about 1:90 ergs per second 
for each gramme of its mass, while the corresponding figure for V Puppis is 
as high as 1100 ergs, and that for Pearce’s star is probably of the order of 
15,000. 


100. Let us fix our attention on the special case of the sun, which is more 
typical of general stellar radiation than the two extreme cases just mentioned. 
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The radioactive contents of rocks provide what must apparently be accepted 
as quite conclusive evidence that the earth’s crust has been solid for at least 
1500 million years*. The age of the sun must, then, be greater than this. 
Speaking very loosely, we may say that the sun must have been generating 
energy for at least 1500 million years at a rate comparable with its present 
rate of 1:9 ergs per gramme per second. This represents a total energy 
generation of about 9 x 10'* ergs for each gramme of the sun’s mass. 

It has long been realised that combustion of matter, and chemical action 
in general, are quite inadequate to provide any such amount of energy. The 
formation of one gramme of carbon dioxide by the union of carbon and oxygen 
sets free 2140 calories or 9 x 10" ergs, which is only about a millionth part 
of the required output of 9 x 10 ergs per gramme. Some chemical reactions 
provide rather more energy per gramme than that just mentioned, but no 
known reaction provides ten times as much, or 9 x 10" ergs per gramme, so 
that chemical action is unable to provide even one part in 100,000 of the 
energy which the sun has radiated away during the life of the earth. 


Heat energy is equally insignificant. Even in the most favourable case in 
which matter is entirely broken up into its constituent electrons and protons, 
the heat energy of a gramme of matter at a temperature of 30 million degrees 
is only 15 x 10" ergs. Thus if the sun were merely radiating stored heat 
energy, the 9 x 10"* ergs per gramme which it must have radiated during the 
life of the earth, would require it to have had a temperature of about 
1800 million degrees when the earth was born. The calculations of stellar 
temperatures which were given in the last chapter enable us to dismiss any 
such temperature as impossibly high. 

In 1854 Helmholtz put forward his famous contraction-hypothesis, accord- 
ing to which the shrinkage of the sun under its own gravitational attraction, 
with the accompanying loss of gravitational potential energy, sets free the 
energy which appears as the sun’s radiation. At a point in the sun’s interior, 
the gravitational potential is of the order of magnitude of yM/r, where M is 
the mass and r the radius of the sun, and y is the gravitation constant. On 
inserting numerical values, this quantity is found to be of the order of 2 x 10 
in C.G.S. units, so that even if the whole mass of the sun had fallen in from 
infinity, each gramme could only provide about 2 x 10" ergs of energy, and it 
appears that the Helmholtz contraction-hypothesis cannot account for more 
than about two per cent. of the energy which has been radiated by the sun 
during the earth’s life. 


Thus neither chemical energy, heat energy, nor gravitational energy are 
anything like adequate to account for the sun’s emission of radiation even 
during the existence of the earth. The only remaining sources of energy are 
of sub-atomic nature, and of these radioactivity provides the only example of 
which we have any direct experience. 


* A. Holmes, The Age of the Earth. 
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Radium, the most energetic of the radioactive elements, generates about 
1,600,000 ergs of radiation per gramme per second, so that the sun’s present 
radiation could be accounted for by supposing one part in 800,000 of its mass 
to be radium. But as the average life of radium is only about 2800 years, 
such a sun would be extinguished after a few thousand years. During its 
whole life a gramme of radium emits about 1°4 x 10” ergs of radiation, so that 
a sun which consisted initially of pure radium would have sufficient capacity 
for generating energy to maintain the sun’s radiation at its present rate for 
about 5000 million years. For uranium the corresponding figures are 2°2 x 10” 
ergs of radiation per gramme and 8000 million years. 

These figures shew that, contrary to a prevalent impression, radioactivity 
is capable of providing for the total amount of energy radiated by the sun 
since the earth solidified. On the other hand, no known combination of 
radioactive elements is capable of forming a sun which would radiate at the 
required rate for the required time—in brief, uranium is too slow, radium is 
too rapid, and all the other radioactive transformations have too little energy. 
Moreover we shall find evidence later that the ages of the stars are incom- 
parably greater than the 1500 million years which we have taken to be the 
age of the solid earth, and radioactive substances of the kinds known on earth 
are found to be utterly inadequate to provide stellar radiation throughout 
the whole lives of the stars. 


SuUB-ATOMIC SOURCES OF ENERGY. 


101. Thus we have to conclude that no source of energy known to us on 
earth is anything like adequate to account for the radiation of the sun and stars. 

We can make progress only by striking the problem from an entirely new 
angle. Instead of surveying the sources of energy known to us on earth, we 
survey the general laws of physics which we believe to hold sway in the sun 
and stars as well as on earth, and examine whether any energy-transformation 
known to them, but not to us, is capable of providing adequate energy for the 
radiation of the sun and stars. In approaching this question it must be 
emphasised that the energy which is radiated away must have resided some- 
where before it was radiated ; it cannot have been created, as needed, out of 
nothing. Its total amount is so great that if it resided in the star, it must 
have resided in a very concentrated form indeed. Now the only places known 
to physics in which energy can reside in a concentrated form are the nuclei 
and electrons of which matter is formed, and the electromagnetic fields in 
their immediate neighbourhood. 

It is well known that a moving electron has a greater mass than a stationary 
electron; more force is required to deflect it from its path or to produce a 
specified acceleration. If m, is its mass when at rest, its mass m when moving 
with a velocity v is given by 


2 = 
ae (1 = a) “ia tage Hl rat atid (101'1), 
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where C is the velocity of light. Its kinetic energy, when moving with velocity 


v, 18 
a\ -4 : 
mo? (1 " a) St er ee ...(101-2), 
which, in virtue of the relation (1011), can be written in the form 
Ci I) Co codons crease fis ues narnen ees (101°3). 


Suppose that the electron, while moving with velocity v, is suddenly 
checked and brought to rest. Its kinetic energy (m—m,) C? is transformed 
into radiation which travels off into space. At the same time the mass of the 
electron is reduced, by an amount m—m). The conservation of mass, however, 
persists through this process, so that the mass m—m, is not lost, but must 
represent the mass of the radiation whose energy is (m—m,)C*. In this 
special instance the energy of the radiation is seen to be C? times its mass, 
and the emission of radiation involves a loss of mass to the emitting system 
equal to 1/C? times the energy of the radiation. 


This is no isolated special instance. In 1905 Einstein shewed it to be a 
general consequence of the theory of relativity that a change of energy 5# in 
any system involved a change in its mass equal to 6£/C*. Thus the emission 
of radiation by a star or any other body at a rate H ergs per second necessarily 
involves a loss to the mass of the radiating body at the rate of #/C? grammes 
per second. The sun’s present radiation of 3°8 x 10* ergs per second involves 


ules foes i he 
a diminution of the sun’s mass at the rate of rae (3°8 x 10) grammes a second. 


Putting C=3 x 10” we find that the sun’s mass is diminishing at the 
rate of 4:2 x 10” grammes per second, or about four million tons a second. 
In the 1500 million years which have elapsed since the earth solidified, the 
sun’s mass must have diminished by 2 x 10” grammes, or one part in ten 
thousand. The question arises as to the form in which this additional 2 x 10” 
grammes resided in the sun 1500 million years ago. 


102. It has long been known that the atomic weights of the elements 
cannot be expressed as exact whole numbers. If that of oxygen is taken to 
be 16, helium has atomic weight 4:00216, while that of hydrogen is 1:00778 *. 
If four hydrogen atoms each of weight 1:00778 combine to form one helium 
atom, the system experiences a loss of mass 0-029 (the unit being a sixteenth 
of the mass of the oxygen atom), and this must be the mass of radiation 
discharged into space when, if ever, helium is built up out of hydrogen. In 
1919 Perrint suggested that processes of the general type just described 
may be the origin of the radiation of the sun and stars, a suggestion which 
Eddington} repeated in 1920 in a more precise form. If, for instance, a star 


* F. W. Aston, Proc. Roy. Soc. cxv. (1927), p. 510, 
t Annales de Physique, 11. (1919), p. 89; and Revue du Mois, xx. (1920), p. 113. 
{ British Association Cardiff (1920) Address to Section A. 
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consisted originally of pure hydrogen, the total transformation of this into 
heavier elements would involve a loss of mass equal to about 0:0072 gramme 
per gramme of the star’s mass, so that the transformation would result in a 
total radiation of energy of amount 0:0072C? or 6°5 x 10” ergs per gramme. 
This is ample to account for the sun’s radiation throughout the whole of the 
earth’s life and through epochs far beyond. But it is not adequate to account 
for the radiation of the stars through the lengths of life which, as we shall see 
later, are assigned to them by dynamical considerations, and this alone probably 
compels its abandonment. If the source of energy suggested by Perrin and 
Eddington were the true one, it would follow that young stars contained a 
larger proportion of hydrogen than old stars; there is no evidence of this 
being the case, although this can hardly be regarded as a fatal objection. A 
more serious objection is that if stellar energy were produced by the trans- 
formation of hydrogen into heavier elements, the rate of radiation of any 
particular star would be proportional to the frequency with which groups of 
hydrogen atoms got into the position appropriate for the formation of atoms 
of helium and heavier elements. A comparison of the rates of radiation of 
different stars does not suggest that they can be determined by any such law 
as this. Furthermore we shall see later that a star in which the energy was 
generated in the manner suggested by Perrin would be dynamically unstable, 
and this reason, apart from all others, would appear to compel the rejection 
of Perrin’s scheme. 


THE ANNIHILATION OF MATTER. 


103. Fifteen years before Perrin had suggested that stellar energy might 
originate in the formation of heavy atoms out of simpler ones, I had pointed 
out* that an enormous store of energy could be derived out of the total 
annihilation of matter, positive and negative charges rushing together and 
neutralising and so annihilating one another, the resulting energy being set 
free as radiation. In 1918+ I calculated the amount of energy which would 
thus be set free and the length of life which this source of energy allotted to 
the stars. 

The principle of this calculation is very simple. When a proton and an 
electron of masses m, M neutralise one another in the sun and disappear, the 
sun loses material massof amount m+M. A certain amount of radiation results 
and to satisfy the principle of conservation of mass, the mass of this radiation 
must be m+M. Hence, in accordance with Einstein's principle already 
explained, the energy of the radiation must be (m+ M) C* In general the 
annihilation of a gramme of matter must set free C, or 9 x 10”, ergs of energy. 

The energy set free by the annihilation of matter is enormous compared 
with that which the same amount of matter can be made to yield in any 


* Nature, uxx. (1904), p. 101. 
+ Problems of Cosmogony and Stellar Dynamics, p. 287. 
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other way. Some 3000 tons of oil must be burned to drive a liner across the 
Atlantic ; the same amount of energy could be provided by the annihilation 
of about one-eightieth of an ounce of oil. Over four million tons of coal a 
week are raised to provide for the heating, lighting, power and transport of 
Great Britain alone; the annihilation of a single ton of this coal would 
provide for all these services for a century. And, to carry on the story, the 
total radiation emitted by the sun during the 1500 million years of the 
earth’s existence could be provided by the annihilation of one ten-thousandth 
part of its mass, the result already mentioned in §101; while the annihila- 
tion of the whole of its mass would provide radiation at the present rate for 
15 million million years. This last result not only shews that the annihila- 
tion of matter provides an adequate source of stellar energy; it also makes it 
almost certain, as we shall now see, that it provides the actual source. 


A mass of dynamical evidence, which will be brought forward later, 
indicates that the stars as a whole must have existed for millions of millions 
of years. The most direct evidence is perhaps provided by the orbits of 
binary stars. We shall see that, as a consequence of the manner of their 
formation, newly formed binary stars have circular, or nearly circular, orbits. 
Every gravitational pull on a circular orbit tends to make it more elliptical, 
so that the older a binary system is, the more elliptical its orbit ought to 
become. This is found by observation to be the case. But our knowledge of 
the density with which the stars are scattered in space gives us the means 
of calculating the actual rates at which the ellipticities of the orbits of 
binary systems must increase, so that from the observed ellipticities of orbits 
it is possible to calculate the ages of the binary systems. And the answer 
comes out in millions of millions of years. 


We can calculate the total amount of radiation which a star has emitted 
during its life of millions of millions of years. Except in the case of the 
youngest stars, it is found that the total mass of the emitted radiation is 
far greater than the present mass of the star. The original mass of the star 
must have been the sum of the star’s present mass and the mass of all the 
emitted radiation, so that the star must originally have been many times as 
massive as it now is. Indeed we shall shortly find observational evidence that 
young stars, as-a class, are many times more massive than old stars. 


The older views of stellar radiation regarded a star’s gravitational potential 
energy and the heat and chemical energy of its molecules as reservoirs from 
which a star’s radiation was drawn. When we look at the matter in terms of 
a time-scale of millions of millions of years, we see that the capacity of all 
these reservoirs is quite negligible; the reservoir in which the star’s future 
radiation is stored is the star's mass. The time-scale of millions of millions 
of years requires that the energy stored in each gramme of a star’s mass 
shall be of the order of magnitude of 9 x 10” ergs, and we know of no way 
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in which such a great concentration of energy can be stored except in the 
actual matter of electrons and protons. 


We are not in a position to deny absolutely that the energy may be stored 
in other ways. Our knowledge of physics is derived from a study of molecules 
which are not liberating any appreciable amount of energy (§ 104), and this 
may be because they have no stored energy to liberate. A search for the 
mechanism of storing energy ought, if possible, to take place in regions 
where large amounts of energy are known to be stored, and we have to 
admit that a study of molecular physics in the Sun might disclose molecular 
mechanisms for storing energy, as so also of course mass, which are unknown 
to terrestrial physics merely because terrestrial molecules have no energy 
to store. 


But so far as we can judge from terrestrial physics, the obvious place for 
storing the energy and mass in the enormous quantities needed is in the 
existence of electrons and protons, so that it seems reasonable to suppose that , 
the liberation of energy arises from the annihilation of electrons and protons. 


Thus we suppose that as a star ages, its atoms and electrons must undergo ° 
annihilation, their imprisoned energy being set free in the form of radiation. 
Coal, which has been picturesquely described as bottled sunshine, might” 
more accurately be described as re-bottled sunshine. The bottles in which. 
sunshine and all the radiation of the stars were first imprisoned, were the | 
atoms and electrons of matter long since annihilated ; the breakage of these: 
bottles set free the radiation which warms and lights our earth and makes it 
a possible abode of life. 


Those who feel that this-solution of the problem of the source of stellar 
radiation is ultra-modern, and therefore under suspicion, may perhaps find 
comfort in the following transcript from Newton’s Opticks* (1704): 


Query 30. Are not gross bodies and light convertible into one another; and may not 
bodies receive much of their activity from the particles of light which enter into their 
composition ? 

The changing of bodies into light, and light into bodies, is very conformable to the 
course of Nature, which seems delighted with transmutations. Water, which is a very fluid, 
tasteless salt, she changes by heat into vapour, which is a sort of air; and by cold into ice, 
which is hard, pellucid, brittle, fusible stone ; and this stone returns into water by heat, 
and vapour returns into water by cold....Eggs grow from insensible magnitudes, and 
change into animals; tadpoles, into frogs; and worms, into flies. All birds, beasts and 
fishes, insects, trees, and other vegetables, with their several parts, grow out of water and 
watery tinctures and salts; and by putrefaction, return again into watery substances. — 
And water, standing a few daysin the open air, yields a tincture, which (like that of malt) 
by standing longer yields a sediment and a spirit; but before putrefaction is fit nourish- 
ment for animals and vegetables. And among such various and strange transmutations, 
why may not Nature change bodies into light, and light into bodies ? 


* T am indebted to Sir J. J. Thomson for bringing this to my notice. 
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Yet the consideration which will carry conviction to most minds that 
stellar radiation arises out of the annihilation of stellar matter is neither the 
fact of its being required by the laws of physics, in so far as we understand 
them, nor the fact of its having seemed to Newton two centuries ago, to be 
“very conformable to the course of Nature,” but the general evidence of 
astronomy that young stars are uniformly more massive than old stars. The 
evidence for this will appear as our book proceeds. 


THE CONDITIONS OF LIBERATION OF STELLAR ENERGY. 


104. Although all available evidence points to annihilation of matter as 
being the source of stellar energy, we shall not find it necessary to assume 
this to be the source in the following investigation, or indeed in most of the 
investigations or discussions which follow. 

Whatever the source of stellar energy may be, we wish to know in what 
way the liberation of energy takes place, and why it is proceeding so much 
more rapidly in some stars than others. Why should each gramme of the 
sun’s mass liberate on the average 1:9 ergs per second, and why should each 
gramme of V Puppis average 1100 ergs per second? If, for instance, radiation 
is produced by the annihilation of matter, why is the sun transforming its 
matter into radiation so much more slowly than V Puppis? And, if it is a 
general property of matter to transform itself into radiation, why is this 
process so little in evidence on the earth ? 

If the earth generated no energy at all, its surface would assume a steady 
average temperature such that the energy radiated away by its area of 
5:1 x 10" square centimetres was exactly equal to the energy it received from 
the sun. This latter amount of energy is 1:7 x 10* ergs per second, and the 
surface-temperature requisite to radiate this away is readily calculated to be 
about 276° abs. or 3° C. If the earth’s surface is not treated as a perfect 
radiator, the form of argument is slightly different, but the final result is 
precisely the same. Suppose, however, that the earth’s mass generated energy 
at an average rate even of a ten-thousandth part of an erg per gramme per 
second. A total internal generation of energy of 0°6 x 10* ergs per second 
would now have to be added to the 1°7 x 10* ergs received from the sun, and 
to radiate away the total of 2°3 x 10% ergs per second would need a surface 
temperature of 29°C., or higher in so far as the earth’s surface is not a 
perfect reflector. This is far above the average temperature of the earth’s 
surface, so that we may be confident that if the earth’s mass is generating 
energy at all, it does not do so at a rate approaching ;g1,5 erg per gramme 
per second. Thus the generation of energy which is proceeding in the sun 
and stars is almost or completely absent from the earth. Whatever causes 
are liberating energy in the sun are out of action on earth. 

This leads us to inquire what determines the rate at which a star 
liberates its energy. It might at first sight seem a quite hopeless task to try 
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to probe so recondite a matter as the physical details of a process of which 
we have no direct knowledge, but good luck comes to our rescue, and the one 
available method proves to be so unexpectedly powerful, that in actual fact 
the problem admits of almost complete solution. 


The method is that of examining the dynamical stability of the star. It 
is @ priori likely that changes in the physical condition of a star’s interior 
will have some effect on the rate at which its radiation is generated and 
liberated by the star. If we double its temperature and compress it into 
one-eighth of its original volume, the star is hardly likely to go on generating 
energy at precisely the same rate as before, as though nothing had happened 
—so at least it would seem natural to conjecture. We can imagine all kinds 
of laws connecting a star’s rate of liberation of energy with the density and 
temperature of its interior. But on discussion the exceedingly useful fact 
emerges that almost all these laws would give an unstable star; under some 
laws the star might expand or contract indefinitely through the rate of 
hiberation of energy in the star’s interior failing to keep pace with the rate 
at which energy was radiated away from its surface, while under other laws 
the star might transform its whole mass explosively into radiation. The 
range of laws under which the stars can continue to exist as stable structures 
is very limited indeed, and the undoubted fact that the stars actually do 
continue to exist limits the possibilities to this quite small range. 


The Stability of Stellar Structures. 

105. In the preceding chapter it was found that two independent equa- 
tions were necessary to express that a star could rest in equilibrium: 

(1) a dynamical equation expressing that the total pressure at any 
point is just adequate to support the total weight of stellar matter above 
that point, and 

(2) an equation of radiative equilibrium, expressing that the generation 
of energy in any small volume of the star is just adequate to make good the 
net loss by radiation. 

These equations can be written in the forms (cf. equations (75°2) and (75'1)), 


ae yM, 
bay Pe See bt Castes 5: 
adr (Pet 407) Soh ee Ne (105:1), 
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where G is the rate of generation of energy per unit mass, H is the flow of 
radiant energy per unit area at the point in question, pg is the pressure of the 
stellar material at the point, whether this is gaseous or not, and UY, is the 
mass of the star which lies inside a sphere drawn through this point. 


In the same way, when the star is in motion, two equations determine 
that motion: 


y 8 
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(1) a dynamical equation expressing that any pressure in excess or defect 
of the amount requisite for equilibrium produces accelerations in the star, and 

(2) a radiative equation expressing that any excess in the generation of 
energy over the net amount radiated away produces an increase in the energy 
of the stellar matter. 

These equations are easily found to be* 


ar i ee f 
Bidet oe BOS Meee ie (105°3), 

dT i = 3 
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where pC, denotes the specific heat di matter and radiation per unit volume. 


106. The equations are too complicated for discussion in the most general 
case imaginable. For the present we shall discuss only a special model of stellar 
structure, or rather a structure about which special assumptions are made. 
We suppose that the star already has such stability that a local disturbance 
spreads in the form of waves until it is uniformly distributed throughout the 
star, and proceed to consider the stability, or reverse, of a star affected by 
a disturbance which is already uniformly spread throughout the star. To 
represent this we suppose the star’s motion to be such that r changes pro- 
portionately throughout the star, so that the motion at each instant is 
one of uniform contraction or expansion. We also suppose 7’ to change 
proportionately throughout the star, so that at every instant it is being 
uniformly heated or cooled. When these assumptions are made, the changes 
in any one shell or element of the star are characteristic of the whole star. 


Let the equilibrium values of 7, p,G, H... for any shell of the star be 
T,, po. Go, H,..., and in the displaced configuration let their values be 
T,+5T, p+ dp, ..... Throughout the motion we must have pr? = pyr’. 


We have already been led to suspect (§ 98) that the ordinary gas-laws will 
not be accurately obeyed in stellar interiors. Without in any way assuming 
this, we shall find it convenient to allow for the possibility from the outset 
of our present investigation by supposing the material pressure pg to be 
connected with the density by a relation of the form 

Di Ge Ler tee occu astanou he eeew ese ets (106'1). 

It is not necessary to suppose that this is the true relation between pg 
and p in an actual star. Whether it is or not, we can always obtain the 
exact results appropriate to a purely gaseous star by putting s=0, and we 
can obtain some indication of the general effect of a departure from the gas- 
laws by assigning a small value to s, but it cannot be supposed that results 
obtained by giving finite values to s are accurately true. 

* I gave these equations in M.N. uxxxv. (1925), p. 917, but with 4aT in place of ¢a7* on the 


left-hand side of the second equation. My error was pointed out by Vogt (4st. Nach. 232 (1928), 
No. 5545). 
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Using this relation, the dynamical equation of motion (105°3) assumes 
the form 
oo Eee ee ieee ae 
dt? PAM paring Lars kde. UOTae ANT 
If X denotes the ratio of material pressure pg to pressure of radiation, 
4aT*, this equation can be expressed in the form 
d? _yM[rx4+4/87 | dr 3sr Sr 
Ga (8) = eas (Fe Ey =) - = 4 Ae (106-2). 
A displaced configuration will be one of dynamical equilibrium if the 
right-hand member of this equation vanishes. Putting the right-hand equal 
to zero and integrating, we see that from any equilibrium configuration r,, T,, 
a whole series of other equilibrium configurations can be derived, in which r 


and 7' are connected by the relation 


A» 
rie 


Wi fat aT en Fag t AERTS ce goicseManis nel ote (106°3). 
These may be regarded as forming a series of homologous configurations. 
When the gas-laws are obeyed, so that s = 0, relation (106°3) assumes the form 
rary; 
which merely expresses Lane’s law, the series of homologous configurations 
specified by equation (1063) now becoming identical with the homologous 
configurations of a sphere of perfect gas already discussed in § 60. 


1 - 3a 
A+4 7) 


107. Let us suppose the coefficient of opacity k to be given by 


Fe Se na ey As (107'1), 


so that we pass to Kramers’ opacity-law on taking n=}. The flux of energy 
per unit area, H, is now given by 
4aT*C dT aad Ci ed In 


ic eat ane Stal Soii lesnoree 


3kp dr Shi Séu 
whence we readily obtain 
Id GAN aaa il Mie 
ar (H) = (7) @ E or), Pulse: (107-2). 
Suppose, as a possible law of liberation of energy, that G, the rate of 
generation of energy per unit mass, depends on both T and p, being pro- 
portional to p*7'8. When the density and teniperature of any element of the 
star undergo slight increments 67, 5p, the rate of generation of energy G 
experiences an increment 6G given by 


ale aa 
cigars: 
ér éT 
=— a + Br Ri sleibtersretelevers aveleretoataevere (107°3). 


8-2 
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dite these relations, equation (105°4) a be put in the form 


ae d 67 (7+n)6f Tor 
oe UO”) = G, (- Ba" + 8p T. =) 


.-.(107°4). 
This and equation (106'2) together determine the motion of the star 
throughout any small displacement from its equilibrium configuration. 


0, 2 (8) + 


108. To examine the stability of the star, we eliminate 57’ from these two 
equations, thus obtaining an equation in dr alone. After some simplification 
this equation becomes 


Sey (7+n—B)G, @ (8r) + ie begat 1) tei] a 


e Cai dt? r+1 pC,T A+1 
yM, G, i A+ 4 ye) 
+ 7? 0,7, Fes n+ (7 +n p)| (6r)=0 (108'1). 
Let us write Se in the he 
a * (3r) ape (6r) + as ,(or)+D (87) = 0 JAG, (108°2), 


where B, C, D merely represent the last es coefficients in equation (108'1). 
In virtue of the assumptions on which we are working, we must regard B, C 
and D as having constant values throughout the star, so that the solution 


will be of the form 
Sr= > A,e’s?, 


3=1,2,3 
where 6,, 8., 9; are the roots of the equation 
S(O) = @ + B+ C6 4+ D=0 woececcccsseeeees (108°3). 


We proceed to examine the nature of these three roots. 

As 0 decreases from + to 0, f(@) changes from + 0 to D. If D is negative 
the equation has at least one real positive root for 0, and the star is unstable. 
Thus a first condition for stability is that D shall be positive. 

As @ increases from — oo to 0, f(@) changes from — oo to D,so that with D 
positive there must be at least one negative real root @=— e, and the equation 
assumes the form 


(7 +2PA+Q)(O+e)=0 oo. eeees (108°4), 
in which Q, as well as e, is positive, since their product eQ, which is equal to 
D, is positive. Apart from the root @=—e, the two remaining roots are 
Oem ine Pt: (Pa OVE cas tea laa (108'5). 
If P? is greater than Q, (P?—Q)? is real and is numerically less than P 
so that both roots are real and of the same sign as — P. If P? is less than Q, 
both roots are imaginary and have — P for their real part. In either event, 
the star is stable if P is positive and is unstable if P is negative. 
Comparing coefficients in the equivalent equations (1083) and (108°4), 
B= IP tee 2 BPe+Q5 04D = Qs ieacl sez. (108°6). 
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Since ¢ and Q are both positive, we see that if BO <D, P is negative and 
the star is unstable. So long as D is kept positive, a change from stability to 
instability can only occur when P vanishes, and this occurs only when BC = D. 
Hence the necessary and sufficient condition for stability is that D and BC — D 
shall both be positive, or that 

TELORSSO) bo Pere leaks sae ists daie (108°7). 


To assign a physical interpretation to these conditions, let us first examine 
the critical case of P=0. The roots for 0 are now 
O= 8 1@?, — 6 
where, from equations (108°6), 


ele G, 
eT. elms) balances ‘cielarevdletels a,s;ayeye (108°8), 

=a TMs [ A+ 4 (8p¢ + aT 38h 
Q=0=", Fesi( cae 1) 4 a (108°9). 


We see that ¢ is of the order of magnitude of G,/C,7,. Now G, is the 
rate at which energy is generated per unit mass, and so is equal to the rate 
per gramme at which the star radiates away energy when in equilibrium ; 
C,T, is equal to the heat-content of the star per gramme when in equilibrium. 
Thus 0,7,/G, is the time during which the star’s store of heat would last if it 
were radiated away without being replenished by any fresh generation of 
energy. This time is of the order of thousands of years for a giant star, and 
of millions of years for a dwarf star. We see that a time factor of e-«t repre- 


sents a gradual shrinkage or expansion whose duration is thousands or millions 
of years. 


Equation (108°9) shews that @ is of the order of magnitude of yM,/r,°, or 
of 4aryp. For a fairly compact star p is of the order of magnitude of unity 
and y= 6°66 x 10, so that Q is of the order of magnitude of 3 x 10-”. A time 
factor e*'@” is now seen to represent a pulsation whose period is of the order 
of 27 (3 x 10-7) ~ 3 seconds or a few hours or days. 


Returning to the general equations (108°6), we see that Q? is in general 
of the order of (yp), while P and e are of the order of the far smaller quantity 


G,/CyT,. Neglecting P and ¢ in comparison with Q3, the vibrations given by 
equation (108°5) have time factors 


e-Pt cos Q3t, e-Pt sin Qtt 


and so represent vibrations of a few hours or days period, the amplitude of 


which increases or decreases exponentially in periods of thousands or millions 
of years. 


109. We now see that the inequality BC >D expresses the condition 
that small pulsations of the type just described, if once set up, shall not 
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increase indefinitely in amplitude. Restoring the values of B, C and D, 


this condition is found to be 
3pg t+ 4aT;t 


38a+ B—n< (3a+7) on POR 
pC,To 
The remaining inequality D <0, which expresses the condition that there 
shall be no unstable expansion or contraction, similarly becomes 
3sr 
A+ 4 
i 
—N+4 
in which the denominator is always to be taken numerically positive. 


(109-1). 


Bok Be Pan py ye ak We (109°2), 


We can best understand the meaning of these equations if we regard 
them as limiting the value of 8. If 8 is positive and very great, heat 
generates more heat so violently that the star explodes. Generally an ad- 
ditional generation of energy increases the pressure and so causes the star 
to expand, and if 8 is not too great the consequent cooling may neutralise 
the excess generation of heat; the maximum value of 8 for which this can 
happen is given by equation (109'1). 

Similarly if @ is negative and very great, any excess of heat entirely 
inhibits the generation of energy, causing the star to contract under its own 
gravitation as in the Helmholtz-Kelvin contraction theory. This contraction 
heats the star to even higher temperatures, so that the capacity for generating 
energy is never regained and the star contracts indefinitely. The limiting 
value of 8 beyond which this happens is given by equation (109-2). 

Whatever the values of a and 8 may be, the range of values of 83a+B—n 
which are consistent with stability is limited in both directions. By sub- 
traction of the right-hand members of the inequalities (109°1) and (109-2), 
we find as the length of this range 

3a+ 7 3pqgt+4aT,'  3sr 
ey CORR a = om | Peat care 1| ...(109°8). 


Should this expression vanish or become negative for any particular star, 
the two ranges of instability would have met and crushed all stable con- 
figurations out of existence. Hence expression (1093) must be positive for 
every type of star which continues to exist stably in the sky. 


110. Let there be NV atoms, electrons or other separate units of the stellar 
matter per unit volume, and let each of these be supposed to have q degrees 
of freedom in addition to those represented by its freedom to move in space. 
Then the energy per unit volume is 


$8) MRP aTe nso Wh eh (1101), 
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and the ratio of the specific heats y is, as usual, 


=]4 2 
ie AGB 
By differentiation of formula (110°1) with respect to 7, we find for the 
specific heat, 


pPCyp=$(¢+3)NR+4aTZ® oo..ccccccccee ees (110°2), 
so that 
PUslo= pet +4aT,!. 


Let us allow for deviations from the gas-laws by supposing the gas- 
pressure to be (1+ &) NRT, where & is a positive quantity which vanishes 
when Boyle’s law is obeyed. Then the total pressure p is given by 

Bm Eee PNG PO] cecevcr tices ccaaess (110°3). 

Thus 

(1+ &) NRT, =}nraT' 
and 
3pgt 4aT,§=3 (1+ &) NRT, + 407s. 
With these values for pC, and p, the length of the range of stability as 


given by formula (109°3) becomes, after some simplification, 
Bey = ih BE =) 3s 
ie MDa ike ace Oana 


in which the denominator X + 4 — 3sd is to be taken always positive. 


(a+ 7)a| 


For a perfect gas, s = & =0, and this reduces to 


r (By — 4) 

OF 3 Ga ae® 

Let us notice in passing that when pressure of radiation is neglected 
(A = ©), formula (110°5) vanishes when y=4. Thus the range of stability 
vanishes when y= 4, and if 7+3a is positive there will be no range of 
stability when y<4. This includes as a special case the result first obtained 
by Ritter* that an ordinary sphere of gas in which the generation and 
radiation of energy are disregarded is dynamically unstable if y< 4. 


ae eee: (110°5). 


111. For ordinary stellar matter, y must be very approximately equal 
to 12. If has any value greater than 14, expression (110°4), which gives the 
length of the range of stable configurations, has the same sign as (8a+7). - 
Thus for any stable configurations to exist at all, (83a+7) must be positive. 
This condition merely rules out large negative values of a, which general 
physical principles would in any case shew to be highly improbable. 


With (3a+7) positive, the length of range of stable configurations, as 
given by expression (110-4), is positive for all values of A, but it becomes 


* Anwendungen der Mechanische Warmetheorie auf Kosmologische Probleme (Leipzig, 1882). 
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very restricted for gaseous stars of large mass, and finally disappears altogether 
for gaseous stars of infinite mass for which 2X =0. For such stars formulae 
(109'1) and (109°2) shew that stability is impossible unless 3a + 8 —1n has 
the precise value 

Sa + 8 9 Og «she paprs vera amd’ (111-1). 

As a and @ are constants of nature and cannot vary from star to star, it 
is infinitely improbable that they have the exact values necessary to satisfy 
the equation. Thus it is d priori infinitely improbable that stars of enormously 
great mass, which continue to exist stably, are wholly gaseous. 

The larger component of Plaskett’s star has at least 80 times the sun’s 
nmiass, while if Otto Struve is right in assigning 950 times the sun’s mass to 
the quadruple system 27 Canis Majoris, the most massive star of this system 
must have at least 240 times the sun’s mass. For gaseous stars of 80 and 
240 times the sun’s mass, the values of \ are 0°29 and 0°15 respectively, and 
the corresponding lengths of range of values for 3a+6—~n, as determined 
by formula (110°5), are 0:034(3a+7) and 0:018(3a+7). The numerical 
coefficients are so small that it is extremely improbable that the natural 
values of a and 8 will be such as to make 3a+ 8 —~7 lie within these small 
ranges, and on this evidence alone we might conjecture with fair certainty 
that neither Plaskett’s star nor 27 Canis Majoris can be wholly gaseous. 

Let us, however, examine the conditions for stability in more detail. On 
putting y = 14, and introducing the values of pC,, 3p, + 4a7>4 and 2 already 
given, the condition that there shall be no explosive vibrations, as expressed 
by inequality (1091), becomes 


ie De ra)s 
3a +B fers BOW) eae ea merry an (111-2). 
For a purely gaseous star, & = 0, and the condition reduces to 
xr 
3a+ 8 — n< (8a + 7) a(x + 4) apace anptane Te alelaee'oreiie (1113) 


while, to secure dynamical stability, condition (109-2) requires that 3a+ 8 —n 
shall be positive. 

For a gaseous star of the mass of Pearce’s star, X= 0°45, so that in- 
equality (111:3) becomes 

Sat Bm 9 < OOS) (Sain)! ees cna tue aie (111°4) 
and, since large values of a are out of the question, we see that 8a+ B—n 
must be quite small. 

We have, however, just seen that the most massive stars of all are very 
unlikely to be gaseous, and at the end of the last chapter (§ 98) we found 
reasons for suspecting that the stars in general are not wholly in the gaseous 
state. When deviations from the gas-laws are admitted, the range of values 
of 3a + 8 —n can be extended almost indefinitely; in the extreme case in 
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which the deviations from the gas-laws are made infinite, & and X both be- 
come infinite, independently of the mass of the star, and condition (111°2) is 
satisfied by all values such that 8 — n <7. 


Let us consider the effect of the deviations considered at the end of the 
last chapter, these being such as to make the observed data consistent with 
an atomic number of about 95, or a value of N?/A equal to about 37. The 
value of N?/A for Pearce’s star calculated on the supposition that it is wholly 
gaseous is only 27, which would of itself suggest that the star is in the 
gaseous state. As already explained, the data are very uncertain and the 
value 27 is probably too small, but even after allowing for all sources of error, 
it seems unlikely that the star can be very far removed from the gaseous 
state. Thus the fact that it continues to exist stably shews that 3a+@—n 
cannot be much greater than right-hand member of inequality (111-4), and 
so must be quite small. It would be gratifying if we could confirm the result 
from other stars, but adequate data for 27 Canis Majoris and Plaskett’s star 
are wanting. For V Puppis the inequality (1112) is found to assume the 
form 

2la+ B—n< 22. 

Since a and # are constants of nature, they may be determined from any 
one star, and the evidence of Pearce’s star is that 3a+ 8—n must be fairly 
small or negative. As n is not greatly different from 4, this involves that 
3a + 8 must be fairly small or negative. If 3a +8 were greater than about 
unity Pearce’s star, and probably also the more massive stars 27 Canis 
Majoris and Plaskett’s star, would be unstable through a tendency to de- 
velop explosive pulsations. 


THE MECHANISM OF GENERATION OF ENERGY. 


112. We have seen that the generation of stellar energy must be a sub- 
atomic process, but we have so far obtained no indication on physical or 
astronomical grounds of the mechanism by which this generation of energy 
takes place. 


The one familiar instance of sub-atomic generation of energy is radio- 
activity. Here the generation of energy by an atom is “spontaneous” in 
the sense that it is not influenced by interaction with other atoms or 
electrons; by analogy with monomolecular reactions in chemistry, we may 
describe it as a “mono-atomic” process. But we have no more right to 
assume that all sub-atomic generation of energy is “mono-atomic” than we 
should have to assume that all chemical reactions are monomolecular. 


6c 


Alternative possibilities are that sub-atomic generation of energy may 
result from the interaction between an atom and other atoms, or free electrons 
or possibly radiation. The condition just obtained enables us to rule out all 
these possibilities in turn. 


126 The Source of Stellar Energy [cH. IV 


The rate of generation of energy per unit mass has been supposed to be 
proportional to p*7*. If the mechanism of generation were set into operation 
by collisions of any kind, the rate of generation would be proportional to the 
number of collisions per unit time and possibly also to a further factor, re- 
presenting the energy of the collisions which would increase with increasing 
temperature. The number of collisions per unit mass per unit time being 
proportional to pT?, we should have a=1, 84, and hence 3a+ BS 3°5. 

If the mechanism of generation of energy were set into operation by the 
proximity of other bodies, the rate would be proportional to p, or to p raised 
to some power higher than unity, so that we should have a>1, 8=0 and 
hence 3a+ 85 3°0. 

If the mechanism of generation were set into operation by ordinary 
temperature radiation, the rate would be proportional to the density of this 
radiation, and so to 74, so that we should have a=0, 8=4 and hence 
3a+ B=4. 

All these values of 3a+8 are too large to be reconciled with the 
restriction on the value of 3a+ 8 just obtained, so that the corresponding 
possibilities may be dismissed. It must of course be admitted that radiation 
of precisely the right wave-length to stimulate the sub-atomic reaction must 
operate in the direction of increasing the rate of generation of energy, but 
we shall find that the increase produced in this way is quite insignificant. 


113. The condition that 3a+ 8 must be small would also seem to rule 
out the suggestion of Perrin and Eddington as to energy being generated by 
atoms of the lighter elements combining to form heavier atoms. For before, 
for example, four atoms of hydrogen can combine into an atom of helium, it 
is necessary that the four atoms of hydrogen should come together, and the 
frequency with which this would happen per unit mass of hydrogen would | 
be proportional to the third power of the density. This would give 3a+ 6 =9, 
a value which is far too high for stability. 


114. The same condition would seem also to rule out a scheme of gener- 
ation of stellar energy proposed by H. N. Russell*, according to which the 
rate of generation of energy remains insignificant until the stellar matter 
attains a certain critical temperature T’,, after which generation proceeds 
vigorously. This scheme demands a rate of generation which may be repre- 
sented in its main essentials by a law of the type 

T\B 

Ga (a) 4 

where 8 is large. Our discussion has shewn that large values of 8 would 
render the star unstable, so that Russell’s scheme would seem to be untenable. 


* See § 155 below; also H. N. Russell, Nature, August 8, 1925, or Russell, Dugan and 
Stewart, Astronomy, Chapter xxv1. 
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115. We are thus led to the conclusion that the generation of energy 
must be a “mono-atomic” process; the atom by which the energy is gene- 
rated is alone involved. Since the concepts of density and temperature have 
no meaning with reference to single atoms, it follows that the process is 
independent both of density and temperature. The rate of generation must 
proceed at a rate determined solely by the constants which specify the 
structure of the atoms; the process is spontaneous in the way in which the 
emission of energy by radioactive substances is spontaneous. 


The quantum theory provides a reason why the emission of energy by 
radioactive substances cannot be either inhibited or expedited by such 
changes of temperature as are possible in the physical laboratory. A sub- 
atomic generation of energy, as Einstein has shewn, can occur in either of 
‘two ways—either spontaneously (i.e. through the lapse of time) or through 
the stimulus of incident radiation. In this latter case the wave-length of the 
incident radiation must be such that the energy of one quantum is equal to 
the energy set free by the sub-atomic change in question. This makes it easy 
to calculate the temperature at which the second process becomes operative. 
The temperature necessary to expedite the disintegration of uranium is in 
this way found to be of the order of thousands of millions of degrees, and it 
at once becomes clear why warming up uranium in the laboratory does not 
speed up its disintegration. 

A similar calculation gives the temperature necessary to influence the 
rate of annihilation of matter. The process of annihilation of which the 
energy is lowest is the simple annihilation of an electron and a proton. 
The total mass annihilated in this process is 1°66 x 10-* grammes, so that 
the total energy transformed in the process is C? times this, or 0:0015 ergs. 
Only quanta of radiation having this energy can have any effect on the rate 
of annihilation of matter, and a simple calculation shews that the number of 
such quanta is quite inappreciable until the temperature is of the order 
of a million million degrees. It follows that the temperature necessary to 
influence the rate of sub-atomic annihilation of matter is of the order of 
a million million degrees. It may be argued that a lower temperature, 
although not adequate to bring about the actual annihilation of matter, 
might set up sub-atomic processes of adequate intensity. This is true as 
regards a star's momentary radiation, but such processes cannot provide an 
adequate duration for the radiation. All processes which are affected by 
temperatures of less than about a million million degrees leave the total 
number of electrons and the total number of protons in a star unaltered, 
whereas the evidence of astronomy is that the number of electrons and protons 
in a star continually decreases. 

With this figure before us, it is clear that the comparatively feeble stellar 
temperatures of less than a thousand million degrees must be quite inopera- 
tive in regard to the main generation of stellar energy ; indeed the heat of 
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the hottest of stellar interiors can have no more influence on the rate of 
annihilation of matter than a warm summer's day has on the rate of disin- 
tegration of uranium. We can now see why we were of necessity led to the 
conclusion that the rate of generation of energy cannot be influenced by 
changes of temperature. Any other conclusion would have been a violation 
of the laws of physics. With this result before us it would seem to be 
abundantly clear that what is annihilating the matter of the stars is neither 
heat nor cold, neither high density nor low, but merely the passage of time. 


116. This conclusion has been reached from two abstract theoretical dis- 
cussions, to which observational astronomy has hardly made any contribution 
at all. Thus observational astronomy is perfectly free either to confirm or to 
deny the conclusion we have reached. But before appealing to observational 
astronomy, one further abstract consideration must be put forward. 

We may imagine a star to consist of a mixture of chemical atoms of 
different types, and from analogy with the radioactive elements, we should 
expect these to generate radiation at very different rates. But if a gramme 
of a special type of atom generates energy at a high rate, it is merely because 
the atoms are dissolving into energy at a high rate. The elements which 
generate energy at a great rate are those whose atoms are short-lived. Indeed 
if the whole atom is annihilated, it is readily seen that the rate of generation 
of energy per unit mass varies inversely as the average life of the atom. 


As a star ages those elements which are most short-lived disappear first, 
while the most permanent atoms survive the longest. This is equivalent to 
saying that its most energetic generators of radiation disappear first, while 
the atoms which persist into the old age of the star are but feeble generators 
of radiation. It follows that as a star ages, its average rate of generation of 
energy per unit mass decreases. And, of course, since its radiation is produced 
at the expense of the matter it contains, its mass also decreases. Thus if we 
are right in believing that it is merely old age that annihilates matter, we 
ought to find that the stars which radiate most energetically per unit mass 
are the youngest stars, and so also the most massive stars; they ought not 
to be the stars of highest or lowest internal temperature or of highest or 
lowest central density. 


117. This consequence of our theory is fully confirmed by observational 
astronomy. The stars which radiate most energetically are neither the hottest 
nor the densest; they are the most massive and hence the youngest. Tables 
and diagrams have been prepared by Hertzsprung*, by Russell, Adams and 
Joyt, and by Eddingtont, in which a star’s luminosity is given in terms 
of its mass, and each shews a very strong correlation between mass and 

* Bull. Astr. Inst, Netherlands, No. 48 (1923). 


+ Publications Ast. Soc. Pac, xxxv. (1923), p. 189. 
~ MLN, wxxxtv. (1924), p. 308. 
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luminosity ; not only does a star’s luminosity depend very closely on its mass, 
but so also does the star's luminosity per unit mass, which gives a measure 
of the average rate at which it is generating energy per unit mass. Stars of 
great mass, which our theory requires to be the youngest stars, shew high 
luminosity per unit mass, while stars of small mass, which are old stars, shew 
low luminosity per unit mass. 

No such correlation can be discovered between a star’s luminosity and its 
internal temperature or density. Certainly there is no correlation in the 
sense of the hottest or densest stars radiating more per unit mass than other 
stars; indeed many of the hottest and densest stars are entirely put to 
shame in the matter of radiation by very cool stars of low density such as 
Antares and Betelgeux. If we arrange the stars in order of radiation per 
unit mass, we shall find that we have arranged them neither in order of 
temperature nor of density, but very approximately in order of mass and 
age; the most massive and the youngest stars radiate most energetically 
regardless of their interior temperatures and density ; the older stars appear 
to be tired out. 


The general tendency is shewn in the following table: 


Table XIV. Generation of Energy by Typical Stars. 


Generation 
Central Central 
Star (ergs per Temperature Density Mass Age (years) 
gramme) 


B.D. 6° 1309 4 (11,000) Very high | Very great (78) 
40 


H.D. 1337 4 15,000 | 200,000,000 363 

V Puppis A 1.100 | 160,000,000} 120 19-9, | less than 10” 
Betelgeux (300) 10,000,000 | (0:04) (40) 

Capella A 48 19,000,000 1 4:18 less than 10!2 
Sirius A 29 80,000,000 | 140 2:45 102 

Sun 1:90 55,000,000 | 140 1-00 7x 102 

a Centauri B 0-90 45,000,000 70 0-97 7x 10! 

60 Kruger B 0-02 65,000,000 | 5300 0:20 2x 1014 


The rates of generation of energy which occupy the second column are 
those already given in Table IX (p. 59). The central temperatures and 
densities are taken from Table XII (p. 100). We subsequently found that 
the central temperatures needed a reduction of the order of 30 per cent. to 
allow for deviations from the gas-laws, but an all round reduction of about 
this amount would leave the general run of the figures unaltered. The central 
densities probably need adjustment for the same reason, but these differ so 
widely between themselves that no adjustment of this type is likely to change 
_the order much. The masses shewn in the fifth column give a rough indication 
of the star’s age, but the result of a more exact calculation is shewn in the 
last column. 
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The Ages of the Stars. 
118. The method by which these ages are calculated needs explanation. 
The observed correlation between a star’s mass and its total rate of radiation 
(or bolometric luminosity) is so marked that it is possible to say, within a 
not very great limit of error, that a star of known mass M has a definite 
bolometric luminosity Z, which depends only on M. 
To a fairly good approximation, the emission of radiation by different 
stars is found to be proportional to the cubes of their masses, so that 
Biel ® Aoisa, Mab asl dale Seok xe (1181), 
where L is the star’s bolometric luminosity and M is its mass, both being 
measured with reference to the sun as unity. Taking logarithms of both 


sides we deduce that 
=e PBST OOS Messe encase cassisen ans (118-2), 


where m is the absolute bolometric magnitude. 


Examples of the use of this formula, which for the present is best regarded 
as purely empirical, are shewn in the following table: 


Table XV. Mass-Luminosity Relation. 


Absolute bolometric ( 
magnitude (obs. — calc.) | (obs. - calc.) 
Star Mass (118-2) | (Eddington) 


(calc.) (obs.) 
B.D. 6° 1309.4 | (756+)| -924+] -9°31 -—0-07+ — 1424 
H.D. 1337 A 36 3 — 6°85 — 8:82 —1:97 — 2:28 
V Puppis 4 19-2 —477 — 5°26 —0°5 +0°4 
Capella A 4:18 0-20 — 0-20 —0-4 = 
bane 3°32 0-94 0-22 -07 +0:20 
Sirius : 2°45 1:93 1:00 —0°9 +0°30 
Sun 1:00 4°85 4°85 == +0°33 
a Centauri A 114 4°42 4°7 +03 +0°37 
i B 0:97 4:95 57 +07 +0715 
60 Kruger A 0:25 9°36 10-0 +0°6 —1°41 
a B 0:20 10:1 11°5 +1°4 —1:33 


It will be noticed that the errors (obs.—calc.) in the fifth column are 
fairly small, shewing that L is fairly close to M*. There is a certain amount 
of systematic deviation in the sense of L being greater than M® for stars of 
largest mass, but it should be noticed that if the mass of B.D. 6° 1309 A is 
much greater than the minimum value 75'6, L is less than M? for this star. 
Except for this the agreement could be greatly improved by making L 
proportional to a somewhat higher power of M. For instance the law L = M*4 
gives errors which average only + 0°4 magnitudes for all stars except the first. 

For comparison the last column shews the errors given by the mass- 
luminosity law discussed in § 90* which Eddington has derived from a 


* M.N, uxxxiv. (1924), p. 308. 
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consideration of his special model. We see that the very simple law ZL = M* 
gives errors which are, on the whole, rather less than those given by the far 
more complicated mass-luminosity relation of Eddington. 


As a result of its emission of radiation, a star’s mass necessarily decreases 
at a rate which is proportional to the bolometric luminosity Z of the star, and 
so, assuming formula (118°1), to M*. Hence we must have a general relation 


an = — aM! Baar tele ctote sentasneets cd (118°3), 


where a is the same for all stars. Inserting the values appropriate to the 
sun (M=2 x 10® grammes, and oe = 42 x 10" grammes per sec.), we find 


that 
a=5°2 x 10-%, 
Solving equation (118°3) we find that the time ¢ required for a star to 
shrink from a mass M’ to a smaller mass M is 


POR SAT 
t= (aA es me) he cp eran (118°4), 


For instance, we find that if ever the sun had four times its present mass, 
the interval which has elapsed since this period must be about 7°1 x 10” years. 
The time since the sun had an enormously great mass would be approximately 
the same, for while a star is very massive it radiates its mass away at such a 
great rate that this stage of its existence does not last for long. Putting 
M’=o in formula (118'4) we obtain t=7°6 x 10” years as the interval since 
the sun was, theoretically, of infinite mass. 


The age of any other star calculated as the interval since it was of very 
great mass, is given by the formula 
10 x 108 
Te Me 
where M is the star’s mass in terms of that of the sun. These are the ages 
entered in the last column of Table XIV; they provide upper limits to the 
ages of the stars, except for a reservation to be made below (§§ 127, 167). 


t years, 


The Chemical Evolution of the Stars. 


119. The mass of the star V Puppis is at present 19:2 times that of the 
sun, while Plaskett’s star has a mass at least 76 times that of the sun, and 
probably greater still. After an interval of the order of 7 x 10” years, each 
of these stars will be reduced to a mass about equal to that of the sun. 

If radiation results from an actual annihilation of matter, it follows that 
about 99 per cent. of the electrons and protons now in Plaskett’s star and 
about 95 per cent. of those now in V Puppis will have been annihilated 
during this period, their energy having been transformed into radiation. As 
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we have already seen, the evidence of the opacity of the: stars shews that 
there is no very great range in the average atomic weights of the atoms in 
different stars. Thus our statement may be put in the alternative form that 
some 99 per cent. of the atoms in Plaskett’s star and some 95 per cent. of 
the atoms in V Puppis are fated to undergo annihilation within the next 
7 x 10” years or so. 


We have no evidence as to whether stellar atoms are annihilated instan- 
taneously or through successive stages by a gradual reduction of atomic 
weight and atomic number. But an essential feature of the process must in 
either case be the coalescence of electrons with the protons of the nucleus, 
since there is no other means of annihilating the protons. The electrons 
which fall into the nuclei might & priori either be free electrons rushing 
about through the star, or bound electrons describing orbits about the nuclei 
in question under the laws of quantum-dynamics. 


If free electrons alone were liable to annihilation, the rate of annihilation, 
and so of generation of energy, would be in some way dependent on the 
frequency of collisions or of proximity between free electrons and nuclei. The 
discussion of § 112 enables us to rule out these possibilities, and we conclude 
that the process of annihilation consists mainly or wholly of the falling of 
bound electrons into the nucleus. 


120. One conclusion appears to follow. A star whose atoms are stripped 
bare right down to their nuclei, ought to radiate little or no energy, for it — 
has no bound electrons which can be annihilated, except perhaps a few in its 
surface layers. In looking for examples of such stars we naturally turn to 
the white dwarfs, the abnormally high density of these stars providing a 
positive guarantee that the majority of their atoms are stripped bare of 
electrons, since if even the K-rings were left the densities would be less than 
those actually observed. The predictions of theory are found to be confirmed 
by observation, the white dwarfs emitting abnormally little radiation. The 
faint companion to Sirius, of mean density about 50,000, radiates only 
0:007 ergs per gramme as against the 1‘9 ergs per gramme radiated by the sun. 
The faint component of o, Eridani, with a mean density of about 100,000, 
radiates about 0°002 ergs per gramme. The spectral type of the companion 
to Procyon is unknown. If it were of type M6 its visual luminosity would 
give it a surface only one-eightieth of that of 60 Kruger A, and so a radius 
equal to about a twenty-seventh of that of the sun, or about equal to that 
of Sirius B. A higher surface-temperature would give a still smaller radius. 
Thus, whether we call the star a white dwarf or not, its density is so great 
that we must suppose most of its atoms to be stripped bare of electrons. Its 
radiation of energy is only about 0:0005 ergs per gramme. Finally van Maanen’s 
star (0h. 43°9 m., + 4°55), an undoubted white dwarf with a mean density of 
hundreds of thousands, radiates only about 0:001 ergs per gramme. 
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More generally any stripping of the electrons from the atoms of stellar 
matter ought to inhibit the energy-generating capacity of the matter, since 
it increases the number of free electrons which are immune from annihilation. 
Broadly speaking, the atoms near the centre of a star are more highly ionised 
than those in its outer regions, and this must produce a tendency to inhibit 
the generation of energy in the central regions of a star and to throw the 
generation of energy into the star’s outer layers. Other tendencies may of 
course operate to neutralise this, wholly or in part. We shall return to this 
question later. 


121. The conclusion reached in §115 that the rate of annihilation of 
matter is unaffected by changes of density and temperature, was based on 
the supposition that the matter to be annihilated retained the same consti- 
tution throughout all changes of temperature and density. Our conclusion 
implied, for instance, that a mass of matter in which each atom is ionised 
down to its K-ring but not below, will generate energy at precisely the same 
rate no matter how its temperature and density are changed, so long as these 
changes do not affect the ionisation of the matter. As soon as the ionisation 
is affected, the problem of the dependence of energy-generation on tempera- 
ture and density becomes identical] with that of the dependence of ionisation 
on temperature and density. 


An increase of temperature increases the degree of ionisation of stellar 
atoms because the quanta become more energetic; this in turn inhibits the 
generation of energy. On the other hand, an increase of density decreases the 
degree of ionisation because there are now fewer quanta per atom, and this 
in turn increases the generation of energy. Thus the rate of generation of 
energy per unit mass must decrease with temperature and increase with 
density. We have tentatively supposed this rate to be proportional to p*7*; 
it now appears that @ must be negative and a positive. But a brief calcula- 
tion, based on the known formulae connecting ionisation with temperature and 
density shews that a and 8 are both comparatively small. To a preliminary 
approximation which is adequate for most purposes, we may disregard both 
a and 8, and suppose the rate of generation of energy to be a constant for a 
given type of matter. 


122. Stellar radiation must either orginate in types of matter known to 
us on earth or else in other and unknown types. When once it is accepted 
that high temperature and density can do nothing or almost nothing to 
accelerate the generation of radiation by ordinary matter, it becomes clear 
that stellar radiation cannot originate in types of matter known to us on 
earth. Terrestrial matter as we have seen (§ 104) generates almost no energy, 
and as increasing its temperature to stellar temperatures and decreasing its 
density to stellar densities could not increase its generating capacity, we 
must conclude that other types of matter are responsible for the radiation 


J 9 
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of the sun and stars. The only possible reservation to this statement arises 
in connection with the radioactive elements. We have, however, seen that 
even if the sun were built of pure uranium, its radiating power would be only 
about one-half of that observed, and would only last for a minute fraction of 
what is believed to have been the sun’s life. A sun of pure radium would 
radiate more than enough for the moment, but its life would be limited to a 
few thousand years. No possible combination of terrestrial elements can give 
the combination of high radiation and of staying power which is observed in 
the sun and stars. 

According to practically all theories of the origin of the solar system, the 
earth and the other planets must have been formed out of the body of the 
sun at some epoch which we may date at approximately 1500 million years 
ago. The question then arises why the atoms of the sun, which are generating 
energy at an average rate of some 1°9 ergs a second, should be of different 
type from those of the earth, which are certainly generating less than 0:0001 
ergs per second. 

If they are of different type now, they must have been of different type 
when the earth was born out of the sun. The sun’s present rate loss of mass 
by radiation indicates that the present average life of solar atoms is of the 
order of 15 x 10" years. Thus the chemical composition of the sun, or of a 
fair sample of solar atoms, can hardly have changed appreciably in the 15 x 108 
years of the earth’s existence. The earth’s atoms cannot have formed a fair 
sample of the sun’s atoms when the earth was born, otherwise they would 
still do so, and the phenomenon of energy-generation shews that they do not. 


Thus we must suppose that the atoms in the outer layers of the sun, 
from which the earth was formed, do not constitute a fair sample of the sun 
as a whole. This supposition can hardly be considered unreasonable, any 
more than the supposition that the earth’s atmosphere is not a fair sample 
of the earth as a whole. Whatever mixture of elements may constitute the 
sun, the heavier elements are likely to sink to its far interior*, so that the 
atoms in its outer layers are selected for their light atomic weight. If for 
simplicity we regard the sun as containing only two kinds of atoms—light 
elements which rise to its surface, and heavy elements which sink into its far 
interior—then the light elements, being similar to those found on earth, have 
practically no capacity for generating energy, so that the sun’s generation 
of energy must originate in the heavy elements which reside in its interior 
regions. But if, as we have supposed (§ 120), ionisation of stellar atoms par- 
tially or wholly inhibits their generation of energy, then the problem of the 
distribution of this energy generation becomes very intricate. 


123. More generally we may suppose that the matter of the sun and stars 
consists in its earliest state of a mixture of elements of different atomic 
* See § 87 (p. 93) above, 
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weights, those elements whose atomic weights are highest having the greatest 
capacity for the spontaneous generation of radiation by annihilating them- 
selves, and, in consequence, having the shortest lives. Such elements will 
necessarily be the first to disappear as the star ages, their disappearance 
reducing not only the mean atomic weight in the star but also the mean rate 
of radiation per unit mass, since these heavy elements are the most energetic 
radiators. Just as, on the coast, the hardest rocks survive for longest the 
disintegrating action of the sea, so in a star the lightest elements survive for 
longest the disintegrating action of time, with the result that ultimately the 
star contains only the lightest elements of all and so has lost all radiating 
power. Our terrestrial elements have so little capacity for spontaneous trans- 
formation that they may properly be described as “permanent.” The result 
of our previous calculations of § 104 may be stated in the form that if the 
terrestrial elements underwent any appreciable transformation in periods 
comparable with a period of 10" years, the resulting generation of heat by 
the earth’s mass would make the earth too hot for human habitation. Again 
the radioactive elements must be mentioned as an exception; they probably 
represent the last surviving vestiges of more vigorous primeval matter, thus 
forming a bridge between the inert permanent elements and the heavier and 
shorter-lived elements of the stars. 

The half-period of uranium (5 x 10° years) is so short that we must 
suppose that the supply of uranium in the sun is being continually re- 
plenished. Otherwise, as Lindemann* has remarked, an interval of 5 x 10” 
years would reduce the amount of uranium in the sun by a factor of 10-™. 
Even if the sun had consisted wholly of uranium at the beginning of this 
period there would be less than 2 kilograms left at the end, and more than 
this exists now on the earth alone. 

It is hardly likely that this replenishment can occur through the synthesis 
of lighter elements. We have seen that a temperature of the order of a 
thousand million degrees is necessary to effect the disintegration of uranium 
and a similar temperature would, in all probability, be needed to produce 
uranium by the synthesis of its components. 

Thus we are led to suppose that the sun’s store o/ uranium is continually 
being formed by the disintegration of a parent element of higher atomic weight 
and far longer half-period. The amount of uranium would in this case be 
kept constant if the amounts of the two substances were proportional to their 
half-periods, and a half-period of the order of 10" years for the parent element 
removes all difficulties associated with the time-scale without calling for any 
improbably large amount of this element. 

THE PROCESS OF ANNIHILATION. 

124. We are now in a position to form some sort of a picture of the 

mechanism by which a star generates and radiates its energy. 
* Nature, cxv. (1925), p. 229. 
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We must suppose that one of the heavy atoms in a star’s interior first 
begins to change into radiation through one of its bound electrons falling 
into the nucleus, and coalescing with one of the nuclear protons so that both 
are annihilated. It is immaterial whether the whole atom changes into 
radiation at once or through a succession of comparatively slow changes. In 
either case the process of annihilation is likely to consist of a series of 
events in each of which a single proton and a single electron are annihilated 
simultaneously. 

As we have seen, the energy set free by the annihilation of a proton of 
mass M and an electron of mass m is (m + M)C*, which 1s equal to 0°0015 ergs. 
In accordance with general quantum principles each such annihilation must 
result in the production of a single quantum of radiant energy of frequency v 
given by 

hy = 0°0015 ergs, 
so that the frequency v is 2°3 x 10” and the wave-length is 1°3 x 10-* cms. 

Each time a proton and electron are annihilated a splash of radiant energy 
of this wave-length and of total energy 0:0015 ergs is produced, and sets off 
to travel through the star until, after innumerable absorptions and _ re- 
emissions, it reaches the star’s surface and wanders off into space. Except 
for being many thousands of times more powerful, each splash is similar to 
the splashes produced by radioactive material in the spinthariscope. The 
great energy of the splashes is to some extent counterbalanced by their rarity. 
In the sun, for instance, only about one atom in every 10” annihilates itself 
each hour. 

As this very high-frequency radiation travels through a star, it may be 
either scattered or absorbed when it meets an atom. Absorption can only be 
by complete quanta; the absorption of a quantum ejects an electron with a 
velocity representing kinetic energy of 0:0015 ergs, and so equal to 099999985 
times the velocity of light. When this electron strikes an atom a new quantum 
of radiation is emitted whose energy, and therefore also wave-length, is equal 
to that of the original radiation. The hardness of the radiation is thus 
unaffected by absorption and re-emission. The scattering of the radiation, on 
the other hand, is readily shewn to produce a softening of its quality, just as 
in the ordinary Compton effect, and a succession of such scatterings will 
increase the wave-length of the radiation until it becomes indistinguishable 
from ordinary temperature radiation. 

Newly generated radiation, in spite of its extreme hardness, will not 
penetrate far through the interior of a star without being changed in this way, 
so that we should expect the radiation emitted from the surface of a star to 
be ordinary temperature radiation, retaining no traces of its origin as radiation 
of extremely short wave-length. 

On the other hand, astronomical bodies exist which are transparent to 
ordinary light and so, a fortiori, must be transparent to this high-frequency 
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radiation. The irregular nebulae and the outer shells of the planetary nebulae 
form obvious instances, but the most important for our present purpose are 
the spiral and other extra-galactic nebulae. All the radiation generated in 
the transparent parts of these nebulae ought to pass without appreciable 
absorption or softening into outer space, so that we should expect to find 
space filled with high-frequency radiation of wave-length of the order of 
1°3 x 10-% cms. Here and there this radiation may devastate isolated atoms, 
ejecting 940-million volt electrons as it passes, but the greater part of it 
will pass through space unhindered until it meets a medium of substantial 
absorbing powers. Thus we should expect the atmospheres of the stars, sun 
and earth, and even the solid body of the earth, to be under continual bom- 
bardment by highly penetrating radiation of nebular origin. 


Highly Penetrating Radiation. 

125. Such radiation has been detected in the earth’s atmosphere by 
McLennan, Burton, Cook, Rutherford, Kolhérster, Millikan, and many others. 
It seems to be satisfactorily established that the radiation is of extra-terrestrial 
origin, since it does not decrease in intensity with increasing height as it would 
if, as at first was thought, it originated in the earth’s radioactivity. Indeed, 
by sending up balloons, Kolhorster, and later Millikan and Bowen, have shewn 
that the intensity of the radiation is substantially greater at high altitudes 
than at low, proving clearly that the radiation comes into the earth’s atmo- 
sphere from outside. It does not come from the stars, for if it did the main 
part would come from the sun, and the amount received by day would be far 
greater than that received at night; this is not found to be the case. Thus 
the radiation must originate in nebulae or cosmic masses other than stars. 
Kolhorster and von Salis have recently found* that the intensity of the 
radiation received at any point on the earth’s surface varies with the orienta- 
tion of the earth in space in a way which indicates that the radiation is 
received largely from regions near the Milky Way, especially the regions of 
Andromeda and Hercules. 


126. This is entirely consistent with the radiation being the direct product 
of the annihilation of matter in the transparent parts of the great nebulae. 
If gy ergs per second are generated in any small region of space, the flux of 
radiation per square cm. at a distance r will be g/47r*. If a shell of matter 
surrounding the earth and having radii 7,, 7, generates G ergs per gramme per 
second, the amount falling on a square cm. of the earth’s atmosphere will be 

Ts 2p 
; ; eee ie ie ams pt tear epe (1261). 

We can form a rough estimate of the actual flux of this highly penetrating 
radiation through the earth’s atmosphere. At sea-level it is found to produce 
1:4 ions per cubic centimetre per second, so that if it underwent no absorption 

* Nature, Oct. 9, 1926. 
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at all in the earth’s atmosphere the flux of energy per square centimetre 
would produce over a million ions per second, representing a flux of energy of 
about 0°00003 ergs per second. The actual flux must be far greater than this, 
partly because the figure of 1-4 ions per second represents the activity of 
the radiation after it has suffered absorption by the earth’s atmosphere, and 
partly because the main part of this radiation must expend its energy in other 
ways than in the ionisation of molecules. To allow for absorption we may 
multiply our estimate by about 10, increasing it to about 0:0003 ergs per 
second; but it seems impossible to estimate the second source of error. 


According to Hubble (§ 17) the extra-galactic nebulae are so evenly 
spaced that we can regard them, to a first approximation, as forming a distribu- 
tion of uniform density round the earth, with a density of matter, at least up 
to about 100 million light years, of about 1:5x10-" grammes per cubic cm. 

Giving p this value in equation (126:1), we find that a flux of 0°0003 ergs 
per square cm. requires that 

G (r2—7;) =6 x 10”. 

If we put the outer radius r, equal to the 140 million light years distance 
of the furthest visible nebulae (r, = 1:4 x 10”) we obtain @= 43. Thus we 
can account for the amount of highly penetrating radiation received by the 
earth’s atmosphere, by supposing all the nebulae within 140 million light years 
to be generating energy at the rate of 43 ergs per gramme per second. The 
calculation is of course very rough; the energy actually received is greater 
than 0:0003 ergs per second for the reasons already stated; against this no 
doubt a large amount of highly penetrating radiation reaches us from nebulae 
at distances greater than 140 million light years. 

Setting these various corrections off against one another,a rate of generation 
of energy of G = 43 ergs per gramme per second would seem to be of the right 
order of magnitude to account for the observed reception of highly penetrating 
radiation ; we notice at once that it is of the same order of magnitude as the 
rate of generation of fairly young stars—for Sirius, for instance, G = 29; for 
Capella, G= 50. We shall return to a fuller discussion of this fact later; for 
the present we note that the agreement as regards order of magnitude confirms 
our conception of stellar energy originating in the annihilation of matter. 

The wave-length of the observed radiation might be expected to disclose 
its source. If the radiation originated in the annihilation of matter, the 
minimum wave-length ought to be 1°31 x 10—* cms,, the energy of a quantum 
being 0:00150 ergs, and that of an electron 940 million volts. But the only 
quantity susceptible of direct measurement is the penetrating power of the 
radiation, and the theoretical relation between this and wave-length is still 
uncertain. The original formula of Compton and a later formula of Dirac and 
Gordon agreed in assigning a wave-length far greater than 1:31 x 107" cms. 


to the observed radiation, but a more recent investigation of Klein and Nishina* 
* Nature, cxxtt. (1928), p. 399. 
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takes account of the relativity-correction and leads to very different results, 
Gray has found that the available experimental evidence on the whole sup- 
ports the new formula. And the observed penetrating power of the radiation 
agrees excellently with that which it assigns to radiation of 940-million volts 
energy, such as would be produced by the annihilation of protons and electronsf. 

Rosseland has suggested that bombardment by this radiation may be the 
cause of the observed bright lines in stellar spectra; I had previously§ 
suggested a similar origin for the luminosity of the irregular nebulae. 

Finally we may notice that, as a gramme of matter contains 9 x 10” ergs 
of energy, our estimate of G= 43 ergs per gramme per second for the rate at 
which energy is generated by the annihilation of matter throughout the 
universe, assigns to the matter of the universe an average expectation of life 
of 2 x 10" seconds, which is only about 600,000 million years. But our whole 
estimate is of so rough a character that this figure can claim at most to be 
accurate as regards order of magnitude. 


SUMMARY. 


127. The general impression produced by our analysis of observational 
facts is that of a universe slowly but inexorably dissolving into radiation. 
The process may not properly be compared to that of ice dissolving into water, 
a process whose speed is governed by the rate at which heat is supplied from 
outside, nor to gunpowder dissolving into smoke, a process whose rapidity is 
checked only by mechanical conditions extraneous to the process itself; it 
should rather be compared to the dissolving of uranium into lead, a process 
which pursues its steady course uninfluenced by all external factors. 


One reservation only need be made. We have found reasons for supposing 
that the complete ionisation of stellar matter inhibits the process of trans- 
formation into energy, and it seems likely that partial ionisation may produce 
a partial inhibition of this process. The chemist who is given a sample of rock 
in which lead and uranium are mixed can estimate the age of the rock by 
measuring the proportion of uranium which remains. The astronomer who is 
given a sample of stellar matter cannot estimate its age in a similar way; he 
must first know for how long it has been protected from dissolution by being 
in a state of complete or partial ionisation. The ages which we have calculated 
for the stars may need to be substantially increased for this reason, and what 
appear to be the youngest of the stars may conceivably be constituted of atoms 
which are as old as any in the universe but have been protected by ionisation 
from dissolution throughout the greater part of their lives. 

t+ See a general discussion by Sir E. Rutherford, Proc. Roy. Soc. 122 (1929), p. 15. 


£ Astro. Journ. May, 1926. 
§ Nature, December 12, 1925. 


CHAPTER V 
LIQUID STARS 


THE GENERAL CONDITION OF LIQUID STARS. 


128. In Chapter 111 we investigated the internal equilibrium of the stars 
on the supposition that they were masses of gravitating gas, in which the 
gas-laws were obeyed throughout. The investigation was abandoned when it 
was found to lead to impossibly high values for the atomic weights of the 
stellar atoms. This created a suspicion that the hypothesis on which it was 
based was unfounded, and that the gas-laws are not obeyed in stellar interiors. 


The last chapter provided further evidence to the same effect. We there 
investigated the mode of generation of stellar energy, using the guiding 
principle that all modes of generation of energy which make the stars 
dynamically unstable can be ruled out of the list of practical possibilities. 
We found that when the gas-laws are supposed to be obeyed, no possibilities 
remain for stars of enormously great mass. Further the only mode of genera- 
tion of energy which was both physically acceptable and consistent with the 
stability of actual stars proved to be one in which the rate of generation of 
energy is uninfluenced by changes of density and temperature, as in radio- 
active substances, and this, as we shall see at once (§ 134), requires substantial 
deviations from the gas-laws in stars of all masses. 


We now rediscuss the problem of the physical constitution of the stars, 
and examine the form it assumes when the gas-laws are no longer obeyed. 


129, With Kramers’ law for the coefficient of opacity, the flow of radiant 
energy per unit area is, as in equation (98'1), 
2a Ses eae 
334 x 10%pi(NWA) dr 


where N, A are the atomic number and weight of the stellar atoms. This 
equation is true independently of whether the gas-laws are obeyed or not. 


H= 


(129'1), 


Let us start from a standard configuration in which the star is in equi- 
librium with a specified rate of generation of energy for each element. We 
can obtain a succession of configurations suitable to stellar matter of different 
atomic weights by keeping every element of the star’s mass in its original 
position, thus maintaining the star’s distribution of density and its gravi- 
tational field unaltered, but varying N?/A and 7 throughout the star. If we 
change N?/A and 7 in such a way as to keep the ratio of N?/A to 77 
unaltered throughout the star, equation (129'1) will still be satisfied through- 
out the star with the same value of H, so that if the generation of energy is 
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maintained unaltered, the new configuration will all be in radiative equi- 
librium. Since H retains the same value throughout the star, the star's 
luminosity remains unaltered. 


Let us suppose that the standard configuration from which we started 
was one in which the stellar matter was wholly in the gaseous state, and that 
the gas-laws were obeyed throughout the star. Let us further suppose the 
standard configuration to be one of dynamical, as well as radiative, equilibrium, 
so that equation 


doseadigA oN Ont Jatt Sabon (129-2) 


is satisfied throughout, where p is the total pressure, including pressure 
of radiation, calculated on the supposition that the gas-laws are obeyed. 
Equation (129:2) is the equation of dynamical equilibrium for all the other 
configurations also, and since we are supposing g and p to remain the same 
in all these configurations, the equation will be satisfied if p retains its original 
values throughout the star. 


When we assumed the star to be wholly gaseous we found that the values 
of N?/A which were necessary to give the true values of H for actual stars 
came out uniformly something like 16 times too high (§ 98). This suggested 
that the gaseous configuration is not the true configuration for actual stars, 
and we found that to obtain possible configurations we must pass along the 
series just described until we come to configurations in which 7 has about 
seven-tenths of its value in the gaseous state. 


For the new configuration to be in dynamical equilibrium the total pressure 
p must be equal to the total pressure p in the gaseous configuration. The 
pressure of radiation 4a7'4, having only (0°7)‘ times, or about 24 per cent. of, 
its value in the old configuration, is negligible for all except the most massive 
stars, and the new gas-pressure must shoulder the whole burden previously 
carried by gas-pressure as well as three-quarters of that previously carried 
by the pressure of radiation. 


130. Incidentally, Eddington * and myself} have investigated the relation 
between stellar masses and luminosities on the supposition that the gas-laws 
are obeyed, and the pressure of radiation played a fundamental part in both 
of our discussions. On the hvvothes«of_lianid stars we both assumed values 

for the pressure of rac“-#tion that were something 'iixe“gur times too high, so 
that both our disev “1088 fail entirely and any apparent success achieved either 
by Eddington’s. -nass-luminosity law, or my mass-luminosity-tenperature re- 
lation, must + 4"° been fortuitous; indeed we should have obtained far more 
accurate ro °U is by disregarding the pressure of radiation entirely. This 
probably xplains why, as shewn in Table XV (p. 130), the errors ir Eddington’s 


* MN: LXXXxIV. (1924), p. 308, and The Internal Constitution of the Stars. Se2 also § 90 above. 
+ Ibi i, LXxxv. (1925), pp. 196 and 394. 
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law become large for stars of great mass, where the pressure of radiation in 
gaseous stars is large, and no doubt my own mass-luminosity-temperature 
relation would shew similar errors*. 

This estimate of the importance of radiation-pressure can hardly be much 
affected by errors of observation, since all stars agree in telling practically 
the same story. The estimate depends directly on the numerical coefficient F 
by which we multiplied Kramers’ opacity formula in § 77. Probably our 
estimate of #’= 20 was, if anything, on the high side, but lowering the value 
of F would depress the importance of radiation-pressure still lower. 


131. In place of the vanished or insignificant pressure of radiation a new 
pressure assumes importance. In the actual configuration of equilibrium, the 
free electrons and bare atomic nuclei probably, on account of their smallness, 
still exert pressure in accordance with Boyle’s law. Thus the deficiency of 
about 30 per cent. in the gas-pressure and of about 76 per cent. in the 
pressure of radiation must be made good by the deviations from the gas-laws, 
which arise from the finite sizes of the atoms. To make good this deficiency, 
we have seen that each atom must exert about 40 times the pressure which 
it would exert if Boyle’s law were actually obeyed. This requires the atoms to 
be so closely jammed together that the condition of the stellar material may 
properly be described as liquid or semi-liquid. 

When the atoms are jammed as closely as they can be packed, a limiting 
density p is reached (cf. § 144 below), and we can obtain a general idea of the 
conditions in the central parts of a star by studying the ideal case in which 
all the matter in the central regions of the star is compressed to this limiting 
density. This of course represents an extreme case, and the actual truth will 
lie somewhere intermediate between this extreme and the other extreme of a 
purely gaseous star already discussed in Chapter 111. 


132. In general the flux of energy across a sphere of radius 7 drawn round 
the centre of a star is 4arr?H, where H is given by equation (129°1). It is also 
4mr°pG where pG denotes the mean value of pG, estimated by volume, inside 
the sphere of radius r. Hence 


BIG, A. OSA BE ROIs 86 SAUL G (132:1) 
or, by reference to (129°1) ower 
: a rear Bp*rpG “Ny 
ay (E"*) 


x rds, ti. 
where B is ¢ tegration from 7 = UA hehe rN gives 


ionstant. On in 
ps =Ti—B 2 ppardr eR. (132), 


° : W W Oo C lie Fe tse ift (Lu. 
51 yison bet een the t 10) relations, gee Ohiss' n, har 7 s hi v 
p . 3 
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where 7’, is the temperature at the centre of the star. Taking the integration 
over the whole radius of the star, we obtain 


Tj =B | " ppGrdr 
0 


and this gives the central temperature corresponding to any given rate of 
generation of energy. For stars built on the same model, we see that 


A he “ec HM? R-’ 


where £ is the emission of energy 47R*pG. On inserting numerical values 
for actual stars it appears that the central temperatures of the white dwarfs 
must be enormously high, while those of giant stars of large radius must be 
comparatively low; in each case the factor R-’ preponderates in importance 
over HM?. Asa very rough approximation indeed we may neglect variations 
in HM? in comparison with those in R~’.on account of the high index of the 
latter, and find that the central temperatures of the stars must vary something 
like inversely as their radii. Two white dwarfs are shewn in fig. 5 (p. 61) as 


Centre of Star Distance from Centre 
Fig. 8. 


having radii of about a hundredth of that of the sun, so that their central 
temperatures must be of the general order of a hundred times that of the 
sun, and so must be measured in thousands of millions of degrees. 

Let us pass to the consideration of stars in which the atoms near the 
centre are so closely packed that p has an approximately uniform value up 
to a distance r from the centre of the star. Let us further suppose that G, the 
rate of generation of energy per unit mass is also uniform within the same 
range. Then equation (132°2) becomes 

Titre Pe ABOUT BR cn cs nos esce cess seas (1323). 
The. graph of 7’* against r given by this equation is a parabola as shewn 
by the lower curve in fig. 8. But with this value for 77° the graph of T is 
the much flatter upper curve; the largeness of the index 7°5 secures that the 
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temperature is approximately constant throughout a large distance from the 
star’s centre. 

Thus we may regard the central regions of a star of the type we are now 
discussing as being at approximately uniform temperature and density. Out- 
side these lie a region of transition in which the temperature and density fall 
rapidly, the gas-laws being partially obeyed, and outside this a further region 
in which the gas-laws are obeyed entirely. The discussion of § 86 has sug- 
gested that in very massive stars this outermost region may be of very great 
extent in comparison with the two inner regions. 


STABILITY. 

133. With this general, and necessarily very vague, picture of a stellar 
interior before us, we may resume the discussion of stellar stability at the 
point at which we abandoned it in the last chapter. 

We had found that two conditions were necessary to ensure the stability 
of a star, the first ensuring that the star should not be liable to explosive 
vibrations, and the second that it should not be liable to continuous unchecked 
contraction or expansion. Strictly speaking, it is impossible to separate the 
parts played by dynamics and thermodynamics in determining the stability or 
instability of a star, but we may conveniently refer to the two conditions for 
stability as the thermodynamical and the dynamical conditions respectively. 

In the last chapter we hypothetically assumed the rate of generation of 
energy per gramme of the stellar matter to depend on the temperature and 
density of the gramme in question through a factor of the form p*7*, The 
condition for thermodynamical stability was then found to require that a and 
B should be small. To a first approximation it was possible to put them both 
equal to zero, so that the star’s generation of energy became independent of 
its conditions of temperature and pressure, and so similar to radioactive 
generation. 

We found that there is only one adequate source of stellar energy, namely, 
the annihilation of stellar matter, electrons and protons coalescing and 
destroying ‘one another, setting free their energy in the process in the 
form of radiation. 

We found, however, that free electrons must be immune from annihilation, 
since if they were liable to annihilation the resulting values of a and 8 would 
be so large that every star would be thermodynamically unstable. Annihilation 
can only overtake electrons which are bound and are describing orbits about 
the nuclei either of complete atoms or of partial atoms from which a number of 
electrons have been stripped. In such atoms annihilation has been seen to be 
a spontaneous process, the likelihood of which cannot be affected by changes 
of density or temperature. Nevertheless an increase of temperature or a 
decrease of density, by increasing the degree of ionisation of stellar matter, 
lessens the number of electrons lable to annihilation and so indirectly lessens 
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the rate of generation of energy per unit mass of the stellar matter. This 
requires us to give a small positive value to a and a small negative value to 8. 


134. The second condition of stability, the dynamical condition, is that D 
shall be positive in equation (108°2) or that 
3SX 
r+ 4 

Here a and 8 have the meanings just explained, n is defined through the 
opacity formula, the coefficient of opacity being supposed proportional (§ 107) 
to ppT-**™ ; ) is the ratio of material pressure to gas-pressure in the central 
regions of the star, and s is a quantity which exists only when there are 
deviations from the gas-laws, the material pressure pg being supposed pro- 
portional to p't*7. 


(3a -+ 8 —n) + Cis Se devel ant Th (134-1). 


To our first approximation 3a+ 8 is zero; calculation shews that even to 
the second approximation, in which changes of ionisation are taken into 
account, 3a + @ is, generally speaking, very small and negative—e. the effect 
of changes of temperature outweighs that of changes of density, so that 
3a+ 8 takes the sign of 8. With Kramers’ formula for the opacity n = 4, and 
in general n may be assumed positive. 

Thus the first term on the right of the above inequality is negative, and 
since 7 + — f is in any case positive, the inequality can only be satisfied by 
assigning a positive value to s. This merely reiterates our former conclusion 
that stability requires deviations from the gas-laws, but we now see that 
such deviations are necessary whatever the mass of the star, and relation 
(134°1) enables us to estimate the amount of the necessary deviations. 


To a sufficiently good approximation for our present purpose, we may 
neglect a and @ and put n=4. Relation (134'1) now assumes the form 
35r 
and we find as condition for stability 


1 4 
$> ae (a +5) en GR (134-2), 


For stars of moderate mass, A is large, and the condition for stability is 
that s must be greater than 7; for stars of large mass X is comparatively 
small, and s must have a value substantially higher than 7. 

Values of s in the neighbourhood of s= look small until we make 
numerical calculations of what they involve. The calculations of Chapter 111 
have shewn that the density in the central regions of a gaseous star may well 
be about 100 times the mean density of the star, and so more than 100 times 
that in the outer regions of the star in which Boyle’s law is obeyed. Thus 
with s =; the additional factor p* in the pressure requires a pressure in the 


centre of the star of at least (100)** or 1:107 times that given by Boyle’s law. 


146 Liquid Stars (cH. V 


The total pressure, it is true, is only increased by 10:7 per cent., but this 
increase must be contributed solely by the atomic nuclei with their bound 
electrons, the free electrons being so minute that their pressure will always obey 
Boyle’s law. Even if we suppose that there are only 90 free electrons to each 
atomic nucleus (which will soon prove to be an under-estimate), the atoms 
will contribute only one-ninety-first part of the total pressure when Boyle’s 
law is obeyed, so that their additional contribution of 10°7 per cent. of the 
whole pressure is 91 x 10:7 per cent. of their own pressure as given by Boyle’s 
law, or say 10 times this pressure. Thus even a value s= 4 requires the 
nuclei to be so closely packed at the centre of the star that the pressure they 
exert is about 11 times that given by Boyle’s law. This is what we may 
describe as a semi-fluid state. 

This represents the minimum deviation from Boyle’s law which is 
adequate to ensure stability. Our analysis has shewn that unless the atoms 
in the star’s central regions are packed so close as to provide a firm unyielding 
base of the kind just described, the star will be liable to start contracting or 
expanding, this contraction or expansion continuing unchecked until a firm 
base is formed at its centre. 

In the average stable star the deviations from Boyle’s law must naturally 
be more than the minimum; the discussion of § 131 suggested that in actual 
stars the pressure of the nuclei may be about 40 times that given by Boyle’s 
law, and so nearly 4 times the minimum required for stability. 


135. The thermodynamical stability criterion discussed in the last chapter 
(cf. formula (109°1)) did not involve s at all; s enters only in the second 
(dynamical) criterion which has just been discussed. As, however, it is clear 
that the fictitious assumed law p o p'** cannot represent the actual facts of 
deviations from Boyle’s law with any accuracy, it becomes important to 
examine what form is assumed by the second stability criterion when this 
very special law is no longer assumed to hold. 

Let a star’s emission of radiation be plotted against its radius as in 
fig. 9. We have already seen how a star of given mass can assume con- 
figuration of different radii, in which the star will emit radiation at different 
rates. Hach of these configurations will be represented by a single point in 
the diagram. Let the curved line MM’ be supposed to represent, in a purely 
diagrammatic way, the various configurations of equilibrium which can be 
assumed by a star of specified mass M as its rate of internal generation of 
energy changes. 

Let the internal rate of generation of energy at every point of a star 
be supposed to depend quite generally on the temperature 7’ and density p 
at that point, so that the total rate of generation of energy G of the star will 
be represented by an integral of the type 


Gam [Amprtf(L, p) dr vvccecsssesseeee (135:1), 
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where f(T, p) depends not only on 7 and p, but also on the particular type 
of matter of which the star is made. 


From this formula we can calculate the value of @ for each configuration 
on the line MM’ and can represent each value of G, measured as an emission 
of radiation, by a point P’ either vertically above or vertically below the 
point P to which it refers. Corresponding to any one specified type of 
matter, the various points P’ will form a line such as AA’ (which, for 
diagrammatic simplicity, has been drawn as a straight line). We may call: 
AA’ a “generation line” corresponding to the “emission line” MM’. There 
is a different “generation line” for each type of stellar material, but the 


Emission 


Small Radius of Star Large 
Fig. 9. 


“emission line” is fixed by the mass of the star, except for small variations 
of the type we had under consideration in §§ 95-97, such as might arise from 
a redistribution within the body of the star of its energy-generating material 
or its radiation-stopping atoms. We must be content to disregard such small 
variations in the present investigation. 

The intersections S7' of a generation line AA’ and the corresponding 
emission line MM’ represent configurations at which H = G, and so determine 
the possible configurations of equilibrium for a star of given mass, made of 
that special type of matter to which the line AA’ refers. 


As a star ages and its more readily transformable material becomes 
exhausted, the line AA’ will move downwards. Corresponding to certain 
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ages of a star the intersections S7’ may coalesce in two adjacent positions 
of equilibrium as at B or C. When such a situation arises, the star can move 
from one of these configurations to the adjacent one without any forces of 
restitution coming into play, so that B and C represent configurations of 
neutral equilibrium. 

If G denote the rate of generation of energy of the whole star, and F its 
total rate of emission in any configuration, the tangents of the slopes of the 
lines of generation and emission in fig. 9 are dG/dR and dH/dk. In a con- 
figuration of neutral equilibrium these slopes are the same, so that 


d 
apiE- 4%) =0. 


A transition from dynamical instability to stability or wce versa ac- 
cordingly occurs whenever 


d 
ap # - ©) 


passes through a zero value, and it only remains to determine which sign of 
this quantity corresponds to stable and which to unstable configuration. We 
can easily do this by considering the special model already discussed in which 
the pressure and density are connected by the law p « p'** 7. 


136. With reference to the special model considered in the last chapter, 
in which the pressure is determined by the law p « p'**, the stability criterion 
which we now have under discussion requires that D in equation (108-2) 
shall be positive. When D is negative the star becomes unstable through 
the time-factor for the corresponding expansion or contraction of the star 
assuming the form e% with @ positive. Changes from stability to instability 
or vice versa occur in configurations for which D vanishes; when D=0, 6=0 
and the star is in neutral equilibrium. We have just seen that configurations 
of neutral equilibrium are precisely those at which two intersections of the 
emission and generation lines such as S, 7’ coalesce in our diagram. In other 
words, they are the configurations such as B and C in which the tangents to 
the lines of generation and of emission coincide. 


When the rate of generation of energy G is assumed to be propor- 
tional to p* 7*, we have, at each point of the star, 
1dG_adp , par 

Cok odh. Tah oe oe 


where d/dR denotes differentiation with respect to the different values of 
R in the various configurations which are possible for a star of given mass. 
These configurations have been seen to fall into homologous series, along 
each of which 


(1361), 


_ Ber 
R *+*?<=constant. 
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By differentiation of this equation we obtain 


ed Lis =) 1 
eid +4) he 


while the relation R*p = constant gives 


gps 2 
ih iee aes 
Equation (136'1) now becomes 
LodGin: astGin B Bsr 2 
aaGk-- RR - 5) a leaierass to, (136-2). 


The total outward flow of radiation across a sphere of radius r in the 
interior of the star is 


,4aC (T*\? oT 
-(—) a- Povanedwriaon 136°3), 
Ba 4x aaa) wy (1363) 
in which denotes differentiation along the radius of the star. From this 


or 
we readily obtain 
ldE T+ndT 2 dp | 1 


EdR  T dR neti 


R 
- = eta PORTO Ie (136°4). 


When the star is in sera teboe EH=G, so that equations (136:2) and 
(136°4) give 


Our second stability criterion (D >0) sos expressed that the term in 
square brackets on the right of this equation must be positive for stability, 
or, what is the same thing, that the right-hand member of the equation must 
be negative. But as we have seen that, quite apart from this special model, 


the stability criterion depends only on the sign of ue (EH — G), it is clear that, 


in general, the second stability criterion takes the form that 
& (H — G) must be positive for dynamical stability. 


Since # increases as we pass to the right of the diagram shewn in fig. 9, 
the stable ranges will be those in which # increases more rapidly than G as 
we pass to the night. 

To a first approximation the first (thermodynamical) stability criterion 
required that G should be independent of changes in the density and 
temperature of the star. If we neglect the dependence of G@ on density and 
temperature, dG/dR is zero, and the condition for stability assumes the simple 
form that d#/dR must be positive—for a stellar configuration to be stable, 
the emission of radiation must decrease as the star contracts. This is the 


J 10 
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reverse of the relation which obtains in a gaseous star, in which we have seen 
(§ 92) that the emission of radiation increases as the star contracts. Thus to 
secure stability the deviations from the gas-laws must be of such amount as 
to reverse the sign of dE/dR. 

To discuss the general relation between H and & we need a knowledge of 
the deviations from the gas-laws, and this in turn demands a knowledge of 
the state of ionisation of the stellar matter. We have already seen (§ 132) 
that throughout the centre of a liquid star both p and 7 will have tolerably 
‘uniform values, so that the degree of ionisation, which depends only on 7 
and p, will also be tolerably uniform. Thus it will be legitimate to discuss 
only the ionisation of a single element fairly near to the centre of the star, 
and treat this as typical of the whole of the central parts of the star. 


Tonisation. 


137. The degree of ionisation of any element of stellar matter is deter- 
mined by a formula obtained by R. H. Fowler* as an amplification of an 
earlier very important formula of Sahat. On inserting numerical values for 
well-known constants, Fowler’s formula becomes ft 

2 
log ie p) =— ore + £log T + log (fc) — 7°790 
sens (137-1), 


where all logarithms are to the base 10; here p, 7, w denote as usual the 
density, temperature and effective molecular weight of the stellar material, 
x is the proportion of atoms which are ionised down to their r-quantum ring 
of electrons, and o is the number of electrons which describe orbits in the 
(7 +1) quantum ring in an unbroken atom. 


If p is kept constant, an increase of temperature increases both the first 
two terms of the right, and so increases 2, the degree of ionisation, although 
complete ionisation (c=1) is not attained until 7’ has an infinite value. 
Similarly a decrease of density, 7 remaining constant, leaves the whole left- 
hand side of the equation unaltered, and so increases 2, the degree of 
ionisation, although again complete ionisation is not attained at any finite 
temperature until p vanishes. 


138. We proceed to apply this formula to actual stellar matter in which 
T and p change simultaneously in the manner determined by the dynamics of 
the star. 


Let X be defined by the equation 


=. AT a tan TS etek ete (138-1). 


H, Fowler, M.N. uxxxut. (1923), p. 407. 
N. Saha, Phil. Mag. xu. (1920), pp. 472 and 809; Proc. Roy. Soc. 99 4 (1921), p. 185. 


aR 
+ M. 
+ J. A. Jeans, M.N. uxxxy. (1925), p. 928. 
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When the gas-laws are obeyed, X becomes the ratio of gas-pressure to 
pressure of radiation, and so becomes identical with the » of which the value 
was discussed in Chapter 11. When the gas-laws are not obeyed, A becomes 
a generalisation of our former A, being proportional to p/u7’*. 

Taking logarithms to the base 10, and inserting numerical values, we 
obtain from (138:1) 


log p = 3 log T+ log (Ap) — 22°511...........0... (138°2). 
Using this value for log p, equation (137°1) assumes the form 
# 69000N? , , o b 

log (=) = — P+ — $log 7'+ log ae + 14-721 
ee (138°3) 
Let us denote the right-hand member of this equation by ¢, so that 
1 
1 r= 1+ 10% occ cree eeccccerccrececs (138 4). 


If all the atoms have the same atomic number JN, then 1—wz is the 
proportion of atoms at any point of the star which retain some at least of the 
atoms of their (r+1) quantum ring. The total volume occupied by such 
atoms in a unit volume of the star will be proportional to (1—)p. We may 
legitimately disregard by comparison the space occupied by more highly 
ionised atoms, so that (1 — x) p will give a’‘measure of the total space occupied 
by all the atoms in unit volume being, roughly speaking, proportional to the 
b of Van der Waals’ equation; it will, therefore, give a rough measure of the 
deviations of the stellar matter from the gas-laws. 

From equations (138'2) and (138°4) we obtain 

log [((1 — «) p] =3 log 7'+ log (Aw) — 22°511 — log (1 + 10®)...(138°5). 

As the star moves through a series of different configurations, its density p 
and temperature 7’ will change. The effective molecular weight will change 
slightly as the degree of ionisation varies, but the changes will be so small 
that they may be treated as negligible. Finally X will change. So long as 
the gas-laws are approximately obeyed, X depends almost entirely on the 
mass of the star so that its changes will be slight. When the gas-laws are 
appreciably departed from, there will be greater variations in ». Finally, 
when the atoms are so closely packed that changes in p may be disregarded 
by comparison with changes in 7’, equation (138'1) shews that A varies as 1/7, 


so that 
On 3r 


As the deviations from the gas-laws increase, 0\/07’ changes from zero 
to — 3n/T. 
So long as X remains finite, equation (138°3) shews that # is zero both at 


zero and at infinite temperature. At zero temperature & is zero because the 
quanta of radiation are inadequate in strength to ionise the atoms. At infinite 


10-2 
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temperature, w is zero because the quanta of radiation are inadequate in 
number to ionise the atoms; the density being infinite, the number of atoms 
per cubic centimetre is infinite, while the number of quanta per cubic 
centimetre remains finite. The latter condition could not of course be reached 
in an actual gas, since the gas-laws would fail long before infinite density 
was reached, and the density cannot exceed a certain limiting value. 

Similarly equation (138°5) shews that so long as X remains finite, (1 — x) p 
increases from 0 to + while 7’ increases from 0 to o, although again 
conditions at 7’ =o could not occur in an actual star. 


139. It will be convenient to examine the changes in (1 — a) p by studying 
its maxima and minima. Treating » but not > as constant, we obtain by 
differentiation of equation (138°5), 

0 TON 2 ON pe 
10* [ 690001? 3 10d 
— —— - =a | AGES foc ksees 9°1). 
1+ 108 ie +1) (opt x ar) 08945 | pee 

The maxima and minima of (1— 2) p, if any exist, will occur when the 

right-hand member of this equation vanishes, and this is when 


rt +10¢ (3 rea | . sam (1 +2 x 108) =0...(139-2). 


Ne 2° 0(r+1P 
531004? 
If we put T(r +1) > RRR otal oe Reg ee (139°3), 


and restore the value of ¢ from (138°3) this becomes 


3 = 3 _ 27 on 7+635—1+303y 4nV* r or ‘ 
A ( ) 10 t= a (1 + 5 ap) (189-4). 
140. Let us first discuss the problem on the supposition that the gas-laws 
are so nearly obeyed that 0A/07 may be neglected. Equation (139-4), which 


gives the occurrence of maxima and minima of (1 — 2) p, now assumes the 
form 


a (y — 9) LOY me ae seeeen (140-1). 


The left-hand member of this equation is a function of y which is positive 
only when y is greater than 3. It is readily found, by elementary methods, 
that it attains a single maximum when y= 1°95, its value at this maximum 
being 1°52 x 10°. 

Since its left-hand member can never exceed 1°52 x 10°, equation (140°1) 
can have no roots at all if 

4nV* 
o(r+iy* 

In such a case (1— 2) p, which measures the extent of the deviations 
from the gas-laws, passes through neither maximum nor minimum values 


IS PR aa Ty aR ati (140-2). 
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but increases steadily from 0 to © as TJ increases from 0 to o, at any rate 
until the gas-laws fail. 


On the otha hang, iN kd ge. 200i stianiues. (140°), 


a(7+1) 
equation (1401) has two roots for y. As 7 starts from zero temperature and 
increases, (1 — #) p also increases at first. It reaches a maximum for some 
value of y intermediate between o and 1:95, after which it starts decreasing 
and declines to a minimum which occurs for some value of y between 1°50 
and 1:95; after this it again increases and would attain an infinite value at 
T =~ except that the gas-laws necessarily fail before this value of (1 — «) p 
is reached. 

The value of y at which (1—)p is a minimum is always intermediate 
between 1:50 and 1:95. By equation (139°3), the corresponding temperature 
T is given by 

LAG Sal NN? Adin. cow raven saan (140°4), 
where Q lies between 27200 and 35400. To within an error of 14 per cent. 
in T or of 7 per cent. in NV, we may replace Q by the geometric mean of its 
extreme values and write equation (140°4) in the form 


TEL peste UV ee BILOOO NE acct sven siedevevop ts (140°5). 


This equation gives the values of 7 at which (1—~)p has successive 
minimum values corresponding to the ionisation of the successive quantum 
rings defined by the different values of 7+1, calculated on the assumption’ 
that the gas-laws are obeyed at these minima. 


141. The foregoing analysis has shewn what is obvious on general 
principles, that’ as a star steadily contracts along a homologous series of 
equilibrium configurations, the deviations from Boyle’s law in its central 
regions may fluctuate through a succession of maxima and minima as the 
different rings of electrons surrounding the atoms are ionised in turn. 
The contraction of the star is accompanied by an increase in its temperature 
and, by ionising one ring after another of electrons, this causes the atoms to 
diminish in size. The star and its atoms contract together but the star 
contracts steadily while the atoms, so to speak, contract by jerks. There will 
be times when the contraction of the star has rather outstripped that of the 
atoms, so that the atoms are jammed together. The ionisation of a new ring 
of electrons may now relieve the congestion and set the whole structure 
free again. 

Equation (140°5) gives the approximate temperatures at which the devia- 
tions from Boyle’s law are a minimum, calculated on the supposition that at 
these minima the deviations are slight. If the deviations from Boyle’s law, 
even at the minima, may not legitimately be treated as slight, equation 
(140°5) must be corrected accordingly, but unless the deviations are quite 
large, the necessary correction will be slight as compared with the whole 
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value of 7, so that this equation will in any case give approximate values 
of T at the minima. 

The general nature of the results we have obtained may be represented 
graphically as in fig. 10, in which the ordinate represents (1 —«) p, or the 
amount of deviation from Boyle’s law, and the abscissa represents the central 
temperature of the star, high temperatures being represented on the left of 
the diagram. 

The values of (1—«)p corresponding to different degrees of ionisation 
of any one ring of electrons are represented by a curve such as OABC, B 
representing the temperature at which the deviations from the gas-laws are 
a minimum. 


High ~~ Temperature. =————C Low 
Fig. 10. 


As a star contracts, the deviations from the gas-laws, which were consider- 
able at A, become slight at B, and then begin to increase again. Our theoretical 
formula would make them increase without limit, But before the star has 
moved far along the branch BC, the deviations from the gas-laws again 
become appreciable, so that the theoretical curve BC, determined on the sup- 
position that the gas-laws are obeyed, begins to fail. 


Corresponding to a given temperature and pressure, the density p is less 
than it would be if Boyle’s law were obeyed, with the result that (1 — 2) is 
also less, as is shewn by formula (187'1), and consequently (1—2)p is also 
less. Thus the curve BC gives values for (1—«)p which are too large, and 
must be replaced by a lower curve such as BP, At very high temperature 
very few atoms would be left unionised, so that the ionisation of the next ring 
becomes of importance; the values of (1—#)p produced by the imperfect 
ionisation of this ring will be represented by a curve A’B’C’ similar to the 
original curve ABC, but shifted to a higher temperature. On joining up the 
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relevant parts of these curves by a curve such as that drawn thick in the 
diagram, we get a graph of the actual values of (1 — 2) p. 


142. We have seen that (1—2)p will not pass through a minimum 
resulting from the ionisation of the (7+ 1) quantum ring, unless 
4 N? 
a(r+1) 
As a star of given mass contracts and the various rings of electrons are 
ionised in turn, ’ and V* remain approximately the same, but o and 7 +1 
decrease with each successive ionisation. Thus a time may come, according to 
the values of ) and WN, when a new ionisation does not produce a minimum 
of (1—2)p at all, but instead (1—~2)p increases continuously and without 
limit. When this ring is reached, the graph of (1—«)p rushes upwards 
without limit until deviations from the gas-laws occur. As before, the effect 
of these is to check the upward rush of (1—)p, and ultimately the graph 
of (1 —«) p must become asymptotic to a curve giving values of (1 —2)p at 
which the atoms are jammed so close together that no further compression 
is possible. 


ES OFS (ee rr (142:1). 


Precise calculations given later (p. 162) will shew that the atomic numbers 
of actual stellar atoms are in the neighbourhood of 95. With this value for 
NV, equation (142-1) shews that the ionisation of the r-quantum ring will give 
a maximum and a minimum to (1—2)p only if 

rN< 04440 (7 +1) 

For the M-ring, 7 +1 =3 and o = 18 so that M-ring ionisation will give a 
minimum value to (1 ~ #)p only if X< 21°6, a condition satisfied by all stars 
whose mass is greater than about three-quarters of the sun’s mass. 

For the L-ring, 7+1=2 and o=8, so that L-ring ionisation gives a 
definite minimum only if X < 2°9, a condition which is satisfied only by stars 
more massive than Sirius. 

For the AK-ring, r+1=1 and o=2, so that K-ring ionisation gives a 
definite minimum only if \< 0°09, a condition which is not satisfied by even 
the most massive of known stars. Thus actual stars can shew no minimum 
for K-ring ionisation, at any rate until the density is so great that our analysis 
has failed through the deviations from the gas-laws becoming excessive. 


143. To examine the state of ionisation in a star in which the deviations 
from the gas-laws are great, we must replace equation (140°1) which we have 
so far had under discussion by the more general equation (139-4), namely 

P Bee ae ING T on 
8 (y-5— ay gp) 1 = ap (1+ ae 

The two terms in 0/07 in this equation represent the effect of deviations 

from the gas-laws. It is readily seen* that the term in 0/07 on the left- 
* M.N. uxxxvut. (1927), p. 781. 


).(L48-D). 
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hand side of the equation has no very great effect on the equation as a whole, 
the graph of the left-hand side being, in its general nature at least, similar to 
what it is when this term is absent. 

On the other hand, the term in 0A/07’ on the right-hand side of the 
equation has a profound effect, with the result that the equation always has 
a root even for stars of the smallest mass. 

For by the definition of \ (equation (138:1)), 

p =A" x a constant, 
so that, by logarithmic differentiation, 


1 dp ae a 


gona? 3r 07) 
The effect of introducing the term in 0A/d7' is accordingly to replace X by 
rT dp 1 dp 


3p OT” and this is proportional to Tap 

As the deviations from the gas-laws become greater, dp/0T falls steadily 
below the value it would have if the gas-laws were obeyed, and would finally 
vanish in a state in which the density increases no further, heating now 
being accompanied by expansion as in a solid or liquid. But the two sides of 
equation (143°1) will have become equal at some point before this state is 
reached, so that the deviations from the gas-laws again diminish until (1 — 2) p 
reaches a minimum value. 


Thus we see that for every star, whatever its mass, and for every ring of 
electrons, (1 — «)p must in time pass through a minimum. But the more the 
mass of the star falls short of the critical limit calculated in § 140, the greater 
the deviations from the gas-laws must be before (1—~) p reaches a turning 
point. The occurrence of the turning point in an actual star is of course 
dependent on deviations of this magnitude being attained; it may well be 
that such deviations are not attained in a given star through the next ring 
of electrons being ionised first. This reservation cannot apply to K-ring 
ionisation since there is no further ring of electrons to be ionised and 
calculation shews that nuclear disintegration is non-existent, or at any rate 
unimportant, even at the central temperatures of the white dwarfs. Thus the 
K-ring ionisation must reach a turning point in every star, and pass through 
maxima and minima in succession. But as the masses of actual stars are all 
far below the critical value (X = 0:09) calculated in § 140, it appears that there - 
must always be very great departures from the gas-laws before the turning 
point for K-ring ionisation occurs. 


144. We proceed to consider the stability of the various types of con- 
figuration which have been under discussion. 


If for the moment we neglect all dependence of the rate of generation of 
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energy G on physical conditions of density, temperature and ionisation, a 
given configuration will be dynamically stable if, and only if, 


LS YT) ORR UR ATR OTL NICER BAU (1441), 


where £ is the rate of emission of energy and RB is the radius, of the star. 


If the gas-laws are obeyed throughout the star, and the coefficient of 
opacity is given by Kramers’ law, EF varies as R~* (§ 92) and all configura- 
tions are unstable, as has already been seen. We have seen that we can pass 
from a configuration in which the gas-laws are obeyed to one of the same 
mass, density and radius in which they are not obeyed, by a process of lowering 
the temperature throughout. Since the emission # for a star of given mass, 
density and radius is proportional to 7’, this depresses the value of E also. 
Thus the rhythmical variations which have been found to occur in (1 — @) p, 
which measures the deviations from the gas-laws, will shew themselves as 
rhythmical variations in the emission #. 


Small Log. of Radius Large 


Fig. 11. 


In fig. 11 let the ordinate represent log # and the abscissa log R, so that 
stars of low density and low temperature are to the right. If the gas-laws 


are obeyed, the relation between H and R is Ex Bee aud the graph of £ 
is a straight slant line such as the one at the top of the diagram. To take 
account of variations from the gas-laws we must depress the value of 7 and 
so also of #. The rhythmical fluctuations in (1—.)p which result from the 
ionisation of successive rings of electrons will shew themselves by the graph 
hanging below this line in a series of festoons. The minimum deviations 
whose positions are determined by equations (140°4) or (140°5) must coincide 
very approximately with the highest points of these festoons. As we pass to 
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the left of the diagram, the general magnitude of the deviations from Boyle’s 
law tends to increase, so that the festoons fall deeper and deeper below the 
slant line which gives the graph of H when Boyle's law is obeyed. 


Let the festoon PQ represent deviations from Boyle’s law arising 
from the congestion of atoms ionised down to their M-rings. At Q the 
M-rings become ionised and the gas-laws are nearly obeyed. The next 
festoon QRS represents deviations caused by L-ring congestion, and at S the 
[-ring is ionised. Further contraction of the star causes the K-ring atoms to 
become congested, the long nearly vertical stretch SZ’ representing configura- 
tions in which the deviations from the gas-laws become ever greater, and 
finally become very great indeed for a star of moderate mass. At last the 
congestion is relieved through the increase in (1 — 2) p ceasing. The majority 
of atoms now become ionised down to their nuclei, but with further contrac- 
tion, even the nuclei, together with the fraction of K-ring atoms which are 
still ionised, become jammed together, so that the departures from the 
gas-laws again increase, and the graph begins to form a new festoon UV, a 
festoon which can shew no subsequent upward turn since there is no further 
ring of electrons whose ionisation can relieve the congestion. 


The approximately vertical parts of the graph represent configurations in 
which the atoms are packed together approximately as closely as they will 
go, changes in temperature producing only very slight changes in density. 
Strictly speaking any change in temperature must produce a change in the 
degree of ionisation, and the density must change simply because the number 
of atoms which are available for close-packing changes. But calculations based 
on equation (137'1) shew that the importance of this effect is quite slight 
numerically, and to a legitimate approximation we may suppose that there 
are vertical stretches of the graph such as ST, UV, in which the atoms are 
packed together approximately as closely as they will go, and the density 
approaches asymptotically to a definite minimum. This provides the physical 
justification for the analysis given at the end of § 132. 


Those parts of the graph of E for which dH/dBR is positive are drawn 
thick. So long as variations in G are neglected, these represent stable con- 
figurations, by relation (1441), while all others are unstable. 


When variations in G are taken into account, the stability condition 
(144°1) must be replaced by the more complete condition 


dE _ dG 
are rp ee Wel BOER a (144:2). 


We have seen that increasing ionisation must diminish, or at any rate 
cannot increase, G, so that dG/dR is zero or positive, with the result that the 


ranges of stability are somewhat more restricted than those which are drawn 
thick in fig. 11. 
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COMPARISON WITH OBSERVATION. 


145. The graph of # shewn in fig. 11 is drawn for a star of given 
constant mass. On drawing a number of such graphs in a diagram in 
which log # and log R are taken as coordinates, we obtain a complete map 
of the configurations possible for stars of all masses. We have already 
noticed that, since E = 47R?aT,", 


log H=2 log R+4 log T,+a cons. ............ (145°1). 
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Fig. 12. Division of the Temperature-Luminosity diagram into Stable (thick) 
and Unstable (thin) configurations, 


Instead of taking log # and log R as coordinates, it is more convenient 
to take log # and log 7,, the transformation between the two sets of co- 
ordinates being made by equation (145:1). In this way we obtain a diagram 
of the kind already introduced in § 56 (fig. 5). On changing coordinates in 
this way and drawing graphs of log # for a number of stars of different 
masses we obtain a diagrain of the general character shewn in fig. 12. 
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This is of course directly comparable with the diagram already given in 
fig. 5 (p. 61), this latter presenting the results of observation while fig. 12 
presents the predictions of theory. It is also very nearly, but not quite, 
directly comparable with the diagram shewn in fig. 6, in which 2100 stars 
are plotted in respect of absolute magnitude and spectral type. 


146. Theory predicts that only those configurations are stable which he 
in parts of the diagram (fig. 12) in which the lines are drawn thick. Thus, 
unless theory is at fault, stars ought to occur in the corresponding regions 
in the observational diagrams shewn in figs. 5 and 6, and in no others; the 
regions in which the lines are drawn thin ought to be untenanted by stars 
since the corresponding configurations are unstable, to be quitted with all 
possible speed. 

A comparison of the theoretical and observational diagrams shews that 
the predictions of theory are borne out at least to a sufficient extent to 
suggest that the theory is on the right general lines. This being so, it is 
possible to identify the various areas of stable configurations predicted by 
theory with the areas found observationally, and thus to specify the physical 
structure of the stars which inhabit the various areas in the diagrams. The 
identification is shewn in fig. 13, in which the diagram of 2100 stars already 
shewn in fig. 6 (p. 62) is parcelled out into stable and unstable regions in 
accordance with the requirements of theory. The main sequence is seen to 
consist of stars whose atoms are ionised down to their AK-rings and jammed 
together. On the left-hand edge of the sequence the deviations from the 
gas-laws are so great that the atoms are packed almost as closely as they 
will go. The giant branch has a similar interpretation with the difference 
that the atoms are ionised only down to their Z-rings. In the white dwarfs 
the atoms are mainly ionised down to their nuclei, but a few K-ring atoms 
remain and these, although few in number, probably occupy the major part 
of the available space; it is their jamming, rather than that of the nuclei, 
which results in the departures from the gas-laws which ensure the stability 
of the star. 

The theoretical diagram suggests that the white-dwarf series ought to 
extend upwards right into the earliest spectral types. I have suggested * 
that the so-called “Dwarf Wolf-Rayet” stars (O-type stars of small radius) 
may be found to occupy the upper half of this series; if this conjecture is 
confirmed the O-type stars ought to be found to be divided sharply into stars 
of small and of fairly large radius. 


147. As we have seen, the general similarity of the observational and 
theoretical diagrams makes it possible to superpose them in such a way that 
the areas of stability coincide fairly well. In fig. 18 the diagrams are shewn 


* M.N. uxxxvit. (1927), p, 412. 
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superposed in such a way as to make these areas fit as well as possible. In 
choosing this particular superposition we have in effect assigned values to 
various adjustable constants, and it is necessary to examine what these 
constants are and what values have been assigned to them in fig. 13. 


Sri 
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Fig. 13. The partition of the Russell diagram into regions of Stable and 
Unstable configurations. 


Apart from details, the different ways of superposing the two diagrams 
depend in the main on the numerical values of four quantities representing the 
orientation, scale and the two coordinates of any one selected point in one 
diagram relative to the other. 


Atomic Numbers. 


148. As selected point it is convenient to choose the inner fork of the 
junction between the giant branch and the main sequence. Fig. 11 suggests 
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that at the right-hand edges of the areas of stability the gas-laws are approxi- 
mately obeyed, so that there will be no very great error involved in supposing 
the gas-laws to be obeyed at this point. The point is generally agreed to be 
about absolute bolometric magnitude +1 and spectral type F. The value 
of ® for stars at this point is about 3. At this point by equation (140-2), 


ke 2 «LOR eee (148°1). 
The point is a minimum for L-ring ionisation, so that we must put ¢=8 
and ++ 1=2 in this equation. Putting \=3 we find that 
N 22. OBO ccxcserpa sac Hucier Gere: (148°2). 


Equation (1481) assumes the gas-laws to be obeyed. We have seen that 
the effect of deviations from the gas-laws is to extend the range within which 
the minimum exists. Thus if the true value of A at this point is 3, the value 
which satisfies equation (1481), which is the value before the range is 
extended, must be somewhat less than 3, so that the value of NV must be 
somewhat higher than 93°8. 


149. The other coordinate of the selected point is fixed by equation 
(140°4). The value of Q is known to be 27,200 at this point, so that the 
equation takes the form 

DE’ (Gotoh ea DO 200ON* “.c.cases te teeteeden (149°1), 
and on putting r+ 1=2, and 7'= 60,000,000, this being the approximate 
central temperature of stars at this point, we find 

Nien 93 Qi actos: hav ol eee eee ete (149-2). 


The agreement between these two values of JN is entirely satisfactory, but 
it cannot be claimed that the value of V can be determined with anything 
like the accuracy suggested by small differences between these determinations. 


It appears, however, that the atomic numbers of stellar atoms are in the 
neighbourhood of, and possibly slightly higher than, those of the radioactive 
elements, and this fits in well with the conclusions to which we were led in 
the last chapter as to the generation of stellar energy. We could equally 
well have determined. by using equation (149'1) in its more general form 


LC yee ON eee cees Ry ots oan (149-3), 
and applying it at a point higher up the main sequence. We have already 
seen that as we advance up the main sequence the values of J’ which are 
calculated from observation increases slightly, while theory compels the value 
of Q to increase slightly. Actually the value of 7 appears to increase rather 
more rapidly than that of Q, so that the values of N calculated from 
equation (149°3) would increase as we pass up the main sequence—i.e. V 
would be greater for younger stars than for older. This again is entirely in 
agreement with our conclusions as to the generation of stellar energy, but the 
increases in V are too slight for us to lay much stress on them. 
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Stellar Temperatures. 
150. This last feature indicates that the orientation of our diagrams has 
been accurately arranged, and the only outstanding question is that of scale. 


Equation (149°3) shews that the minima of ionisation of Z, M and N-ring 
electrons ought to occur at temperatures which are approximately in the 
ratio of 

cles 

gis mar? 
or 86:16:9. Thus the central temperatures of stars on the extreme right- 
hand edges of the main sequence, the giant branch and the yet further branch 
ought to be in approximately this ratio. Calculated central temperatures seem 
to shew a rather greater range than this theoretical ratio would indicate, but 
the data for almost all stars except possibly those on the main sequence are so 
uncertain that we cannot attach much weight to the apparent discrepancy. 


Apart from this, our calculations have proceeded on the supposition that 
the ionisations of the separate rings of electrons do not overlap, so that one 
is completely ionised before the next begins to be ionised at all. A quite 
simple calculation shews that this is not a wholly legitimate assumption, so 
that inferences based on it are not likely to be fulfilled with high accuracy. 


Atomic Diameters. 


151. If it is granted that the two diagrams have been superposed in a 
legitimate way, one further test remains which the theory must survive if, it 
is to be considered at all tenable. This consists in estimating the actual 
diameters of atoms ionised down to their K, Z and M-rings, and examining 
whether matter formed of such atoms and compressed to the densities which 
prevail at the centres of the stars would shew deviations from the gas-laws of 
amount adequate to ensue the stability of the star. 


This test is as difficult in practice as it is simple in principle. We have 
no means of calculating the effective diameters of these highly ionised atoms, 
and can only attempt an estimate from the known diameters of their outer- 
most electronic orbits. According to Bohr’s theory the diameter of the 
hydrogen atom, in which only the K-ring exists, is 1°08 x 10~* cms., while the 
diameter of an atom of atomic number JV ionised down to its K-ring is 
1:08 x 10-8/N, and that of the same atom ionised down to its L-ring is four 
times this or 4°32 x 10-8/NV. 


Unfortunately these diameters give only the slightest indication of the 
spaces occupied by the atoms themselves. In liquid or solid helium each atom 
occupies a sphere of diameter 4 x 10-*cims., whereas the calculated diameter 
of the outermost ring of electrons in the helium atom is only 0°54 x 10-* cms. 
If theory provides no means of estimating even the effective diameter of the 
electrically neutral helium atom to better accuracy than this, it becomes 
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almost impossible to predict with any accuracy the effective diameters of 
highly ionised stellar atoms which are surrounded by powerful electric fields. 

Let us, however, attempt the calculation for the right-hand (low density) 
edge of the main sequence at which the deviations from the gas-laws ought 
to be small, having the lowest amount consistent with stability. Inserting 
the very rough values V=100, 7’= 108, equation (137:1) gives as the propor- 
tion z of ionised atoms, 

log (=~) =~ ay t log daa) +4210 vodd (151-1). 

The value of mw is approximately 2:5. For L-ring ionisation we put ¢=8, 

7+1=2 and obtain 


x 


As the central density of stars in this region is about 100, a is about 0:938, 
so that about fifteen out of every sixteen atoms are ionised down to their 
K-rings. 

The diameters of atoms of atom number 100 ionised down to their K-rings 
and L-rings are given by Bohr’s theory as 1:08 x 10-” and 4°32 x 10-” cms. 
respectively. At a density of 100, each cubic centimetre will contain 
6:06 x 10% atoms, and if fifteen-sixteenths of these are ionised to their K-rings 
and the remainder to their Z-rings, the total volume occupied, if their effective 
diameters were those just stated, would be about 0:000004 cu. cms. 

We have already noticed that the effective diameter of the helium atom in 
the liquid state is 7°4 times the diameter calculated from Bohr’s theory. If we 
increase the calculated diameters of the K-ring and L-ring atoms by a similar 
factor, the volume just calculated must be increased by a factor of (7:4)? and 
becomes 0°001 cu.cms. This ought to represent the value of Van der Waals’ b 
in configurations in which the deviations from the gas-laws are just adequate, 
and no more than adequate to ensure stability. It is undoubtedly too small, 
but it is not of a hopelessly wrong order of magnitude, and possibly this is 
the best we have any right to expect in view of our almost complete ignorance 
of the effective dimensions of ionised atoms. 

A large accumulation of evidence, especially in connection with the fission 
of stars into binary systems (Chap. x, below) seems to suggest that the 
effective radu of highly-ionised atoms must be very much greater than the 
radii of the last surviving ring of electrons as calculated on Bohr’s theory. 


SUMMARY. 

152. To sum up, we have found that considerations of stability demand 
that all stars should be in a state in which the deviations from the gas-laws 
are appreciable, while actually the majority are found to be in states in which 
these deviations are so large, that their central regions may properly be 
described as in the liquid state. 
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We have seen that the configurations which theory predicts to be stable, 
group themselves in respect of radius, luminosity and spectral type in the 
way in which observed stars are found actually to be grouped. 


This has enabled us to assign physical meanings to the various groups of 
observed stars such as the white dwarfs, the giants and the main-sequence 
stars. To secure quantitative agreement between this interpretation and 
observation, we have found that the atomic numbers of stellar atoms must be 
in the neighbourhood of 95. This fits in well with the conclusions reached in 
the last chapter as to the source of stellar energy. It was there found that, 
for the stars to be stable structures, their energy must be generated by a sort 
of generalised radioactivity, the stellar atoms not merely undergoing trans- 
formation into other atoms, as in ordinary radioactivity, but undergoing 
complete annihilation, and setting free the stored up energy of their masses 
as radiation. As this is not a property of terrestrial atoms, we were led to 
suppose that the stellar atoms which experience annihilation are unknown 
on earth and therefore of atomic number higher than 92. 

The estimates of atomic number which have been made in the present 
chapter fit in with this view, as does also the fact that the estimated atomic 
numbers shew a tendency, although not very marked, to decrease as a star 
gets older. 


CHAPTER VI 
THE EVOLUTION OF THE STARS 


GENERAL PRINCIPLES. 


153. THE early spectroscopists believed that the spectrum of a star 
provided a sure indication of the star’s age. Huggins and Lockyer had found, 
for instance, that the spectrum of Sirius exhibited hydrogen lines very strongly 
and calcium lines rather weakly; in the solar spectrum the relative strength 
of these two sets of lines was reversed, calcium being strong and hydrogen 
weak. They concluded that hydrogen was specially prominent in the con- 
stitution of Sirius and calcium in that of the sun. Believing that Sirius must 
one day develop into a star similar to our sun, they conjectured that its 
substance must gradually change from hydrogen into calcium and other more 
complex elements, thus finding support for the long-established hypothesis 
that the more complex elements were formed by gradual evolution out of the 
simplest. In this way they were led to regard a star’s spectrum as an index 
to its age. 

As we have seen, the true interpretation of these observations is merely 
that the surface of Sirius is at a temperature at which hydrogen is specially 
active in emitting and absorbing radiation, while the sun’s surface is at a 
lower temperature at which hydrogen is comparatively inert, while calcium, 
iron, etc., have become active in its place. Just as the laboratory physicist 
can produce different spectra from the same vacuum tube by varying the 
mode and conditions of excitation, so Nature produces different spectra from 
the same stellar material by varying its temperature. The linear sequence 
into which the spectra of stars fall is merely one of varying surface temperature. 


Clearly this circumstance robs stellar spectra of all direct evolutionary 
significance. The spectra of the stars merely inform us as to their present 
surface temperatures, so that even if we could arrange the stars in order of 
age, a comparison of their spectra would only shew whether their surfaces were 
becoming hotter or cooler; it would give no information as to any evolutionary 
or chemical changes occurring in their substance. 

To obtain evidence as to evolutionary changes in a star, we must probe 
deeper into the star than we can by a study of the star’s surface spectrum 
and try to obtain information as to changes in progress in the star’s interior. 

We have already been driven to look to the annihilation of matter for the 
source of stellar energy. It necessarily follows that the primary evolutionary 
change in a star is decrease of mass—the older a star gets, the less massive 
it becomes. Other evolutionary changes follow as an inevitable corollary. The 
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elements which have the greatest energy-generating capacity are necessarily 
the shortest lived, and so disappear most rapidly. As they disappear, the 
star’s generation of energy per unit mass necessarily declines, so that as a 
star ages its generation of energy in ergs per gramme must decline. 


Our sun radiates less energy per gramme than V Puppis because it is 
seven million million years older, and because in this interval most of the 
elements responsible for the present high radiation of V Puppis have dis- 
appeared from the sun through being transformed into radiation. If the 
white dwarfs are excluded from consideration (for reasons explained in § 120), 
the two quantities, mass and rate of generation of energy per gramme, change 
together. The results already mentioned (§ 117) of Hertzsprung, of Russell, 
Adams and Joy, and of Eddington, in which a star’s luminosity is plotted 
against its mass, have disclosed a very strong correlation between these two 
quantities. Not only does the luminosity increase with the star’s mass, as 
might in any case be expected, but the generation of energy per unit mass 
also increases with the mass. Either of these quantities accordingly provides 
a rough indication of a star’s age. 


Although this is far less certain, it seems probable that the elements of 
highest capacity for generating energy will, on the whole, be the elements 
of highest atomic weight. If this is so, the early disappearance of these 
elements ought to cause the average atomic weight of the atoms in a given 
star to diminish as the star grew older. So far as it went, the discussion of 
the last chapter favoured this view, at least for main sequence stars, since 
the calculated values of the atomic numbers increased with the mass of the 
star. There is room for some doubt as to the reality of this support, since the 
calculated range of atomic numbers seems rather too large to correspond to 
actuality, but it is, nevertheless, reasonably probable that the elements which 
disappear first are those of high atomic weight, since those which have no 
capacity for annihilation—the permanent terrestrial elements—occupy all 
the places of low atomic weight, while the evidence that the elements in the 
stars have average high atomic weights is too strong to be disregarded. 


This result, if established, has far-reaching implications. Contrary to the 
views of the early spectroscopists, and contrary to what is still probably the 
prevalent belief, it begins to look as though the atoms in a star become 
simpler as the star grows older; evolution appears to be from complex to 
simple, and not, as in biology, from simple to complex. There is at present 
no direct experimental evidence bearing on this question except that provided 
by radioactivity, where evolution is certainly from complex to simple, atoms 
of lower atomic weight being continually produced by the disappearance of 
atoms of higher atomic weight. 


The evidence of physical astronomy, pointing to an evolution of matter in 
the same direction, suggests that the main evolution of matter in the universe 
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may be of the same type as, but a generalisation of, the radioactive processes 
as they occur on earth. The circumstance that the atomic numbers calculated 
in the last chapter came out somewhere in the neighbourhood of the atomic 
numbers of the radioactive elements gave support to this view. 

Nevertheless, something more than mere radioactivity is necessary to 
account for the radiation of the stars. So far as is at present known, every 
radioactive process increases the number of atoms in the universe, whereas 
stellar radiation can only result from a decrease; it calls for actual annihilation 
of atoms, a process of which terrestrial radioactivity knows nothing. 


It would obviously be rash to base any very definite conclusions on the 
very uncertain calculations of atomic weight given in the last chapter. It is 
entirely possible that the true atomic weights of stellar matter are all less 
than that of uranium, and that the atoms which undergo annihilation in the 
stars are merely isotopes of the heavier of the terrestrial elements. 


Russell's two Theortes of Stellar Evolution. 


154. The possibility that the observed spectral sequence corresponded to 
evolutionary development in the chemical composition of the stars, was in effect 
ruled out when Hertzsprung discovered in 1905 that red stars fell into the 
two distinct classes which he designated as giants and dwarfs. The giant red 
stars, of far higher luminosity than Sirius, shewed the lines of heavy elements 
in their spectra as well as conspicuous bands which were identified with the 
bands of titanium oxide. If the chemical evolution of the stars was from 
hydrogen to more complex elements, it was absurd to find titanium, of atomic 
number 22, figuring prominently in the atmospheres of the youngest of the 
stars, not to mention strontium (37), yttrium (38) and barium (56). 

Russell emphasized this in 1913, when he published his first diagram of the 
distribution of spectral types by absolute magnitude, and based a theory of 
stellar evolution upon it*. 


In place of the reversed y formation which characterises the true Russell 
diagram (cf. fig. 6, p. 62), Russell’s first diagram seemed to shew the formation 
exhibited in fig. 14. The most luminous stars were distributed over all spectral 
types along the range PQ, with the least luminous at R. 


This led Russell to propound a theory that the curve PQR represented an 
evolutionary sequence, the spectrum of the normal star first advancing from 
type M to type B or A and then receding again to type M. 

It was easy to find a theoretical justification for this hypothesis. We have 
seen how a star’s density can be calculated from its observed luminosity and 
surface temperatures. Giants of types M, K and G are found to have mean 
densities of the order of 0:000002, 0:0005 and 0-004 respectively. In general 


* American Association for the Advancement of Science, 1913 meeting, and Nature, xcutr. (1914), 
pp. 227, 252. 
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the calculated mean densities of the giant stars were so small as to suggest that 
the stars must be constituted of gas of such low density that the ordinary gas- 
laws would be approximately obeyed. The densities of dwarf stars proved to 
be so high that they might be either gaseous or liquid or solid, but, if gaseous, 
they were so dense as to necessitate wide deviations from the gas-laws, at any 
rate, on the supposition, on which the whole theory was based, that stellar 
molecules or atoms remained intact and so occupied the same volume of 
space as terrestrial atoms and molecules. It was now easy to see why, in the 
giant stars, increase of temperature and density go together; this was merely 
a consequence of Lane’s law. But the dwarfs, so Russell thought, might be 


B A F. G K M 


Absolute Magnitude 


Spectral Type 
Fig. 14. Russell’s first Theory of Stellar Evolution. 


more properly compared to solid bodies, in which a loss of heat does not 
result in contraction and heating, but rather in cooling without much change 
of volume. The point Q in fig. 14 at which the sequence begun to turn was 
accordingly interpreted as the point at which the star’s density became so 
great that the stellar matter ceased to behave like a gas. 


155. Gradually the growth of knowledge of stellar interiors made this view 
untenable. The concept which I introduced in 1917 of stellar matter consist- 
ing of highly-ionised atoms and free electrons left it without any sure 
theoretical foundation, since it became an open question whether the much- 
ionised atoms retained sufficient size to cause the gas-laws to fail. Finally 
the discussions of observational material * by Hertzsprung, by Russell, Adams 

* See above § 117. 
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and Joy, and by Eddington revealed no abrupt break in the correlation 
between mass and luminosity such as might have been expected to occur at a 
transition from the gaseous to the solid state, while, as already mentioned, 
Eddington met with a substantial measure of success in explaining the mass- 
luminosity correlation in terms of a theoretical formula which supposed all 
stars, including dense dwarfs such as Kruger 60, to obey the gas-laws. 


This led Russell to propound an alternative theory of stellar evolution in 
1925*, based on an acceptance of the hypothesis that the source of stellar 
energy was the transformation of matter into radiation. 


Russell believed that all main-sequence stars have approximately the same 
central temperature of about 30,000,000 degrees, and based his theory on this 
supposed fact. He obtained his supposed fact by calculating all his central 
temperatures in terms of Eddington’s special model for which n=3 (§ 90). 
We have seen that when m is given the proper value required by the mass of 
the star and by Kramers’ opacity law, the values of n generally differ very 
appreciably from 3, with the result that the central temperatures of main- 
sequence stars vary considerably, although still not enormously, inter se. The 
supposed constancy of the central temperatures led Russell to conjecture that 
the transformation of matter into radiation could not occur, at any rate in 
main-sequence stars, until the matter reached a temperature of 30,000,000 
degrees, after which energy could be supplied to a practically unlimited extent. 
If for instance the central temperature of the sun fell at any instant to below 
30,000,000 degrees, the transformation of matter into radiation would instantly 
cease. The sun would continue to radiate energy from its surface, and as this 
energy would not be replaced, the sun would contract, getting hotter throughout 
in so doing. In time the central temperature would again reach 30,000,000 
degrees, after which the generation of energy would restart, and so on. If too 
much energy were generated at any instant, the star would expand until the 
central temperature fell to below the critical 30,000,000 degrees, when the 
cycle would repeat itself. 

One cannot but admire the ingenuity of this theory, but our analysis has 
shewn (§ 114) that it comes into fatal conflict with dynamical principles. We 
have seen that oscillations of the type described would increase indefinitely 
in amplitude, so that the star would be violently unstable. 

Apart from this the theory meets very grave difficulties in explaining the 
giant branch. Asa matter of calculation the central temperatures on this are 
well below 30,000,000 degrees, and shew no very marked approximation to 
constancy. Russell accordingly found it necessary to postulate that in addition 
to normal matter which begins to be transformed at 30,000,000 degrees, there 
must be innumerable other types of matter which transform themselves into 
radiation at the various temperatures of the centres of the giant stars. The 


* Nature, cxvi. (1925), p. 209. 
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necessity of postulating these manifold types of matter rather destroys the 
simplicity of the main conception, with the result that the whole hypothesis 
begins to look somewhat artificial. If there are about as many types of matter 
as there are giant stars, the uniformity of central temperature on the main 
branch becomes meaningless and we might as well postulate a different type 
of matter for each central temperature on the main sequence as well. Indeed 
Russell’s own calculations compel us to do this. These shew that the central 
temperatures of main sequence stars are uniform if the stars are built after 
Eddington’s model, so that they would not be uniform for stars built on any 
other model. Russell’s scheme requires a star’s whole generation of energy 
to be concentrated at its centre, and calculation shews that main sequence 
stars, built on this model, would not have anything like uniform central 
temperatures. 


The highly penetrating radiation which has already been mentioned, 
presents a further and no less serious difficulty. Its penetrating powers though 
great are inadequate to carry it through more than an exceedingly small fraction 
of the radius of a star. In whatever bodies this radiation originates, it must 
originate so near to their surfaces that no great optical thickness of matter 
lies between the point of origin and outer space. Thus the temperature of the 
matter in which the radiation originates cannot be at all comparable with that 
of stellar centres ; something of the order of 50,000 degrees would appear to 
be an upper limit. In view of this, it is difficult to believe that the normal 
radiation of the stars cannot be generated at temperatures lower than about 
30,000,000 degrees. 


The main reason which compels the abandonment of this rather fascinating 
theory is, however, that mentioned first of all, namely, that stars functioning 
in the way imagined by the theory would be violently unstable. Their 
thermodynamical properties would be those of gunpowder at its flash point, 
and gunpowder heated to its flash point does not shine with the steady light 
of the stars; it explodes. 


156. The two theories of stellar evolution just considered both recognised 
that certain parts only of the Russell diagram are tenanted by stars, and both 
tried to interpret the tenanted parts as an evolutionary sequence; these parts 
were supposed to form a system of roads along which the stars march as they 
age. 

In the last chapter, however, we found this feature of the Russell diagram 
to be adequately explained by simple considerations of stability. Some of the 
possible equilibrium configurations for a star are unstable, some are stable. 
Those parts of the Russell diagram which represent unstable configurations 
are naturally untenanted by stars (or possibly are sparsely populated by stars 
which are not in stable equilibrium); those parts which represent stable con- 
figurations alone ought to be occupied, and these have in actual fact been 
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found to coincide very closely with those parts of the diagram in which 
observation places stars. 


157. The problem of stellar evolution is now seen to be quite distinct 
from that of explaining the distribution of stars in the Russell diagram, and, 
furthermore, the problem can expect no assistance from the observed distri- 
bution of stars in this diagram. The problem of the evolution of the stars 
must be attacked anew, starting from first principles. 

Fortunately these principles are perfectly clear cut. Asa star ages, its mass 
decreases and its rate of generation of energy also decreases. Fig. 12 (p. 159) 
maps out the configurations possible for stars of given masses and given rates 
of generation of energy: the problem of following a star’s evolution simply 
reduces to that of calculating the path that a star will follow, in this or any 
other diagram, as its mass and rate of generation of energy change with the 
passage of time. 

It is convenient to divide the problem into two parts. In the first. we 
shall consider what would be the star’s evolutionary path if the gas-laws 
were exactly obeyed throughout its whole life ; in the second we examine in 
what way this evolutionary path is modified by deviation from the gas-laws. 


THE EVOLUTION OF GASEOUS STARS. 


158. We must first find the relation between a star’s mass, luminosity 
and surface temperature when the gas-laws are supposed to be obeyed 
throughout the star’s interior. 

From equation (92°3) of Chapter 111, we obtain 


ees te GRE=183(T,R)¥ cocccccsceceee. (158-1), 


where & is the radius of the star. Assuming @ to be constant throughout 
the star, H = MG, so that 


eps — 283M (TR) 
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In our previous discussion of the configurations of gaseous stars, 7',R 
and A, were found to depend only on M, the mass of the star, and their 
values were tabulated in Table XI. Thus the right-hand member of equation 
(158-2) depends only on the mass of the star, and, so long as the mass of a star 
remains unaltered, H varies as R~?, When the mass of the star -is allowed 
to vary, equation (158'2) gives HR} as a function of M. Eliminating the 
star’s radius R between this equation and 

E = 4rcoR’T,, 
where 7, is the star’s effective temperature, we find that 
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where Raat 
ai) 183.27 (7,.2)* 
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This would give the relation between a star’s mass, bolometric luminosity 
and effective temperature if the gas-laws were obeyed. 

We could of course exhibit the relation in a diagram of the type shewn 
in fig. 12, in which log £ and log 7, are taken as ordinate and abscissa re- 
spectively. The lines of constant mass would have equations of the type 

E «wo T°, 
and so would be a series of straight parallel slant lines. 
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Fig. 15. Effective temperature (or spectral type) as a function of mass and luminosity. 


It will, however, be more convenient to exhibit the relation in a different 
form. Equation (158'3) shews that a star of any given mass M and any given 
bolometric luminosity # can always find a value of 7, such that it will be in 
equilibrium provided the gas-laws are obeyed throughout its mass. Thus we 
may think of a gaseous star’s effective temperature 7, as being determined 
by its mass M and its bolometric luminosity, or total rate of generation of 
energy H, and we may exhibit the values of 7, in a diagram in which # and M 
are taken as ordinate and abscissa, as in fig. 15, 
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The curves along which 7, has constant values are found to lie somewhat 
as shewn in fig. 15. No two of these curves can ever intersect since the value 
of T, is uniquely determined by equation (158°3). It is readily verified that 
as M increases, f(M) increases more rapidly than M, so that the curves are 
convex to the axis of M at every point. 

A general idea of the shape of the curve is obtained by returning to the 
rough approximation H « M*, which we found (§ 118) to represent the relation 
between H and M with tolerable accuracy for actual stars. This gives a 
raoderately good approximation to the form of f(M) but gives a better ap- 
proximation still to the luminosities of actual stars, so that it already takes 
partial account of deviations from the gas-laws. The law # « M® was tested 
only for stars on or near the main sequence, and so contains no temperature 
factor. To extend it to stars of all effective temperatures, we write it in the 
form 


E=aM? (Fe i ansouls Tad hn Of 3 (1585). 


Here J. is the effective temperature of the main-sequence stars of 
mass M, and a is a constant. The dependence of # on temperature is that 
given by equation (158°3). while the dependence of # on mass is that given 
by our empirical law # « M?, so long as we limit ourselves to main-sequence 
stars. The law is neither very definite or very accurate, but it serves for a 
general discussion of the kind in which we are now engaged, in which 
simplicity is more important than precision. 

When the emission is given by equation (158'5), the curves of constant 
effective temperature approximate closely to the cubical parabolas 

mo constant, 
since the changes in (7,,,)°* are slight in comparison with those in M*, In 
fig. 15 the curves actually drawn are cubical parabolas. 


159. We now attempt to trace the evolutionary path followed by a star 
in this diagram as the emission of radiation causes its mass to diminish. 

Consider first the ideal case in which the star consists entirely of one 
single type of material which liberates energy at a given constant rate per 
gramme. In this case the star’s emission H is always exactly proportional to 
its mass M. Thus throughout its evolution 


E 
J COBDS: verte ete teetttere sete tees (159°1). 


The star's path in fig. 15 is determined by the condition that Z/M shall 
remain constant, and so is a straight line through the origin such as AO. A 
glance at the diagram shews that the effective temperature of such a star 
would continually increase as the star aged, its spectrum passing through 
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the types M, K, G, F, A, B, O,...in this order. The hottest stars would thus 
be the least massive, which is not what is found in nature. 


160. Coming nearer to reality, let us next suppose that a star is formed 
of two kinds of matter. Let it contain a mass M, of matter of permanent 
type which does not transform itself into radiation at all, and a mass M — M, 
of another type which produces radiation spontaneously at a given rate. 
The star’s emission of radiation is no longer proportional to M, but to M— M, 
and the star’s evolutionary path in the diagram will have as its equation 


ee SS CONSE OEUIN) LTS A (160°1). 
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This is a straight line such as AP which does not pass through the 
origin but meets the axis of M in the point M=WM,; the mass does not 
continually diminish down to M=0, but only to the limiting mass M= M,, 
after which no further decrease of mass occurs. 


Let the curve BCDE in our diagram correspond to the effective tempera- 
ture at which a star’s surface is so cool as to be only just visible, so that 
stars are only visible when their representative points are above the curve 
BCDE. The hypothetical star we are now considering would first become 
visible at C, after which its effective temperature would increase until it 
attained a maximum at Q, thereafter decreasing until the star again lapsed 
into invisibility, as a star of very small mass, at #. Its sequence of spectral 
types would be M, K, G, F,..., F, G, K, M. This is precisely the sequence 
predicted by Russell’s 1913 theory of stellar evolution (§ 154), although it has 
been derived from utterly different premises. It is now clear that a star 
might well be urged, merely by loss of mass consequent on the passage of 
time, to pursue a course along the giant branch and then down the dwarf 
half of the main sequence, the path which Russell regarded as the normal 
evolutionary path for a star. 


161. Passing to higher degrees of generality, let us consider a star con- 
sisting of any number of different kinds of matter annihilating themselves at 
different rates. To be specific, let us suppose that a star originally contains 
masses M,, M,, M,, ... of different kinds of matter which break down at rates 
represented by moduli of decay 4, K:, K3, ..-. 


After a time ¢ the surviving amounts of these different types will be 
M,e—"', M,e-*2', M,e-*st, ..., so that the total mass of the star will be 


M = M,e-m 42Myests! + Myon! + oon vee sce econ (161:1). 
The star’s rate of emission of energy # is equal to its rate of generation of 
energy — C? a Obtaining the value of this by differentiation of equation 


(161°1), we find 
Bat (xi Meat ke, Meee prey ae (1612). 


176 The Evolution of the Stars [CH. VI 


These two equations determine the values of M and £ which correspond 
to any values of ¢ The succession of values obtained on allowing ¢ to 
increase determines the evolutionary course of the star in the diagram shewn 
in fig. 15. If the values of «,, «,... are very unequal, the path will be a 
broken line such as ARSP; this represents the extreme case in which the 
different types of matter are used up in turn, each type practically dis- 
appearing before the next and far slower type of matter has experienced any 
substantial loss. If the values of «,, «2, «, are less unequal than this, the 
evolutionary path will be a curve of the same general type but with the 
corners rounded off. 

When these results are translated into the ordinary Russell diagram they 
are found to give a normal evolutionary curve of the general type already 
shewn in fig. 14, 


The Influence of Fission on Evolution. 
162. So far we have considered the evolution of a single star. Let us now 


examine how the course of evolution is affected if the star happens to break 
up by fission and form a binary system. We shall consider the dynamical 


Emission 


details of this process in a later chapter: at the moment we are only con- 
cerned with the final result which is a binary star—two detached masses 
describing orbits about their common centre of gravity. 


Imagine first that the parent star divides into two parts of equal mass, 
with the various constituent types of matter divided equally between them, 
so that each component has precisely half the energy-generating capacity of 
the original star. If the parent star was of mass M and luminosity L, each 
component of the binary has mass $M and luminosity }Z. If A in fig. 16 
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represents the mass and luminosity of the original star, G, the middle point 
of OA represents the mass and luminosity of each of the components. What- 
ever the position of A, the effective temperature of G is necessarily higher 
than that of A, so that fission into two equal and similar components must 
always increase the effective temperature of a star. 


Our approximate formula.(158°5), namely, 
T. \08 
E=alt(7*) 

Lem 
provides the means of calculating the order of magnitude, at least, of the 
amount of this increase. If the process of fission halves both # and J, it 
must increase 7',/T'2m in the ratio 4%, so that 7, must be increased about 
sixfold. Thus if an M-type star of effective temperature 3000° breaks up by 
fission in two equal and similar halves, each constituent will have an effective 
temperature of about 18,000°, and so be of spectral type B2 or B3. 


This at once suggests an explanation in general terms of why newly 
formed binaries are generally observed to be of spectral types O, Bor A. It 
also calls into being the giant half of the main sequence, since if the parent 
star was of large mass, the two components would both lie on this giant half. 
That we are on the right lines is suggested by the observed fact that very 
young binaries mainly lie on this giant half of the main sequence. 


163. Nevertheless the course of nature is not quite so simple as we have 
supposed, and the two components of observed binary stars are usually 
unequal both in mass and in luminosity. 


If the radiation-producing capacity of the parent star is divided between 
the two components in the ratio of their masses, each component will have 
the same value of H/M as the parent star, so that the representative points 
H,, H, will still lie on the line OA joining the origin to the parent star. In 
such a case the less massive of the two components has the higher effective 
temperature, the effective temperatures of both being necessarily higher 
than that of the parent star. 


The evolutionary paths of the two components will be two lines 
H,H,', H,H,, both parallel to the path of parent star before fission. Thus 
when the less massive component has any mass M, it will be of greater 
luminosity and of higher effective temperature than the more massive com- 
ponent will be when it has shrunk to mass M,, and both components when 
they reach mass M, will be of greater luminosity and of higher effective 
temperature than the parent would have been had it shrunk to mass YY, 
without fission taking place. 


This scheme is still too simple to fit the observed facts. Observation of 
newly formed binaries does not indicate any tendency for H/M to be the 
same for both components. It rather shews that H/M, which is proportional 
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to the rate of generation of energy per gramme, is different for the two 
components, being generally less for the less massive component. 


To explain the observed facts we have to suppose that when a star breaks 
up by fission the less massive component is formed mainly from the outer 
layers of the parent star. There must have been some tendency at least for 
the heavier atoms, in which we believe that main capacity for generating 
energy resides, to have sunk towards the centre of the parent star, so that 
when fission occurs, an undue proportion of these heavy atoms are likely to 
stay with the more massive component. This accordingly starts life with a 
value of E/M which is greater than that either for the parent star or for the 
less massive component. Menzel* has found that, as compared with the 
average star, the brighter component of a visual binary system usually has an 
abnormally high effective temperature, while that of the fainter component 
is generally abnormally low, but it is doubtful how far this evidence is 
relevant since we shall find later (Chap. x11) that probably only a small 
number of visual binary systems have been formed by fission. 

The extent to which the heavier atoms have sunk to the centre of the 
parent star must depend on the age of the star. A rough calculation} 
suggests that the time necessary for the elements of different atomic weights 
to separate out under gravity is of the order of 10" years. Thus the process 
might be well advanced in a dwarf star, but could hardly have more than 
started in a giant star, at any rate if the atoms were thoroughly well mixed 
at the birth of the star. More probably, however, a newly born star is a 
mixture of masses of gas, some being of high molecular or atomic weight, and 
some of low. The former will rapidly find their way to the central regions of 
the star by convection, just as water falls through oil or mercury through 
water, so that we should expect to find a certain preponderance of heavy 
atoms at the star’s centre even in its earliest stages. There ought to be a still 
greater preponderance in old stars in which the atoms have had time to 
become thoroughly sifted out under gravity. 


It follows that at fission the more massive component ought always to 
have the greater value of £/M, but that the disparity in the values of E/M 
for the two components ought to be greater in old stars than in young. This 
may offer a partial explanation at least of the circumstances noticed by 
Leonard } and others, that in giant binaries the brighter and so presumably 
more massive component is usually of later spectral type than the fainter 
component, while in dwarf binaries the reverse usually seems to hold. 


164. So long then as we think of the stars as purely gaseous structures, 
the normal evolutionary track of a star must be thought of as a curved line 
of ascending and descending temperature of the general type indicated on 


* Science, May 6, 1927. 
+ MLN. uxxxvt. (1926), p. 561. { Lick Observatory Bulletin, No. 343 (1923). 
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a Russell diagram in fig. 14. We may think of the stars as a vast army 
marching through the Russell diagram, each individual taking his marching 
orders from the rate of generation of energy in his interior. If all individuals of 
the same age were precisely similar, the army would of course march in Indian 
file through the diagram, the position of any individual being entirely fixed 
by his age. As individuals of the same age do not appear to differ very widely 
from one another, we may suppose that the line of march of the army forms a 
fairly clearly marked and well-trodden track. The main army marches down 
the giant branch in the upper half of the diagram to the point where this joins 
the main sequence and then wheeling left, marches down the main sequence. 
At intervals, when a member of the army breaks up by fission and forms 
a binary system, this routine is departed from. Both components of the new 
system are transported over to the left of the diagram and start independent 
evolutionary marches from there. 


THE EVOLUTION oF LIQUID STARS. 


Giant and Main-sequence Stars. 


165. The scheme just described undergoes substantial modification when 
deviation from the gas-laws are taken into account, and the diagram is 
divided up into stable and unstable regions. 

The evolution of the stars must no longer be compared to the steady 
march of an army through a perfectly flat featureless plain, but rather to the 
movements of an army scrambling down, and possibly at times up, a succes- 
sion of terraces. The different terraces are the bands of stable configurations 
which correspond to the jamming of atoms ionised down to different rings of 
electrons. A star stands for a time on the terrace corresponding to one ring, 
and then, stepping on to the slippery unstable region between this terrace 
and the next, drops down to the next lower terrace—from the giant branch 
to the main sequence, let us say. 

Apart from the considerations advanced in § 143, which we shall disregard 
for the moment and return to later, the lowest terrace of all, the main 
sequence, does not lead to a further drop down. It is not bounded on its 
further side by a slippery unstable slope but by an impenetrable barrier 
formed by configurations in which the atoms lie as close together as they 
can be packed. In course of time most stars reach this barrier but cannot 
cross it, and sidle along it indefinitely. This explains the great concentration 
of stars along the left-hand edge of the main sequence, against which the 
stars seem to press like flies against a window-pane. 

When a star breaks up by fission into a binary system we have seen that 
both components of the binary are instantaneously transferred a long way 
over to the left of the diagram. If the effective temperature of the parent 
star was fairly high, both components will be thrown right over tc the 


ee 
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left-hand edge of the main sequence, against the impenetrable barrier. 
They cannot cross, so that their evolutionary progress consists in a march 
down the main sequence. This explains why binary stars, and newly formed 
binaries in particular figure so prominently on the left-hand edge of the main 
sequence. So much is this the case that perhaps the best way of mapping out 
the edge of the main sequence is through a succession of binaries which 
appear to have recently broken up by fission—Pearce’s star, V Puppis, 
u Herculis, 8 Aurigae, ete. 

As a consequence the majority of newly formed binaries are of the early 
spectral types O, B and A, The astronomer of only a decade ago explained this 
by saying that stars of types O and B were specially liable to fission; he 
thought of the spectral type as something so permanently attached to the con- 
stitution of the star that even a cataclysm like fission could not alter it. Our 
explanation is rather that giant F,G,K and M stars shew a certain tendency 
to fission, but that as soon as fission has taken place the star ceases to be an 
F, G, K or M-type star; its components change their spectral type and 
become O or B-type stars. In brief O and B-type stars do not shew a tendency 
to fission, but to have fissioned. 

We can trace this tendency to its origin. Fission, as we shall see in a 
subsequent chapter, results from a star having more angular momentum than 
it can carry without bursting. As a stars dimensions shrink, its angular 
momentum remains constant except for a slow loss in the form of radiation, 
but its capacity for carrying angular momentum diminishes. If a sudden 
shrinkage occurs, the star’s angular momentum remains constant while its 
capacity for carrying it undergoes a sudden decrease, and this may result in 
fission. Such a sudden shrinkage occurs when a star reaches the unstable edge 
of the giant branch and suddenly drops down to the main sequence. Even if 
fission does not occur, such a star becomes a main sequence, and so probably 
an early type, star—this explains the existence of O and B-type stars which are 
not binaries—but if fission occurs the star not only becomes an early type 
star, but its components are thrown over to the extreme left-hand edge of the 
main sequence. 


The same process can of course occur in other parts of the diagram. For 
instance a giant star ionised only down to its M-ring may suddenly reach the 
limits of stability and undergo fission in falling down to the giant branch 
of L-ring stars. Such considerations probably explain the origin of giant 
binaries such as Capella and W Crucis. 


White Dwarfs. 


166. For the sake of simplicity in exposition, we have spoken of the 
left-hand edge of the main sequence as forming an impenetrable barrier. 
Actually, as we have seen, the barrier is not absolutely impenetrable. The 
more a star presses against the barrier the greater (in general terms) become 
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the density and the star’s centre and the consequent deviations from the gas- 
laws. We have seen (§ 143) that when the deviations from the gas-laws become 
sufficiently great the barrier is no longer impenetrable. If the star presses 
sufficiently hard against the barrier a door suddenly opens, the star falis 
through to a still lower, and very much lower, terrace and finally regains 
stability as a white dwarf. 

In a white dwarf the great majority of the atoms are stripped bare down 
to their nuclei and so are immune from annihilation and have almost no 
capacity for generating radiation. As a consequence stars on the white 
dwarf terrace are only very feebly luminous, and the fall to the white dwarf 
branch is the end of a star’s career as a brilliant luminary. It is slightly 
disconcerting to find that our sun’s position in the temperature-luminosity 
diagram suggests that it is pressing with perilous force against the dangerous 
edge of the main sequence, so that its collapse into a feebly luminous white 
dwarf may commence at any moment. 

The white dwarf state represents the utmost limit of contraction which 
is observed. No further rings of electrons remain to be ionised, and even the 
central temperatures of the white dwarfs are insufficient to produce any 
appreciable nuclear disintegration. As regards further evolution, the white 
dwarf state is one of almost complete stagnation, changes of mass and 
luminosity being practically inappreciable within periods comparable with the 
whole life of ordinary stars. In the next 7 x 10” years or so, each component 
of Plaskett’s star is likely to change into a star very similar to our sun; in 
the same interval the only change in Sirius B will be a loss of one part in 
700 of its present mass, probably accompanied by a quite inappreciable change 
in its luminosity. 

Eddington* has pointed out that interesting and somewhat delicate 
questions arise as to the ultimate state of the white dwarfs, to which R. H. 
Fowlert has given an answer in terms of the Fermi-Dirac mechanics. In 
brief, Fowler finds that in its last stage, all the nuclei and electrons of a 
white dwarf may be regarded as forming one gigantic molecule which is in 
its lowest quantum-state. In this state it emits no radiation and its energy 
cannot be further diminished. 

We can see in a general way what type of star is most likely to become 
a white dwarf. In brief, of course, it is the type of star which presses most 
forcibly against the not quite impenetrable barrier formed by the left-hand 
edge of the main sequence. This again is the type which would wander 
furthest over to the left-hand of the diagram if the barrier were not there— 
i.e. if the gas-laws were obeyed. 

In discussing stars in which the gas-laws were obeyed, we saw that the 
process of fission placed both components well over to the left of the diagram. 
In a young star in which the atomic ingredients are fairly well mixed, the 


* The Internal Constitution of the Stars, § 117. + M.N. uxxxvii. (1926), p. 114. 
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smaller component will go further to the left of the diagram, and the smaller 
this component is, the further it will go. Thus if the mass-ratio is very 
uneven when fission takes place, there is a grave danger of the smaller com- 
ponent becoming a white dwarf. The two systems of well-determined mass- 
ratio in which the ratio is furthest from equality are* Sirius (m’/m=0°29) and 
Procyon (m’/m=0'33). The less massive component of Sirius is certainly a 
white dwarf and that of Procyon is in all probability one. Even if fission does 
not cause the less massive component to fall into the white dwarf state a 
second fission may do so, since the secondary small components so formed 
tend to be thrown very forcibly against the barrier. Such consideration may 
explain why 0, Eridani B (of mass only 0:22 times the sun) is a white dwarf, 
although again we cannot press these interpretations since it is very un- 
certain (Chap. xit) whether these systems have originated by fission. In 
any case, a number of single stars of exceptionally small mass and originally 
of high luminosity may press so hard against the barrier as to fall through 
and end as white dwarfs. 

167. Let us next consider the evolution of a star in which no fission occurs. 

In any case this evolution must be in the direction of decreasing mass; if 
we neglect the probable inhibition of energy-generation caused by ionisation, 
it must also be in the direction of continually decreasing bolometric luminosity. 


Log. of Luminosity 


Small Log. of Radius Large 


Fig. 16a. 


The curve shewn in fig. 16a reproduces that already shewn in fig. 11 for the 
possible configurations of a star of given mass. As before, stable configurations 
are drawn thick and unstable configurations thin. 

When a contracting star reaches a configuration such as R, its stable track 
comes to an end, and it must drop on to the next stable branch S7. It cannot 


* Aitken, Binary Stars, pp. 205 and 216. 
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start at S, since it has no means of increasing its luminosity to the value 
appropriate to S. It accordingly starts at R’, a configuration of the same 
mass and luminosity as R. Thus ranges such as SR’, UT’ are never traversed 
by stars in their normal course of evolution; they can only be occupied by 
binaries which have evolved by fission. 

Thus the configurations open to a system of stars contracting without 
fission consist of a series of branches such as P’R, R’T, T’V, etc., each being 
lower than the preceding. The distinctness of these branches results from the 
distinctness between K-ring, Z-ring and M-ring stars. If we disregard this 
distinctness, and look at the problem in a more “coarse-grained” manner, 
the configurations open to a star of given mass M form roughly a slant line 
stretching across the diagram, the direction of slant being such that high 
luminosity goes with low surface-temperature and conversely. 

On the hypothesis of gaseous stars the configurations open to a star of 
given mass YU also formed a slant line stretched across the diagram—but the 
slant is in the opposite direction (§ 158), high luminosity accompanying high 
surface temperature. Thus a diagram shewing the observed configurations of 
stars of given masses in the sky ought to provide a test between the two 
theories. 

Such a diagram has been obtained by Seares* and is shewn in fig. 160. 
As this diagram was obtained by purely statistical methods, it is not “ fine- 
grained” enough to shew any clear distinction between K-ring, L-ring and 
M-ring stars. Moreover it omits white dwarfs entirely. 

The general direction of slant is unmistakably in the sense of high 
luminosity accompanying low surface-temperature. That is to say, the slant 
is in the direction needed to confirm the hypothesis of liquid stars, and is 
antagonistic to the hypothesis of gaseous stars. The direction of slant is 
reversed in the region (approximately) of G type stars. The diagram, however, 
represents visual absolute magnitudes whereas theory is concerned only with 
bolometric absolute magnitudes. The effect of applying the bolometric cor- 
rection, so as to reduce visual magnitudes to bolometric, is to raise all the 
curves in the diagram throughout the regions of G, K and M spectral type; 
the topmost chain line in the diagram shews the corrected curve for stars of 
mass ten times that of the sun. When all the curves are similarly treated the 
reversal of slant and corresponding minimum luminosity at about type K 0 
disappears from all curves except those representing stars of the highest mass, 
and Seares considers that the results for these stars are relatively uncertain, 
being obtained only by extrapolation of observational data. As a general 
statement we may say that the curves as a whole slant from high luminosity 
and low surface-temperature to low luminosity and high surface-temperature, 
as is required by the hypothesis of liquid stars. 


* Astrophys. Journ. ty. (1922), p. 412. 
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It now appears that the diagram we used to discuss the course of stellar 
evolution in § 158 needs amendment. It was drawn on the supposition that 
high surface-temperature was associated with high luminosity, and it now 
appears that, except where fission enters into the problem, the exact reverse 
is the case. To represent the configurations of simple stars, the lines OB, OQ, 
etc., which represented stars at given surface-temperatures, must be replaced 
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Fig. 160. 


by bands of finite width representing white dwarfs, K-ring stars, L-ring stars, 
etc. And the white dwarf band must come lowest, in some position such as 
OB in fig. 15, followed in succession by bands representing K-ring, L-ring 
stars, etc. 
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In terms of this amended diagram we can discuss evolution much as 
before. The evolutionary path of a star will be of the general nature of the 
line AQEP in fig. 15. 

We notice in the first place that every star must necessarily end its career 
as a white dwarf. Also a star may begin as a white dwarf (e.g. at A) and, as 
it follows such a path as AQP, it may rise from being a white dwarf to being 
a main-sequence star, or even a giant M star, and then sink back to the white 
dwarf state. Whereas Russell’s theory, discussed in § 154, gave an evolutionary 
sequence of cool-hot-cool configurations, the present sequence is hot-cool-hot, 
in which, however, the word “hot” refers less to the surface-temperature than 
to that of the interior; the final “hot” state will in general be that of a white 
dwarf with the surface-temperature falling gradually to zero. 

This concept has important cosmogonical consequences in that it makes it 
possible to suppose that very massive stars have ages comparable with those 
of ordinary stars. In the white dwarf stage of a star’s existence, whether this 
comes at the end or at the beginning, the atoms are ionised down to their 
nuclei, and, as we have seen, observation and theory agree that such a star 
should emit very little radiation. Plaskett’s star, which at present emits 
about 15,000 ergs per gramme, cannot, from considerations of mass, have 
radiated at its present rate for more than about 10" years. The present 
theory makes it possible to extend the star’s age far beyond 10" years by 
supposing that it may have had a previous existence as a white dwarf, in 
which, although its mass was of course very great, it emitted but little 
radiation. 

Such a concept removes the otherwise almost insuperable difficulty of 
explaining how the most massive stars can be such very recent creations. It 
opens up the way to supposing that all the stars of the galactic system may 
have come into being at approximately the same time regardless of the great 
differences in their apparent ages as calculated by the methods of § 118. 

We shall leave this question an open one for the present, to return to it 
in § 352. 

We have now sketched in general terms the view of stellar evolution to 
which we are led by the twin hypotheses of the annihilation of matter as the 
source of stellar energy and of high ionisation as the state of stellar interiors. 
Apart from the questions discussed in the present section, it may almost be 
said that there has been no true choice of roads at any point of our journey 
unless indeed we have dashed past some bifurcation of roads without noticing: 
it; what may at first sight have appeared to be alternative routes have 
proved, on further investigation, to be barred by the well-established laws of 
dynamics, thermodynamics and physics. 

Happily the conclusions to which we have been led accord tolerably well 
with the conclusions reached by astronomical observations. It is fortunate that 
it is so, for had there been any serious divergence we should hardly have known 
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how to retrace our steps and take a different road in the hope of coming to 
some other conclusion. On the other hand, our conclusions suffer from a good 
deal of vagueness. If we liked to introduce further definite assumptions we 
could make the picture as much more definite as we wished. Some assumptions 
would give results which would agree with observations, while others naturally 
would not. By a skilful choice of assumptions we could doubtless both add 
precision to our picture and accentuate its agreement with observation. But 
the procedure is too risky to be profitable. We might find an assumption 
which would intensify the agreement with observation enormously, but we 
should remain in ignorance of perhaps ten others that would do the same thing 
equally well. We should start on our journey with odds of ten to one that we 
were on the wrong track and that all our labour would be wasted. Con- 
siderations of this nature suggest that it is more prudent to leave the theory 
in its present vague form than to gain additional precision by introducing 
special assumptions of a speculative or semi-speculative kind. 


CHAPTER VII 
NON-SPHERICAL MASSES—DYNAMICAL PRINCIPLES 


CoNFIGURATIONS OF EQUILIBRIUM. 


168. Tux last four chapters have been devoted to a discussion of the 
commonest object in the sky—the simple star. Its mechanism and build were 
discussed on the supposition that it was of spherical shape. 


We turn now to the discussion of non-spherical masses. A star which was 
initially spherical may assume other shapes as the result of being set into 
rotation, of coming within the field of gravitational force arising from some 
other body, or in other ways. Our main problem is to calculate the shapes 
assumed by astronomical bodies under such circumstances, the ultimate aim 
being, of course, to compare the calculated shapes with the observed shapes of 
astronomical objects. The discussion will no longer be limited to stars. The 
present chapter will contain an exposition of dynamical principles which we 
shall subsequently apply to nebulae, stars, the sun, the earth and the planets, 
although the principles are so general as to apply to all dynamical systems and 
not merely to astronomical bodies. 


169. Let the configuration of a dynamical system at any instant be fixed 
by a number of co-ordinates 


Oy O a Can tenU mee aac astra ene soe ES (169°1), 
while its motion is specified in terms of the corresponding velocities 
OOO Oe ot Onur A oe ata Bs (169-2). 


The potential energy W of the system is a function of the -9-ordinates of 
position only, say ‘ 
Wise Fl Orns sera On). ane cos del aoes Dede aaens (169°3), 
while the kinetic energy 7’ is a function both of the co-ordinates of position 
and of the velocities, say 


ete W (Ore O scie8 Occ Oo Pong) 2 ode ocaet ine (169°4), 


this function being of the second degree in the velocities ea ag | 
The motion of the system will be determined by the usual Lagrangian 
equations ieee ees 
bi ieea cae (s=1,2,...”) Radnteleatls (169'5) 
where F,, F;,... F, are the “generalised forces” applied from outside. 
In a great number of cosmogonical problems we are concerned with 
astronomical masses which are either in a state of equilibrium or whose 
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motion is so slow that their kinetic energy is negligible. For such configura- 
tions we may put 7’=0, so that equations (169°5) reduce to 


ow ow ow 
AES — ax = RS ERO FS 1696). 
a0, 0, 0, 0, 0, ete (169°6) 


These may be regarded either as equations of equilibrium or as equations 
determining the configurations of a very slowly changing mass. Regarded as 


equations in 0,, 0,,6;, ..., there will be a number of solutions of which a 
typical one may be taken to be 
| rs RT Pe ks PO eee ere ae (169°7). 


In this solution the quantities ®,, @,,... depend on the constants which 
specify the potential energy W in terms of 0,, @,..., as given by equation 
(169'3). In problems of cosmogony in which changes of a secular or evolu- 
tionary nature occur, these constants must themselves be supposed to vary; 
they are better spoken of as parameters than as constants. When equations 
such as (169°6) are satisfied, an astronomical mass is momentarily in a 
position of equilibrium, but if the physical conditions change in the course 
of time, this particular configuration of equilibrium will give place to another, 
We may represent this process by supposing slow changes to occur in the 
parameters which enter into the specification of W by equation (169°3). 


Linear Serves. 


170. Let us consider in detail the changes produced in @,, @,, ..., the 
co-ordinates of a configuration of equilibrium, as one of the variable para- 
meters, say 4, is allowed slowly to vary. 


A slight change from m« to 4+dy in the value of w will alter the values 
of @,, ©,, ... by quantities which will in general be small quantities of the 
same order of magnitude as du. On making such a small change in yp, a 
configuration. of equilibrium such as that given by equations (169°7) gives 
place to an adjacent configuration of equilibrium. On continually varying w 
we pass through a whole series of continuous configurations of equilibrium, 
which form what Poincaré has called a “linear series *.” 


Suppose for the moment that our dynamical system is specified by only 
two co-ordinates 6,, @,, as, for instance, the co-ordinates of a particle moving 
on a curved surface. We may in imagination construct a three-dimensional 
space having 

0,, 9,, lod 
as co-ordinates. Any one plane y= cons. will be suitable for the representation 
of all the configurations which are possible for one value of yu, and therefore 
for all which are possible for one definite physical state of the system. The 


* Poincaré, Acta Math. vit. (1885), p. 259, or Figures d’équilibre d’une masse fluide. (Paris, 
1902.) See also Lamb, Hydrodynamics, p. 680. 
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particular points in this plane determined by equations such as (169°7) will 
represent the configurations of equilibrium in this physical state. 


From its meaning the function W must be a single valued function of 
0,, 8, and w, so that the surfaces W=cons. in the three-dimensional space 
are necessarily non-intersecting surfaces. The condition that a configuration 
shall be one of equilibrium, as expressed by equations (169°6), is exactly 
identical with the condition that the tangent to the surface W=cons. shall 
be perpendicular to the axis of uw. If we make the axis of yw vertical, the 
configurations of equilibrium are represented by the points at which the 
tangents to the surfaces W=cons. are horizontal. We may speak of these as 
“level points.” Each level point represents a configuration of equilibrium 
corresponding to one value of the parameter uw. On joining up a succession 
of level points we get a line such that points on it represent configurations 
of equilibrium for different values of 4. Such a succession of configurations 
forms a “linear-series.” 

We have illustrated the meaning of our terms by using a simple system 
with only two co-ordinates 6,, 0,, but the method is quite general. If the 
system has n co-ordinates we represent its configurations, as u changes, in an 
imaginary space of (n + 1) dimensions, and soon reach the same result. 

As the value of any parameter y changes, the configuration of the system 
will change, and so long as the system remains in equilibrium, its various 
configurations will lie on a linear series. 


_ Points of Bifurcation. 


171. As we pass along a linear series, the regular succession of points 
representing configurations of equilibrium may be broken in various ways. 
One obvious way is by a change in the direction of curvature of the W-surfaces, 
resu!ting in the formation of a kink, such as is shewn occurring at the point 


R 1F 
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Q in fig. 17. On any surface on which this formation has just occurred, there 
will be three adjacent level points such as R,, S,, 7;, in the figure. The 
original linear series PQ will accordingly become replaced by three linear 
series such as QR, QS and QT’ as soon as we pass above the point Q at which 
the kink first forms. It is readily seen that at Q two of the series QR and 
QT must run continuously into one another, and so in effect form a single 
new series, while the series QS may be regarded as a continuation of PQ. 
We may accordingly suppose that there are two linear series PQS and RQT 
crossing one another at the point Q. Poincaré calls a point such as Q a “point 
of bifurcation.” 

The succession of level points can also be broken—or rather deviated—as 
shewn in fig. 18. In this case, as » increases, two linear series such as P, P; Q 
and U, U,Q approach one another and finally coalesce in the point Q@ and 
then disappear. A point such as Q in this figure may conveniently be described 
as a “turning point.” 


U; 
Fig. 18. Fig. 19. 

A third possibility, shewn in fig. 19, is only a variant of that shewn in 
fig. 17, and again leads to two linear series crossing one another in a point 
of bifurcation Q. Other minor variations may occur, but the principle possi- 
bilities are those shewn in figures 17, 18 and 19. 


Stability and Instability. 


172. Every point on a linear series is a configuration of equilibrium; a 
question which is of the utmost importance in cosmogonical problem is whether 
this equilibrium is stable or unstable. Confining our attention to one particular 
state of the system, and so to one of the planes » =cons. the condition that a 
particular configuration of equilibrium in this plane shall be stable is that 
the value of W at the point in question shall be a minimum. Hence the 
configuration represented at any point on a linear series will be stable if the 
concavities of the different vertical sections of the W-surface through this 
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point are all turned in the same direction, this direction being that of 
W-decreasing. 


Suppose, for instance, that in fig. 17 W increases as we pass upwards, and 
that the concavities for all sections of the W-surface through P, are turned 
in the same direction as that shewn in the diagram. Then the configuration 
represented by the point P, will be one of stable equilibrium. 


On passing along a series such as PQS in fig. 17 or 19, one of the sections 
must clearly change the direction of its concavity as we pass through the 
point Q at which a kink is first formed on the W-surfaces. Thus configurations 
which were initially stable give place to unstable configurations on passing 
through points such as Q. Thus we see that a principal series such as PQS 
loses its stability on passing through a point of bifurcation. 

If P,, P,, Ps represent stable configurations in fig. 17, the concavities of 
all the curvatures at these points must be turned downwards. The same is 
then true at the points R,, R,, R; and T,, T,, T;, so that the configurations 
represented by R,, R,,R; and 7,,7,, T; will also be stable. Thus stability, 
which leaves the principal series PQS at Q, may be thought of as passing to 
the branch series RQT. Thus we see that there is an exchange of stabilities 
at the point of bifurcation Q. 

In fig. 19, on the other hand, we find that if the configurations represented 
by P,, P., Ps are stable, then those represented by R,, R,, R, and 7,,T7., 7; 
will be unstable, in addition to those represented by S,, S,,S;. In this case 
there is a disappearance of stability at the point of bifurcation Q. 


In fig. 18, it is clear that if P,, P.,... are stable, then U,, U,, ... must be 
unstable; while conversely if U,, U,,... are stable, then P,, P.,... must be 
unstable. Thus in moving along a linear series a loss or gain of stability 
occurs on passing through a point such as Q at which uw is a maximum. But 
in a physical problem, uw will continually change in the same direction, and 
the physical phenomenon which will accompany the passing of w through 


its value at @ will be a complete disappearance of two sets of equilibrium 
configurations. 


These results are shewn diagrammatically in the following figures, in which 
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thick lines represent series of stable configurations, and thin lines series of 
unstable configurations, the series PQ being assumed to be stable in every case 


173. Suppose that in any physical problem yw changes very slowly, the 
direction of change being that represented by an upward movement in our 
diagrams. From what has already been said, it is clear that the following rule 
will trace out the sequence of stable states which will be followed by the 
system as pw varies. 

Start from a configuration in the diagram which is known to be stable 
and follow a path along linear series of equilibrium so as always to move 
upwards, and so as always to cross over from one series to another at a point 
of bifurcation. So long as we can do this we are following a sequence of con- 
figurations which is always stable. When it becomes impossible to do this any 
longer, a value of y» has been reached beyond which no stable configurations 
exist, and if the physical conditions continue to change so that yu attains to a 
still higher value, the statical problem gives place to a dynamical one; it is 
no longer a question of tracing out a sequence of gradual secular changes, but 
of following up a comparatively rapid motion of a cataclysmic nature. 


At each point of bifurcation there is necessarily a certain amount of 
indefiniteness in the path which will actually be followed. For instance, in 
fig. 20(i), the system on arriving at Q may proceed either along Q7 or along 
QR, both being equally consistent with the maintenance of stability, and so 
far as can be seen equally likely. 


This complication causes no difficulty in actual problems. It arises from 
the obvious circumstance that a general discussion of stability, although 
competent to determine when stability ceases, cannot in general determine 
what will happen after stability has ceased. A general discussion of stability 
will readily shew that a top spinning slowly on its point is in unstable equi- 
librium, but it cannot determine in which precise direction the top will first 
fall to the ground. 


174. In his classical paper* in which the theory of linear series and points 
of bifurcation was first developed, Poincaré used analytical methods to obtain 
results identical with those just given. 


If is the only parameter which can vary, the potential energy W of the 
system may be written in the form 


W = /(0,5.0,,.... Ox) 


and the configurations of equilibrium are given by the equations 
0 
50,1 (% 0, ee oe. b) = 0, CLC Aon. cee tae (174-1). 


* Le. ante. 
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As in §169, let @,, ©,, ... be a configuration of equilibrium corresponding 
to this given value yw of the parameter, so that in this configuration 
oW ow ed 
00, 00. 00; 
In any adjacent configuration ©, + 50,, @,+ 60., ... w+ Su, the value of W 
may be yaar = the form 


W+4(30,)2 0 4 we (36 


a VERS RE REY eat (174:2). 


ow, 
302 2) 56, oT 
Wis 


sl a (1743) 


and the condition that this new cea: shall we one a equilibrium is? 
from equations (174-2), 
ow ow aw ow 
Orage + Psap ag, bt t ncaa hh gan 
and similar equations. Writing W,, for 0?W/00,0@, and so on, the solution of 
these equations is 


=O ...(174°4) 


86, SOUL ee Su : 
Pe We ae I ete eres (174°5), 
Was Wass. Wey 
| Re BE 
where A is the Hessian of W with respect to the variables 0,, 42, ... On, given by 
Wass Wes ihe a} Wa, 
Ace Pn ree BEN oat datas tac Uetiesace (1746). 


The values of the ratios 50, : 80,: ... : 64 determine the ratios of the small 
changes in @,, @,,... ~ as we pass along a linear series. At points such as 
Q in figs. 20(i) and 20 (iii) one or more of these ratios must become indeter- 
minate, so that we must have (say) 5u/58,=0. At a point such as Q in 
fig. 20 (ii) we must have (say) 5u/80,=0. Thus the three points Q in fig. 19 
are all determined by the single condition 

LTE ee EPG RARS POPC Ser (1747). 


175. If » is kept constant, the change of potential energy corresponding 
to changes 60,, 56,, ... in the values of @,, @,,..., will be given by 


SW =4(86,)? Wy, +(8,) (802) Wig t o.  veeeeeceeeee (175-1) 


in which no terms of degree beyond the second need be written down, since 
50,, 50,, ... are supposed small. 


Let the co-ordinates 80,, 56.,... in this quadratic expression for 6W be 


changed by a linear transformation to new co-ordinates ¢,, ¢.,..., such that 
5W becomes a sum of squares, say 
OW =4 (bb) +167 +n bn?) sere eceeecs. (175°2), 


the modulus of transformation being 2. 
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Since the discriminant remains invariant through all linear transforma- 
tions, we have 


b,, 0, 0, scare Wa Wr, <.0'8 Win 
0, be, 0, else =X Wa, Wa, Bey Wen 
or by, Bay Far Unw Nlks ioacon <i suena capes (175'3). 


The condition that the configuration @,, @,,... under discussion shall 
be one of stable equilibrium is that W shall be positive for all values of 
56,, 50,,... 86n, or again that expression (175:2) shall be positive for all values 
of d,, d2, -.. dn. This condition is that 6,, 6), ... by shall all be positive. If any 
one of these quantities becomes negative, 5W can become negative for a small 
displacement, so that the configuration has become unstable. 

The coefficients b,, b,, ... by are called by Poincaré “coefficients of stability.” 
A change from stability to instability occurs when any one of these coefficients 
vanishes, and the values of w for which this occurs are, from equation (175'3) 
given by 

Ai me ON 57 gaa olsen eee es (175°4). 

Combining this with the result obtained in the last section, it appears 
that a change of stability occurs at every point of bifurcation, and at every 
point on a linear series at which w passes through a maximum or a minimum 
value. This agrees precisely with the result obtained by other means in 
§§171 and 172. The stability or instability of the branch series at a point of 
bifurcation is most readily determined by the method already adopted in §173; 
with the conventions there used, it appears that the branch series will be 
stable if it turns upwards from the point of bifurcation, and unstable if it 
turns downwards. 

RotaTiInG SYSTEMS. 


176. We have so far discussed the stability of statical systems only. The 
stability of motion of a dynamical system is a much more complicated question, 
but assumes a comparatively simple form when the motion consists mainly of 
a uniform rotation. We proceed to discuss the stability of such a system. 

Let the system be referred to axes rotating in space with any velocity 
about the axis of z in the direction from Ox to Oy. Let a, y, z be the co- 
ordinates of any point referred to these axes, and let 2, y, 2 denote their rates 
of increase. The components of velocity in space are then given by 

U=f—yo, Ve Yytao, WHF e..ccevcccces (176:1), 
so that the kinetic energy T is given by 
T = 42m (uw? + v2 + w*) 
= Zim (a+ H+ 2) + wim (xy — ye) + $0? =m (a? + y?) ...(176-2). 
The total moment of momentum M about the z-axis is given by 
M = =m (av— yu) 
= 2m (xy — ye) + OLM (BAY?) coecccecceeeees (176°3). 
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Let us put 
T= EQN (GI YF) os cvccosveccsocnceesy (176°4), 
(Kise n: (CY — Ya Ve. creeper se seaddesaceses (176'5), 
1S Cia ae ig) ean eae oc eee (176°6), 


so that T, is the kinetic energy relative to the rotating axes, U is the moment 
of momentum relative to the moving axes, and J is the moment of inertia. 
Then the values of 7 and M just obtained assume the forms 


Se pee OU ROU cecscesnsseveyschense (176°7). 

11 SS EE TY Sa me Nia cE SA EE SA (176'8). 
The elimination of U gives 

Ded gt OM — BOT niin ins senscrnsees (176°9). 


177. The position of a rotating system may be supposed defined by a 
co-ordinate y fixing the position of the axes, such that y=, and n—1 other 
co-ordinates 6,, @,,...0n, fixing the configuration of the system relative to 
the axes, so that the system has n co-ordinates in all. 


The equations of motion (169°5) take the form 


d (aT\ oe . 
qlanlasnpe¢ Sore eee essecoesscosevcee (1771), 

@-[dl\ “al. OW, hs 
— | — | — —_ = F, =], 2.... —l 1 72), 
dt Ga) 00, 00, 3 e Bens need) 


in which G is the generalised force corresponding to the co-ordinate W, and so 
is the couple about the axis of z which acts upon the system. 

With the value of 7 given by equation (176°7), we have 07/0 =0, and 
07/0 = M, so that equation (177°1) reduces to 

7“ Ras van cxma tions e ers taerees (177°3), 
which merely expresses that the rate of increase of the moment of momentum 
M is equal to the couple G. 

If a mass is rotating freely in space, G = 0, and M remains constant. If a 
mass is constrained to rotate at a constant angular velocity while M changes, 
a couple G will be necessary to maintain the uniformity of rotation, and the 
amount of this couple will be determined by equation (177°3). 


MASS CONSTRAINED TO ROTATE WITH CONSTANT ANGULAR VELOCITY. 


178. Let us first consider the problem when @ is kept constant. The 
value of any co-ordinate of position x will be a function of the n—1 co- 
ordinates 6,, 0,,...An-1, so that 


> ox 00, 
at = 00, ot” 
and hence 
Ot Ow 


06, 00, 
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With the value of U given by equation (176'5) we have 


oU m(c OY _y OF) Sm (a oo a Ne 


a6, AU boele ir 06,” 06, 
that 
oes i OU aaa (ais sm [e4 (%)-y2%)]. 
hod 7 Cagle + ages FYACY Pace TCR 
Also . : 
0 Ox , x 
panes Gar +m [25 ( 5) Y di AG aie 
so that 
«0 a oe sa (224 5%) 
dt\06,/ 00, 00, ” O05 
Ox Oy dy Ox 
— BP pee els lt gs a Li wet 
mone E ce 30, 00, ae i, |. 
If we put 


oe da oy _ oy Ox 
Bre = 22m (5F oo — 5 gs)” 


so that 8,,=— 8s, and 8,,=0, we Abia 


eee: a LE BUG Co a Gielen to abe (178'1). 
Using the value of 7’ given by equation (176'7) and keeping constant, 
¢ (2) - or _d (G2). OT p +0 © CF) ~ 55 38 or 
dt\06,/ 00, dt\06,/ 00, Lat \a6,/ 00, 00, 
so that the equations of motion (177°2) become 
aoe) Sato Bub Pele i J=— 3 (W— getl) + F, 
ees (1782). 


These are the equations of motion relative to rotating axes. They differ 
from the simpler equations appropriate to the case of w =0 in two respects; 
first by the presence of what we may call “gyroscopic” terms such as 8,,00, 


and second, by W—4w*J replacing the potential energy W of the simpler 
equations. 


179. The system will be in equilibrium relative to the moving axes if 
6, =6,=...=0, 
so that, from equation (178'2) the configurations of relative equilibrium are 
determined by the equations 


Se) oe eee (179-1). 


When there are no externally applied forces, these reduce to 


3 } 
5a iemat al an ts cae ae (179-2). 
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These equations only differ from the simpler ones for a system at rest in 
that W has become replaced by W- }w*J. The configurations of relative 
equilibrium may accordingly be found just as though the system were at rest 
under a potential W— }w°J, and these configurations will fall into linear series 
as before. 


Small Oscillations. 


180. To discuss the small oscillations of such a system, we have to return 
to the equations of motion (177:2). Suppose we are considering the oscilla- 
tions of a configuration which is one of equilibrium under no applied forces, say 


6, = @,, etc. 
Let the co-ordinates be replaced by 0, — @,, etc., so that the new values 
of 0,, 6,,... all vanish in the configuration of equilibrium. The values of 


W —4o°l and of T, for any small displacement may now be expressed in the 
forms : a 
DE ei Oe 2d O tat ay ates seateess (180°1), 

2 ( W— d0°L) = by, 0)? + 2d.0, On 4-0. wc eeeeeee ees (180°2), 
the preliminary condition that equations (179°2) shall be satisfied in the 
configuration of equilibrium requiring the omission of terms of first degree in 
6,, 9,,.... By a linear transformation, 7, and W—4I may be simultaneously 
reduced to a sum of squares, so that we may legitimately assume the still 
simpler forms : ; 

ed ps Sete AO A? hs Os cee. 8 MY ae nalstcaesuhae (180°3), 
2(W— hal) = 0,02 + dO + 0. cece ee cece eee (180°4), 
With these values for: 7, and W—4wJ, the equation of motion (178:2) 
assumes the form 


gO, + bs. + @ (Ba 6:8 + Boro +-..)= Fe, C60. os... (180°5). 
Had the system been at rest, these equations would have reduced to 
DpOab Pre NERO. erecta ccndion tetiasenns (180°6), 


a system in which each equation depends on only one co-ordinate. From the 
form of these equations it follows that the different co-ordinates 6,, 02,... 
execute entirely independent vibrations; the changes in any one co-ordinate 
6, does not influence, and is not influenced by, whatever changes may be 
occurring in the other co-ordinates 6,, 0;,..... These are of course the well- 
known properties of “principal co-ordinates.” 

But a glance at equations (180°5) and (180°6) will shew that these 
properties no longer persist when the system is in rotation. A disturbance 
in which @, at first exists alone will soon set up oscillations in which 62, 03, ... 
have finite values, and the co-ordinates 6,, 6.,... no longer correspond to 
independent vibrations. 


Since these equations are linear with constant coefficients, it is clear that 
there will be systems of separate free vibrations. These may be found by 
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putting F, =F, =...=0, and assuming 6,, @,,..., each proportional to the same 
time-factor e*. The equations then reduce to 
(a, na + b,) 6, ob WAB 29, 4 WABi39; — oom — 0, 


OBO, + OAB I. + «+ (Usd? + bs) Og + 01. =O veeeevere (180°7). 

Eliminating the 6’s, we find as the equation giving X, 

V+, wrPr, orBis, 
oP; G4 0,4 ON Bah ance Ue 
OABs, WABs, as? + bs,... 

Since 8;, = — er, this equation is unchanged when the sign of d is changed. 
The equation is therefore an equation in A’, just as when the system is at rest. 
But the roots in ? are not necessarily all real as they are for a system at rest; 
in general they will occur in pairs of the form \* =p + to, and these will lead 
to roots for » of the form 

AN=+q 4, 
so that the complete time-factor for an oscillation is found to be of the form 
Ae” cos (pt — «) + Be” cos (pt — 7). 

If q is different from zero for any vibration, the amplitude of this vibration 
must continually increase owing to the presence of the factors e*%, and the 
system will be unstable. Thus the condition for stability is that g shall be 
zero for every vibration, and this in turn requires that all the roots in 2? shall 
be real and negative—a condition which is the same in form as that for the 
stability of a non-rotating system. 


Stability and Instability. 


181. Multiplying the general equations of motion (178-2) by 6,, 6,,... and 
adding corresponding sides, we obtain 


d : 
(Int W — jo) =F, 6: FO) tegen eal (181:1). 
When F, = F,=...= 0,80 that no forces act except the couple G necessary 
to maintain the rotation constant, the equation has the integral 
Tp+ W—4oT2=constant ..............000. (181°2). 


For equilibrium we have seen that W— $w?J must be stationary. Consider 
first what kind of equilibrium obtains when W—4°J is an absolute minimum. 
When any small displacement of the system occurs, W—4°I is necessarily 
increased, so that the constant value of 7’, + W— 4o°/ is greater than its value 
when at rest in the equilibrium configuration by a small amount c. Through- 
out the subsequent motion the value of 7’, can never increase beyond c, so 
that the motion is absolutely stable. This argument cannot however be 
reversed, and the system is not necessarily unstable if W—4?Z is not an 
absolute minimum. 
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Secular Instability. 


182. Let us next suppose that F,, F,,... do not vanish, but represent 
dissipative forces such as viscosity. The special characteristic of these forces 
is that they always act against the velocity in such a way as to compel the 
system to work against them; in brief, they resist the motion. Thus, what- 
ever the algebraic signs of 6,, 65,..- may be in equation (181-1), the signs of 
the terms F,6,, F,6,,... on the right will always be negative unless they 
are zero. Thus the right-hand member of equation (181-1) will be negative 
except when the system is relatively at rest, so that 7,+W—ioJ must 
decrease indefinitely. If W—4w*J is an absolute minimum in the position of - 
equilibrium, this condition can only be satisfied by Tz being reduced to zero, 
and the system coming to rest in its position of equilibrium. Butif W—4o*J 
is not an absolute minimum in the configuration of equilibrium, there will be 
a possible motion in which W—4*J continually decreases while 7, remains 
smail at first, but may increase beyond limit when W— ol is sufficiently 
_ decreased. The system is now in a restricted sense unstable. 


Instability of the kind just discussed is called “secular instability.” The 
conception of “secular instability” was first introduced by Thomson and 
Tait*. It has reference only to rotating systems or systems in a state of 
steady motion; for systems at rest secular stability becomes identical with 
ordinary stability. 

So long as W—47J remains an absolute minimum the system is stable 
both secularly and ordinarily. At the moment at which W —4w*J ceases to 
be an absolute minimum, secular instability sets in, although the system may 
remain ordinarily stable. 1t follows that a system which is ordinarily stable 
may or may not be secularly stable, but a system which is ordinarily unstable 
is necessarily secularly unstable. 


Further, we see that as the physical conditions of a system gradually 
change, secular instability necessarily sets in before ordinary stability. Thus, 
for problems of cosmogony it is secular instability alone which is of interest. 
A system never attains to a configuration in which ordinary instability 
comes into operation, since secular instability must always have previously 
intervened. 


MASS ROTATING FREELY IN SPACE, 


183. We have so far considered only the case of a mass constrained to 
rotate with a constant angular velocity w. Schwarzschild+ has shewn that 
the conditions of secular stability assume a somewhat different form for a 
mass rotating freely in space. In this case the rate of rotation is not constant, 


* Nat. Phil., 2nd ed., vol. 1, p. 391. 
+ See Schwarzschild: ‘‘Die Poincaré’sche Theorie des Gleichgewichts.” Neue Annalen d. 
Sternwarte Miinchen, 111. (1897), p. 275, or Inaugural Dissertation, Miinchen (1896). 
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but changes as the moment of inertia of the mass changes; if the motion 
is referred to axes rotating with a uniform velocity, the rotation of the freely 
rotating mass may lag behind that of the axes and the relative co-ordinates 
a, y, 2 may increase without limit although the configuration remains stable. 
It is therefore important to express the conditions of stability in a form 
which does not involve the constancy of . 

When the mass is rotating freely in space, @=0 in equation (177°3) so 
that M is constant. The elimination of » from equations (1767) and (176'8) 
leads to 


MM? 

aeristast ie 

U2 

where T,=T,- 97: 


Using the values of 7’, U and J already obtained in equations (176°4) to 
(176°6), we find that 
2IT, = [Xm (ay? + y,7)] (2m, (@2 + yo? + 22)] 
— (2m, (mH — y14,)] [Zar (#22 — Yo%e)] 
= 2>m, mM, CA Ly + Yo)? + (€,%, + N Yo) 
+ (1, Y2— Lath) + (L2H — Ly Yo) + 21? (@2? + Yo?) + 2 (x? + y:’)]. 
This expression, being a sum of squares, is necessarily positive. Thus, since 
I is necessarily positive, 7, is always positive. Since £ does not involve 
&, y, 2, T, of course is quadratic in &, y, Z. 
The equation of energy, 7+ W=cons., now assumes the form 
T,+W+ He = CONS; 4 bares ad aes oth (183°1). 
This is of the same form as the former equation (181:2), 7, replacing T, 
and W + M?/2I replacing W—4°I. By the argument already used in § 181, 
it appears that configurations for which 
W+ oT hie ayy Gama eae ene eens (183°2) 
is an absolute minimum (M being kept constant) will be thoroughly stable, 
while configurations for which this expression is not an absolute minimum 
will be secularly unstable, and may or may not be ordinarily unstable. 


184. The last two sections have shewn that as we pass along a linear 
series of configurations of equilibrium of a rotating system, starting from a 
part of the series which is known tv be stable, the configurations will become 
secularly unstable as soon as 

W —twl (w = constant) ...... (1841) 
or W+43™M?/I (M-=constant)...... (1842) 
ceases to be an absolute minimum, the former expression referring to the 
case in which the mass is compelled by external forces to rotate at a constant 
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rate w, while the latter refers to the case in which the mass is rotating freely 
in space, 

The theory of linear series and stability developed in §§ 170—173 will be 
exactly applicable to the problem of the secular stability of a rotating mass, 
provided W is replaced in the argument of those sections by the appropriate 
one of expressions (1841) or (184-2). Secular stability is lost at a “ turning 
point” or “ point of bifurcation.” At a turning point stability is lost entirely ; 
at a point of bifurcation it may be lost or may be transferred to the branch 
series through the point according as the branch series turns downwards or 
upwards in the appropriate diagram. And, finally, to determine the positions 
of “points of bifurcation” and of “turning points” we need only express 
the appropriate one of the two above expressions as a sum of squares, and 
the “points of bifurcation” and “turning points” occur whenever one of the 
coefficients vanishes. 

For instance, to determine at what stage a mass rotating freely in space 
becomes secularly unstable, we calculate W+4M?/I for any configuration 
which is arrived at by a small displacement from a configuration of relative 
equilibrium, M being kept constant throughout the displacement, and express 
the excess over the equilibrium value as a sum of squares in the form 

5(W +4M?7/D) = 4 (0,0) + 0,02 +... + Dn Ona)... (184°3). 

If the configuration under consideration is secularly stable, W + 3 M?/I 
must be an absolute minimum, so that 0,, b., ... bz; must all be positive. 
As the various parameters which determine the physical state of the system 
change, the values of 6,, b,, ... change. Secular stability persists so long as 
b,, b,, ... all remain positive, but is lost as soon as one of them becomes 
negative. 


EXAMPLES OF SECULAR INSTABILITY. 


185. Some interesting examples of secular instability have been worked 
out by Lamb*. 
As a first instance consider a spherical bowl, which is made to rotate with 


ee) 

a ee 
LABELS 
fA 
Fig. 21. 


* Proc. Roy. Soc. A, lxxx. (1907), p. 170. 
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a constant angular velocity a, while a small particle, such as a shot, is free 
to roll about inside. When the shot is in a position at an angle 6 from the 
lowest point of the bowl, the potential energy W is equal to —mgacos 0. 
This has only one minimum, at 9=0, so that if the bowl is smooth, the 
particle will fall to the lowest point of the bowl and remain there; the rota- 
tion of the bowl is entirely irrelevant, and the equilibrium in this position 1s 
“ordinarily” stable. 


To examine the question of secular instability, we have to consider the 
variations not of W but of W—4.*/ (formula 184°1). We have 


W —4o0°I =— mgacos0—4mo’a’sin?@ ......... (185°1). 


Possible configurations of equilibrium occur when 
0 
5g (W — gel) =0, 
and this is when 6 = 0, or when 


eee : 
cos 9 = cag, TTT oe nieetesseeneees (185:2). 


The root 6 = 0, of course, represents the position of equilibrium at the lowest 
point of the bowl, while the second root represents equilibrium in which 
the particle rotates with the bowl, at such a height up the face of the 
bowl that the tangential component of centrifugal force mwa sin 6 cos @ is 
precisely equal to the tangential component of gravity mgsin 6. The second 
configuration only exists when w? is greater than g/a. If w? has a value less 
than g/a, equation (185-2) cannot be satisfied, since cos @ is necessarily less 
than unity. 


To examine the secular stability of the position of equilibrium at the 
lowest point of the bowl, we expand W—4o°J in the neighbourhood of this 
position in powers of displacements from the position, and obtain 


W -—30°T =—mga+ 4m (ga— wa’). 


Comparing this with the general formula (184°3), we see that the coefficient 
of stability corresponding to the single variable co-ordinate @ has the value 
m(ga—’a?). This is positive so long as w? is less than g/a, and for such 
values of w? the equilibrium at the lowest point of the bowl is secularly 
stable. As soon as w exceeds this critical value, the coefticient of stability 
m (ga — wa”) becomes negative, and equilibrium at the lowest point becomes 
secularly unstable. The particle now slips away from this configuration, the 
value of @ oscillating about a mean value which recedes further and further 
from the original equilibrium value 6 = 0. 


The initial path of the particle is readily calculated. Let us take hori- 
zontal rectangular co-ordinates Ox, Oy passing through the lowest point of 
the bowl, and rotating with the bowl. Let us assume the frictional force 
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acting on the particle to be —k times the velocity of the particle relative to 
the bowl. Then, so long as 2, y are small, the equations of motion of the 
particle are 


#—2e0y —ow=—he -£, 
a 
i + 2wd — wy = — ky — 2. 


Multiplying corresponding sides by 1, 7 and adding, we obtain 
d? ; GaaG eaeee 
[gut Cio + b) $+ (2 or) | (a+) =0, 
of which the solution is 
e+ty = Ayer! + A,e’, 


where y= — tw +7 (2) —tk E -—@ ()'] , 
m= to i(2) 4 E +o 2)" : 
Thus 


a +iy=e i {, @)+-#f- (Te gg HZ) ee Lt e) . 


To refer to axes fixed in space instead of rotating with the bowl, we need 
merely multiply x+y by e. This neutralises the factor outside the curled 
brackets. We are left with two terms in 4,, A,, representing circular motions 


3 
of period 27 a in opposite directions in space, their amplitudes being 


$ 4 
proportional to e am E 06 () ] and toe 3 [} sak (:) ] respectively. The 


latter amplitude rapidly diminishes to zero; the former does the same if 
4 By 
a) (5) is less than unity, but if o (‘) is greater than unity it increases 


indefinitely until « and y are no longer small, when our analysis no longer 
apples. Thus the initial path of the particle is a spiral of ever-increasing 
radius. 


To examine the secular stability of the upper configuration of equilibrium 
given by cos 6=g/’a, we take a new co-ordinate z=a cos 6, so that z is the 
distance of the particle below the centre of the bowl. Equation (185°1) now 
becomes 


W — 3071 =— mgz —4mo’a? + 4 moe? 
egy vs g 
= imo’ (2-4) —km (+ wa’). 
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The coefficient of stability is thus seen to be mw? which is positive. Thus 
the configuration of equilibrium is secularly stable for all values of w for 
which it exists, but it disappears altogether when w*<g/a. So long as 
w? >g/a, the particle can rest in an equilibrium which is secularly stable at 
the position given by cos 0 = g/w’a. 

We can represent the configurations we have been discussing in linear 
series, after the manner adopted in §172. The system has only one co-ordinate 
6, and w? may be taken to be the varying parameter. If w? is taken as 
ordinate and @ as abscissa, the diagram lies as in fig. 22. 


W=0 
Fig. 22. 


The configurations drawn thick are stable; there is an exchange of 
stability at the point of bifurcation at which w*=g/a, stability here passing 
from the series of configurations 6=0 to the series 6 =cos(g/w’a). If the 
particle is placed at the bottom of the bowl while the bowl is at rest, and 
the bowl is then caused to rotate with a gradually increasing speed, the 
particle will lie at the bottom of the bowl until * reaches the value g/a. 
After this it will begin to ascend the side of the bowl, by spiral paths of ever 
increasing radius, ultimately clinging to a point whose elevation is given by 
cos @ = g/wa. 


186. As a second example, Lamb considers the problem of a pendulum 
symmetrical about a vertical axis which is hung by a Hooke’s joint from a 
vertical shaft which can be made to rotate with any desired velocity, The 
position of the pendulum can be determined by two angles, 0, $, where @ is 
the inclination to the vertical and ¢ is an azimuth. If A, B, C are the 
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principal moments of inertia of the pendulum, and h is the depth of its 


centre of gravity below the point of suspension, we find 


W —40°I =— mgh cos 6 — 40? (A sin? 6 + C cos? 6). 


On differentiating with respect to 0, there are 
found to be two linear series given by 0 = 0 and 


Mgh 
TEC e saree 


The first is found to be secularly stable until 
the second comes into existence, when the stability 
passes to it.The general form of the diagram is 
precisely that already shewn in fig. 22. Thus, if the 
shaft is set rotating at an increasing speed, the pen- 
dulum will hang vertically until the speed of rotation 
reaches the value w?= Mgh/(A —O), after which it 
will rotate as a conical pendulum at an angle given 
by equation (186°1). 

In the next chapter further instances of the 
principles just explained will be provided by pro- 
blems which have reference to actual astronomical 
conditions. 


cos 0 = (186:1). 


Fig. 23. 


CHAPTER VIII 


THE CONFIGURATIONS OF ROTATING LIQUID MASSES 


187. We proceed to apply the general principles just explained to the 
problem of determining the shapes assumed by astronomical or other masses 
which are subjected to forces such as to make the spherical shape impossible. 

In the present chapter we deal with the shapes of rotating bodies which 
are acted on by no forces but their own gravitation, confining ourselves 
to the simplest case in which the matter is supposed to be homogeneous and 
incompressible; the far more difficult problem presented by masses which are 
compressible, and so are not of uniform density, is reserved for the next 
chapter. Even the simplified problem has taxed the skill of some of the most 
eminent mathematicians. Among those who have specially worked at it may 
be mentioned Maclaurin, Jacobi, Lord Kelvin, Poincaré, Sir George Darwin 
and Liapounoff. 

GENERAL EQUATIONS. 

188. If a homogeneous mass of matter of uniform density p is rotating 
about the axis of z, the conditions that it shall rotate in relative equilibrium 
as a rigid body rotating with angular velocity w are expressed by the system 
of equations 


) V 

eP a etow =. Hieadille Tevet (188-1), 

dp av 

a =P iy FOPPY cess eeeseeceereeneeesee (188°2), 
* 

op oV 

len) ir a eee (188°3). 


Here p is the pressure at the point a, y, z, while V is the gravitational 
potential. The equations are of course merely the ordinary hydrostatic 
equations we have used before, modified by the additional terms w'pz, wpy, 
which represent the effect of centrifugal force. It is not necessary to specify 
the mechanism by which the pressure p is exerted. It is the total pressure, 
including pressure of radiation if this is appreciable, and there is no need to 
pecify it further. 

Since p is supposed to be constant throughout the mass, the three equations 

‘have the common integral 


i = V + hw? (a? + y*) + CONS. 20... cee ceee eee (188°4). 


The pressure p, however it arises, must be zéro over any free surface of an 
astronomical body. If this condition is satisfied, equation (188°4) fixes the 
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value of p at every point inside the body, and the three equations of equi- 
librium (188'1) to (188°3) are then automatically satisfied. Thus the necessary 
and sufficient condition that any configuration shall be a possible figure of 
equilibrium for a homogeneous mass of density p rotating with uniform angular 
velocity @ is that 
(AES OE TY) ROR SE we ET Pare (188°5) 

shall be constant over its surface, where V is the gravitational potential of 
the body. 

If w =0, the condition becomes simply that V shall be constant over the 
surface, so that the configuration must be spherical. 


If is small, although not actually zero, a spherical surface does not satisfy 
the condition, the term }w?(2* + y*) destroying the spherical symmetry. In 
this case, as we shall see almost immediately, the configuration is that of an 
oblate spheroid of small ellipticity—a shape similar to that of the earth. 


ELLIPSOIDAL CONFIGURATIONS. 


189. Instead of attacking the problem piecemeal, we shall proceed at once 
to consider under what conditions the ellipsoid 

2 2 2 
atptanl SOR eR ot shh (189:1) 
can be a configuration of equilibrium for a homogeneous rotating mass of 
density p. In dealing with points inside or outside the boundary, it is con- 
venient to think of the boundary as constituting the surface X=0 in the 

family of confocal ellipsoids 

au? y? 2 
@tX BER AHR 
When this is done, we shall write for brevity 
a@+nr=A, BP +rXA=B, 2? +rX=C 

[((a@ +r) (B+A)(2+VDP=(ABOP=AA ........ (189°3). 


The potential V, of this mass at any external point 2, y, z is, by a well- 
known formula, 


+ Ie Seca ed te (189°2). 


Va = ay pobe ii (5 + +4 ie 1) Ghee iui (189-4), 


in which the lower limit of integration is the root of equation (189-2) and 
so is the parameter of the confocal ellipsoid on which the point a, y, z lies. 
The potential V; of the mass at an internal point a, y, z is 
ae i Cae ae : 
Vy= mypabe | (G+ R + @ 1)5 eee pees (189°5), 


and so is a quadratic function of a, y, z. If we write 


© dn 
—= J, 
ip A 
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and more generally put ,P 
ih sls GPs of sa tpigiy prod ot sega Bh Ae) (189°6) 
pe AES ee 
this equation assumes the form 
Vi=— mypabe (Jy? t+ Spy t+ Joe —J) .ccceeeeeees (1897). 
It is easily verified that 
J4t+ Jat Jon ope SEER Ty ohh (189°8), 


as can also be seen from the circumstance that V?V; must be equal to — 4ryp. 
We may also note the formulae 


Timed matt eV dats stem ie eee (189'91), 
J gmgntigp — J ym+i gnop = (a? — b?) SJ ymti gntigp ...... (189°92), 


J gg t Saget (2n +1) SJ gntt = Fo wesw eee (189°93), 


a” abe 
all of which are easily verified by algebraic transformations. 
190. The necessary and sufficient condition that the standard ellipsoid 


(189°1) shall be a figure of equilibrium for a homogeneous mass of density p 
freely rotating with angular velocity » is that 


Vg fo? (GPa YA a tae pr esto tvatonnen oe (190-1) 
shall be constant over the boundary, V; being given by equation (189°7). 
Now consider the function 


2 2 2 
Vi + dw? (a? + 9?) + Omypabe @ + ‘i + “5 _ 1) ae (190°2), 


where @ is a constant, as yet undetermined. Operating with V?, we find that 
this function will be a spherical harmonic if 


Ms bap 
— 4mryp + 2w? + 2Omrypabe (5 + B 25 3) =0, 


a condition which can be satisfied by assigning to @ the value 


@? 
2( ciate 
6= me BE os ee eee (190°3). 
atte 


With this value for 0, expression (190°2) becomes harmonic. The necessary 
and sufficient condition that the standard ellipsoid (189'1) shall be a figure of 
equilibrium is that this function shall have a constant value over the boundary. 
Since the function is harmonic, this is equivalent to the condition that the 
function shall have a constant value throughout the interior of the ellipsoid. 
We must accordingly have 


— mypabe (J 4a? + Jgy? + J o2?— JS) + 40? (a2? + y?) 


2 2 2 
+ Omypabe (= ae ‘ “7 _ — 1) = cons., 
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where @ is given by equation (190°3). Equating coefficients of 2, y? and 2’, 
this equation is seen to be equivalent to the three separate equations 


w? 6 ; 
Ya Sa aie See en i (190°4), 

@? 0 : 
Jz bas’ Qrypabe — b? i (190 5), 
Sy = : Trey ae eR (1906). 


By addition of corresponding sides we again obtain equation (190°3) which 
gives the value of 6. Thus the three equations just written down contain 
within themselves the necessary and sufficient conditions that the ellipsoid 

hed Yy Ze 
eo hte 
shall be a figure of equilibrium under the rotation o. 


=], 


191. Subtracting corresponding sides of the oe two equations, we obtain 
(as 6) J ap = (V—- b*) Ae , 
and the elimination of 6 between this and the third equation gives 
(a? = b?) [arb?S 5 — edo] = 0. 
Thus the necessary equations can be satisfied in two ways, either by taking 


N02 oe A Pee rates rag reer: (191°1), 
or by taking 
. OOS pe OU Gt secsntcodty eka ssheeo se (191-2). . 

The first condition requires that the body shall be spheroidal, the cross 
sections by the axis of rotation (Oz) being circles. If, however, the second 
condition is satisfied, a and 6 are not in general equal (as we shall shortly 
see), and the configurations are ellipsoids with three unequal axes. 

Clearly the two equations (191-1) and (1912) represent two linear series 
of equilibrium configurations, which are spheroidal and ellipsoidal respec- 
tively. The configurations which form the first series are commonly known as 
Maclaurin’s spheroids; those which form the second as Jacobi’s ellipsoids, 
their existence having first been demonstrated mye J acobi* i in 1834. We shall 
examine these two linear series in turn. 


Maclaurin’s Spheroids. 

192. When a =6 equations (190°4) and (190°5) become identical, and the 

three equations (1904) to (190°6) reduce to two: 
w? 6 


Jy = Qarypa*c = @ chajoty erat istgve Wielereier sie (1921); 
46: =° spe veveee(192°2). 


* Pogg. Ann. Xxxtll. (1834), p. 229, 
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Elimination of @ gives 
Fe abe pape ti PN »° DON ee eee 192°3). 
ciara ee “| BAC Genet ( 
Since w? must be positive, a? must be greater than c’, so that the spheroids 
are all oblate. When a= 8, the integral on the right admits of evaluation in 
finite terms, the equation then assuming the form 


o  3—2¢ proms t (G- ) 1924 
are oF ~(1 —e’)? sin e—-3 - Decne ( ve 
where e is the eccentricity of the spheroid, defined by 
e—-c 
= 2 


We notice that the eccentricity depends only on the ratio w?/2myp. 
Further, when w?/27yp is given, the eccentricity is fixed, but not the size of 
the spheroid; a spheroid of any size is a possible figure of equilibrium if its 
eccentricity has the value given by equation (192°4). The following table of 
values of w?/2myp and e is compiled from values given by Lamb*, Darwint 
and Thomson and Taitt. 


Table XVI. Maclaurin’s Spheroids. 


w? 


C alr, c/o ws Ang. Momentum/M?r#, 
0 10000 1:0000 0 0 

gl 1:0016 9967 0027 "0255 
2 1:0068 "9865 0107 0514 
3 1:0159 ‘9691 0243 ‘0787 
4 1:0295 9435 0436 “1085 
5 1:0491 “9068 0690 1417 
6 1:0772 "8618 ‘1007 "1804 
"yh 11188 7990 1387 | "2283 
8 11856 7114 "1816 "2934 

81267 11972 ‘6977 18712 30375 
‘9 13189 5749 "2203 4000 
‘91 1341 6560 "2225 “4156 
"92 1367 5355 2241 “4330 
93 1:396 6131 "22.47 "4525 
‘94 1:43] 4883 "2239 “4748 
95 1474 4603 2213 5008 
96 1529 “4280 “2160 5319 
‘97 1-602 3895 ‘2063 5692 
‘98 1-713 3409 1890 6249 
"99 1-921 ‘2710 1551 7121 
1:00 eo 0 0) oe) 


The values of e range from 0 to 1:00, so that every oblate spheroid is a 
configuration of equilibrium for some value of w?/2ayp. On the other hand, 
the values of w/2myp never exceed 0°225, so that there are no spheroidal 
configurations of equilibrium when @? > 0°225 x 2ayp. 

* Hydrodynamics (4th Ed.), p. 673. 
t+ Proc. Roy. Soc. xu1. (1887), p. 319, or Coll. Works, m1. p. 119. t Nat. Pint. § 772. 
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Jacobi’s Ellipsotds. 


193. Let us now examine the configurations which constitute the second 
linear series, determined by equation (1912). In these configurations a is 
no longer equal to b, and the integrals do not admit of integration in finite 
terms. They have been discussed by C. O. Meyer*, and also reduced to 
elliptic integrals and treated numerically by Darwin fT. 

The ellipsoids are found to form one single continuous series. The 
maximum value of w?/27ryp is found to be 0°18712; this occurs for the parti- 
cular ellipsoid which a=b=1'7161 c. This configuration is also of course a 
Maclaurin spheroid, and so forms a point of bifurcation on this latter series. 
It is the configuration printed in heavy type in the table above. 

As we pass along the Jacobian series, the ratio a/b may be supposed to 
vary continuously from 0 to oo, and the point of bifurcation occurs when 
a=b. The two halves of the series are, however, exactly similar, either one 
changing into the other on interchanging a and 8, so that we may legitimately 
confine our attention to one half, let us say that for which a>b. We now 
regard the series of Jacobian ellipsoids as starting at the value a=b (the 
point of bifurcation), and the ratio a/b continually increases from 1 to 0 as 
we pass along the series. The following numerical values are given by 
Darwin tf: 


Table XVII. Jacobian Ellipsoids. 


a b c w? Angular 

To 1) To Qryp Momentum 
1:1972 1:1972 ‘6977 18712 30375 
1216 1:179 697 ‘1870 *304 
1:°279 1123 “696 186 *306 
13831 1:0454 ‘6916 1812 3134 
1:6007 "9235 6765 1659 +3407 
1:88583 81498 ‘65066 ‘14200 3898 
1:899 ‘8111 6494 ‘1409 "3920 
2°346 ‘7019 6072 "1072 “4809 
3°1294 ‘5881 5434 ‘0661 6387 
5:0406 ‘4516 "4393 ‘0259 1:0087 

foo) (6) 0 0) 2 


194. We have now mapped out the various configurations on the two 
linear series of ellipsoidal configurations—the Maclaurin spheroids and the 
Jacobian ellipsoids—and the stability of these configurations can be investi- 
gated by the methods already explained. 

* Crelle’s Journ. xxxiv. (1842), 


+ Proc, Roy. Soc. xu. (1887), p. 319, or Coll. Works, 11. p. 118. 
+ Coll. Works, 111, p. 130. 
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STABILITY. 
Stability when angular velocity is increasing, as in Plateaw’s expervments. 


195. In 1842 Plateau devised an experiment in which he attempted to 
observe directly the sequence of configurations in a rotating mass of fluid, with 
a view to testing whether they were at all similar to those assumed by 
Laplace as the basis of his nebular hypothesis. Plateau mixed water and 
alcohol until they were of just the right density to float freely in olive oil. 
A globule of this mixture was then set in rotation in the oil by spinning a 
wire through its centre, the globule being kept in position on the wire by a 
disc round which it clustered. As the speed of rotation increased, the globule 
was observed to flatten itself more and more until finally a dimple formed at 
the centre, and the globule detached itself from the disc in the form of a 
perfect ring. The conditions of this experiment were very different from 
those which prevail in astronomical masses, since the globule was not held 
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Fig. 24. 


together by its own gravitational attractions, but by surface tensions, and 
was not made to shrink while moving freely in space, but had its angular 
velocity mechanically increased by the medium of the wire and disc. 


As a problem suggested by Plateau’s experiments, let us examine what 
would be the sequence of configurations assumed by a mass of gravitating 
matter which had its angular velocity continually increased by some mechanical 
means such as the spinning at an ever increasing rate of a pole through its 
centre. 

The possible configurations of equilibrium are those already discussed; so 
long as the mass is constrained to remain ellipsoidal, they consist of Maclaurin 
spheroids and Jacobian ellipsoids. To examine the stability of these figures 
we draw a diagram in which the angular velocity w is the vertical co-ordinate 
as in fig. 24, using the values of w provided by Tables XVI and XVII. 

The stability of the Maclaurin spheroids is seen to be terminated by the 
oceurrence of a point of bifurcation when w?/2ayp = 0°18712, the branch series 
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through this point being the Jacobian ellipsoids. As this latter series turns 
downwards from the point of bifurcation, the Jacobian ellipsoids also are 
unstable. Thus there are no stable configurations of equilibrium for a rota- 
tion greater than that given by w?/2myp=0'18712. When the rotation 
exceeds this amount, the problem ceases to be a statical one and becomes 
a dynamical one; here we shall not attempt to follow it. 


Stability when the angular momentum ts increased. 


196. The problem just considered is of interest as illustrating the theory 
of points of bifurcation, but it entirely fails to represent the conditions which 
prevail in astronomical events. To represent natural conditions the mass 
must be supposed to rotate freely in space so that its angular momentum 


sprouasyuds 
U1ANeS LIEW 


Fig. 25. 


remains constant. Ifthe rotating body shrinks, its density will increase, and 
this may or may not result in an increase of angular velocity. To study the 
problem by the most direct method, we should have to look for series of 
configurations of constant angular momentum and varying density. It is, 
however, a convenience to suppose that the density remains constant while 
the angular momentum increases, and it is easily seen that this leads to 
exactly the same mathematical problem. We accordingly proceed to study 
the stability of the Maclaurin and Jacobian series, supposing p to remain 
constant while the angular momentum is made continually to increase. 

In this problem the angular momentum is given in the last columns of 
Tables XVI and XVII (pp. 210, 211), and in a diagram in which the angular 
momentum is taken for ordinate, the series will be found to be as in fig. 25. 
Clearly the Maclaurin spheroids will be stable up to the point at which they 
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meet the Jacobian ellipsoids. At this point of bifurcation they lose their 
stability, and since the series of Jacobian ellipsoids turns upward at this 
point, it follows that stability passes to them. 

If the mass is constrained to remain ellipsoidal there is no further point 
of bifurcation on the Jacobian series, and, as the angular momentum con- 
tinually increases along this series, it follows that all configurations on it are 
stable. But it will be found later (§ 203) that when the constraint to remain 
ellipsoidal is removed, the Jacobian series loses its stability at a certain stage 
by meeting a series of non-ellipsoidal (pear-shaped) configurations. This has 
been anticipated in fig. 25. 

We have of course been concerned only with secular stability or instability. 
The conditions of ordinary stability are entirely different; for instance, as 
has been shewn by G. H. Bryan*, the Maclaurin spheroid remains “ordinarily” 
stable until its eccentricity is e=0'9529. But its secular stability has dis- 
appeared long before this eccentricity is reached, so that, as has already been 
noticed to be generally true, it is secular stability alone which is of interest 
in cosmogony. 


197. Before we proceed further into abstract mathematical discussion, let us 
attempt to understand the physical significance of the results so far obtained. 

Our investigation of the configurations of equilibrium of a rotating in- 
compressible mass has been based upon the equations of equilibrium of the 
separate elements of the mass, but the same results could have been obtained 
from the general equations 


0 2 
wg, (W -40'l) 


of § 179. These again may be put in either of the forms 
SCW =—t0°F) = 0 > (@== CONS.) sccansacchh ens (1971); 
3.0 W.+ $MP/1)=0, GM = cons.) .ncceeesh supine (197°2), 
and either equation would have given precisely the same configurations of 
equilibrium as those already obtained. 

We have found, for instance, that an incompressible mass in slow rotation 
will assume a spheroidal shape. Thus W—4*J must have a stationary value 
in this configuration, and since the configuration has been found to be stable, 
the stationary value is a minimum. Thus any displacement which causes a 
decrease in W must necessarily cause a decrease of at least equal amount in 
$o°I. It is easy to find displacements which decrease W, as, for instance, by 
displacing the surface until it becomes more spherical, but this will increase 
W —4*I, and the displaced mass will oscillate stably about its position of 
equilibrium. 

Any vibration of an incompressible mass may be regarded loosely as a 
system of surface waves, and the distance from one point of zero displacement 

* Phil, Trans. 190A (1887), p. 187. 
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of the surface to the next may be regarded as a sort of wave-length of the 
vibration. The stability or instability of a vibration depends on which is the 
greater—the gain in 4o*J or the gain in gravitational energy when the 
vibration takes place. But as between a vibration of great wave-length and 
ohne of short wave-length there is this important distinction: for vibrations 
of equal amplitude the gravitational disturbance caused by the vibration 
of great wave-length is much greater than that caused by the vibration of 
short wave-length, since the elements of the latter very largely neutralise 
one another. Thus the change in gravitational energy is enormously the 
greater for vibrations of great wave-length, while it is easily seen that the 
changes in $f are approximately the same. It follows that when a 
rotating mass first becomes unstable, instability will set in through a vibra- 
tion of the greatest possible wave-length. 

Any vibration or disturbance on the surface of an ellipsoid may be 
analysed into series of ellipsoidal harmonics. The harmonics of order n have 
wave-lengths, in the sense loosely defined above, of the order of 27ra/n, where 
a is the semi-major-axis of the ellipsoid. Thus the vibrations of greatest 
wave-length are those in which the surface-displacements are proportional to 
harmonics of the lowest orders. Thus we should expect a. rotating incom- 
pressible mass first to become unstable through harmonic displacements of 
the lowest order which is physically possible. 

Displacements of order n=1 are not physically possible, for they displace 
the centre of gravity of the mass off the axis of rotation and so are prohibited 
from the outset. 

The lowest order of harmonics available, then, is the second. The effect 
of superposing a second order displacement onto a spheroid is to transform it 
into an ellipsoid of three unequal axes. Hence we should anticipate that if 
the series of Maclaurin spheroids ever becomes unstable, it will be by deforma- 
tion into an ellipsoid. This is precisely what we have found, the ellipsoidal 
figures in question being the Jacobian ellipsoids. 

When we apply the same train of thought to the Jacobian ellipsoids, we 
find that there must be a possibility of these becoming unstable in turn 
through the deformation of greatest wave-length which is possible for them. 
This is represented by a third harmonic, since a second harmonic deformation 
merely changes an ellipsoid into another ellipsoid and so only represents a 
step along the Jacobian series of ellipsoids. Our analysis so far has been 
definitely restricted to the consideration of configurations which cannot leave 
the ellipsoidal shape, and so has not been capable of disclosing an instability 
which enters through a third harmonic displacement. 


Stability of the Jacobian Ellipsords. 


198. The problem of determining the stability of the Jacobian ellipsoids 
was undertaken by Poincaré*, who proved rigorously that instability first 
* Acta Math. vu. (1885), p. 259, and Phil. Trans, 198 A (1902), p. 333. 
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entered through a displacement which was everywhere proportional to the 
third zonal harmonic. The onset of instability is thus marked by a point of 
bifurcation, the second series through which is a series of the pear-shaped 
figures obtained by imposing a third zonal harmonic displacement upon an 
ellipsoid. On following the Jacobian series beyond this point of bifurcation, 
Poincaré found that a whole succession of further points of bifurcation were 
encountered, representing instabilities which entered respectively through 
harmonics of orders 4, 5, 6,..... All this is in entire agreement with the 
general principles just discussed. 

Poincaré discussed the problem of stability in terms of ellipsoidal harmonic 
analysis, and in this he was followed by Darwin* and Schwarzschild t. 
I have foundt, however, that both this and more difficult questions to follow 
are more easily treated by using ordinary Cartesian co-ordinates a, y, z; we 
shall accordingly use these in the present discussion of the problem. 


PEAR-SHAPED CONFIGURATIONS OF EQUILIBRIUM. 


199. In discussing ellipsoidal configurations, it proved convenient to 
regard the standard ellipsoid 
we y? Vig 


baa had soe eae (199'1), 


which formed the boundary of the rotating mass, as the special member 
»=0 of the family of surfaces 
ig 2 2 
feat Fae Bay et Boe (199-2). 
We have now to consider surfaces which are not themselves ellipsoidal 

but are derived from ellipsoids by distortion. We shall take the boundary of 
the distorted surface to be 

x? yf 

at B 
where e is a small parameter which measures the amplitude of the distortion, 
while P, determines its distribution, and we shall find it convenient to regard 
this surface as the particular surface X = 0 of the family of surfaces 


2 
fe =- PAP s20 A ee (199°3), 


EAL er ge RE Oar e 
+n B+r c+r 
To deduce the value of P from P,, we write P, in the form 
P,=F (= YF at be c) 


a?’ b?’ gee 


= Tere? we OF on... sates (199°4). 


and the value of P is taken to be 
xv z 
Pu F( I Lo J ) ) 
a+r’ P+2r’ C+rA 
* Coll. Works, 111. Papers 10, 11, 12 and 13. 
t Neue Ann. d. Sternwarte, Miinchen, mt. (1897), p. 275, and Inaug. Dissert. Miinchen. 1896. 
t Phil. Trans. Roy. Soc. 215 A (1915), p. 27. 


a*b3, c') : 
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Write &, 7, & for as iB sail ae so that P is a function of &, n, and &, 


and introduce a differential operator D defined by 
p= (brats) ie (bent (baa) 
a a?+r/ 08 \b? b?+A/0n? \e? c+ r/0E? 
Then I have shewn* that the gravitational potential of a uniform mass 
of density p bounded by the surface 


hed On Zz 3 ; 
Fete G14 6PpH0 oe eseeeeeeeee (199°5) 
" V =—-rypabe i i icae gee PAY une bits. (199°6) 
0 


where $=P-(f) DP +5 (f)!DP— xq (Lf) DP + ... 


—$e[DP— (Bf) DP?+ 3 (bf DP — (af PDP? + ...] 
+ 7h @ [D2 P? — 3 f DP P? + she f? APPR... Jt oc. cess eeees (199°7). 
Here V gives the potential either at an internal point or at the boundary 
of the mass, A as before being given by 


A? = (a? +2) (b+ 2) (+2). 


200. For the surface (199°5) to be a possible boundary for a mass of 
rotating liquid, it is necessary that 


V+ $w?(a? + y?) 
should be constant over this surface. 


If the term eP, represents a third zonal harmonic distortion, we may 
assume 


P=E (af? + By +96? +) 


so that we (on By": -ry2" : 
Pym oe Te Eb) cosssennnenneeee (2001). 


For small] displacements from the ellipsoidal configuration we may neglect 
e, and obtain from equation (199°7) 


ay ‘be Yy? a 
6-5 [a+ e b+ at 


“let yt #4) (8a, BX 
( +BtG 1) (Sa tiptoe) 


a“ x 
ZiteG--+--(2002), 


so that we may write 


[, . AN = & (0,87 + Agy? + .ig27 +04) -.ecereecees (200°3). 


Thus the distortion introduces additional terms of degrees 3 and 1 into’ 
the potential. 


* Problems of Cosmogony and Stellar Dynamics, chap. tv. or Phil. Trans, 217A (1916), p. 7. 


J 14 
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It is now clear that for V+4o?(a?+ 4?) to be constant over the surface 
of the mass, we must have 


V+ fo? (a? + ¥° = — mypabe 6 (F + v+e Aes +eP.) ...(200°4) 


at all points of the boundary, @ being at our disposal. Equating coefficients 
we obtain 


w? 0 
as Qrypabe a 
wo 6 

ey ae SR OL) ee 0°5), 

eS 2mrypabe 0? seed 
0 
Jo = C 


which are identical with the equations already obtained in § 190, together with 
ro) ’ of 
[°Sar=r.. 


On inserting the value of ¢ in this last equation and equating coefficients 
of a°, xy’, x2? and x, we obtain 


a,=0 < 
8B 
a= 0 obs 
Gd PEND, Oe (200°6). 
Y 
a3 = 0 mye 
a,=0 = 
a 
If we introduce new quantities ¢,, ¢., c; defined by 
ee ees eae _ [2 Adar 
J eqgh ADO Oh A AIC? a= | AA*B 
then equations oe are found to assume the form 
3a _8 
<2 dq? + ofa (3c + ¢,) — =@ =F genre (200°7), 
3a B 
Ba f@rxdry B® rdry~ wy [@ rda ” dr K 
2a 1; AA? BI, DAB 20), ATOo, Rae ea 


201. The elimination of a/a*, B/b? and y/c? from the three equations 
(200:7) gives 


3 
ele ta 5) (eee + 604 + 86464) 


76 a (b? + c*) + ¢, (3a? + c*) + ¢, (3a? + b*)] + (=) =@0 (201°1). 
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Adding corresponding sides of the three equations (200°6), we again obtain 
the value for @ already obtained in equation (190°3), namely, 


2(1- ar) 
eee ee eae (201:2), 


and on inserting this value for 6, equation (201°1) becomes an equation in 
a,b,c alone. It is this equation which determines the first point of bifurcation 
on the Jacobian series of ellipsoids. 

The numerical solution of this equation is an arduous piece of work, for 
the integrals ¢,, c2, cs cannot be evaluated in finite terms, and the solution of 
the equation can only proceed by trial and error. The necessary computations 
were carried through by Darwin*, who obtained the solution 

@ _ 1.885827, 2 =0-814975, © =0-650659 ......... (201°3) 
To To To 
where r,°= abc, so that r, is the radius of the sphere of equivalent volume. 
The corresponding value of is found to be given by 
@” 
eae OIGLOB9 cases eae oases (201-4). 

Darwin’s calculations were based on the equations he obtained by harmonic 
analysis, not on equations (201'1) and (201°2), but I have verified+ that his 
solution satisfies these equations. 


The shape of the critical ellipsoid defined by equations (201°3) is shewn 
A 


é M 0 mi C 
Fig. 26. 
* Coll. Works, 111. p. 288; or Phil. Trans. 198 A (1901), p. 301. + Phil. Trans. 215 A (1915), p. 53. 


14-2 


220 The Configurations of Rotating Liquid Masses (on. vil 


in fig. 26. The dotted lines represent the surface distorted by the third zonal 
harmonic displacement through which instability first sets in. 


202. Proceeding along the series of Jacobian ellipsoids from its junction 
with the Maclaurin spheroids, the configurations remain stable up to the 
critical ellipsoid defined by equations (201°3). Through this point two linear 
series pass, namely, the series of Jacobian ellipsoids and the series of pear-shaped 
configurations which are specified, in the immediate neighbourhood of the 
Jacobian series, by giving small values to e in equation (199°5). This speci- 
fication of course breaks down as soon as the values of e? become appreciable. 

It would be a feasible, although extremely laborious task, to use the 
formulae already given to calculate the whole series of pear-shaped configura- 
tions. I have calculated* these as far as terms in e’, but find no new features 
are introduced beyond those shewn in fig. 30, until terms in e& and higher 
powers of e become appreciable and the calculation fails. 

The corresponding problem in two dimensions—the determination of the 
analogous figures for infinitely long cylinders rotating under no forces beyond 
their own gravitational attractions—is incomparably simpler, because the 
formula for the gravitational potential of a two-dimensional cylinder is far 
simpler than that for a three-dimensional body. I have calculated} the two- 


Fig. 27. 


Fig. 28. 


* Phil. Trans. 217 A (1916), p. 1. 

t Problems of Cosmogony and Stellar Dynamics, p. 102, and Phil, Trans, 200 A (1902), p. 67. 
The original calculation in the Phil. Trans. contained a number of numerical errors, mainly quite 
unimportant, which were corrected in the later presentation in Problems of Cosmogony. 
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dimensional figures as far as e*, and obtained the cross-sections shewn in 
figs. 2730 for successively increasing values of e, the last one being largely 
conjectural. 


Fig. 29. 


SS, 


Fig. 30. 


The two-dimensional figures are seen to end by fission into two detached 
masses, and there can be but little doubt, although this has never been 
definitely proved, that the three-dimensional figures do the same. 


Stability of the Pear-shaped Configurations. 


203. The series of Jacobian ellipsoids necessarily loses its stability at the 
point of bifurcation which occurs at its junction with the series of pear-shaped 
figures just discussed. The question arises whether stability is lost for good 
at this point, or is merely transferred: to the pear-shaped figures in the way 
in which the stability of the Maclaurin spheroids is transferred to the Jacobian 
ellipsoids at the point of bifurcation of these two series. To settle this we 
have to examine whether the pear-shaped figures are stable or unstable. 

The criterion of stability for these pear-shaped figures has already been 
given in §173; if the angular momentum initially increases on passing along 
the series from the point of bifurcation, then the figures are stable ; if on the 
other hand it is found initially to decrease, then the figures are unstable. As 
far as first order terms, the angular momentum will necessarily be the same 
as at the point of bifurcation, so that to apply this criterion, we must proceed 
to terms of higher order than the first in our determination of the series. 
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This problem formed the subject of a series of classical papers by Poincaré, 
Darwin and Liapounoff*. The general problem was first broached by Poincaré’s 
memoir in Vol. 7 of the Acta Mathematica (1885), to which reference has 
already been made. The criterion of stability was inaccurately stated there, 
and the necessary modification was announced by Schwarzschild+ in 1896. 
The accuracy of Schwarzschild’s criterion of stability was admitted by Poincaré 
in a paper published in 1901{; in this paper Poincaré also developed a 
method of carrying ellipsoidal harmonic potentials as far as the second order 
terms, and reduced the criterion of stability to an algebraic form, without, 
however, undertaking the necessary computations. At this stage the problem 
was taken up by Darwix, who, after preparing the ground by preliminary 
investigations§, published in 1902 a paper||, “The Stability of the Pear-shaped 
Figure of Equilibrium of a Rotating Mass of Fluid.” In the paper the equation 
of the pear-shaped figure was found, as far as terms of the second order, by 
a method which was substantially identical with that which Poincaré had 
developed the previous year; and the moment of momentum of the con- 
figuration was calculated. This was found to increase on passing along the 
series, so that the pear-shaped figure was announced to be stable. 


Darwin's investigation had not long been published when doubt was cast 
on the accuracy of his conclusions. In 1905 Liapounoff published a paper 
in which he stated that he could prove that the pear-shaped figure was 
unstable. Liapounoff’s method was very different from that of Darwin, and 
a large part of his investigation appeared in the Russian language ; owing 
perhaps to these circumstances, neither investigator was able to announce the 
exact spot in which the error of the other lay, and the problem remained an 
open one for some years. 

In 1915** I approached the problem from a new angle, using ordinary 
Cartesian co-ordinates, in the way already explained, in place of the ellipsoidal 


* Poincaré’s papers on this subject occupy 122 pagesin the Acta Mathematica, and 41 pages in 
the Phil. Trans. Darwin’s papers occupy 247 pages in the Phil. Trans. or 237 pages in his Collected 
Works. Liapounoft’s papers occupy 750 pages in the Memoirs of the St Petersburg Academy. 
My own two papers referred to later occupy 86 pages in the Phil. Trans. Considerations of space 
make it impossible to give more than the barest outlines of this great mass of mathematical re- 
search. A fuller account of my own investigation will be found in my Problems of Cosmogony 
and Stellar Dynamics, pp. 87—102. 

+ K. Schwarzschild, Mtinchener Inaug. Dissert. (1896). 

t+ ‘Sur la Stabilité de l’Equilibre des Figures Pyriformes affectées par une Masse Fluide en 
rotation,” Phil. Trans. 197 A (1901), p, 333. 

§ ‘‘Ellipsoidal Harmonic Analysis,” Phil. Trans. 197 A (1901), p. 461; ‘‘On the Pear-shaped 
Figure of Equilibrium of a Rotating Mass of Liquid,” Phil. Trans. 198 A (1901), p. 301. 

|| Phil. Trans. 200 A (1902), p. 251; see also papers in Phil. Trans. 208 A (1908), p. 1, and 
Proc. Roy. Soc, uxxxu1 A (1909), p. 188, all combined in one paper in Collected Scientific Papers, 
Ir, p. 317. 

4] ‘‘Sur un Probléme de Tchebychef,” Mémoires de V Académie de St Pétersbourg, xvi. 3 (1905), 
and other papers published by the Academy. 

** Phil. Trans. 215 A (1914), p. 27. 
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harmonic analysis which had been used by Poincaré, Darwin and Liapounoff. 
My results agreed with those previously given by Darwin up to a certain 
distance, and where they began to disagree I was able to discover* a quite 
simple error which invalidated Darwin’s discussion of the problem. On carrying 
the discussion of the figure as far as the third order of small quantitiest+, 
I confirmed the conclusion already reached by Liapounoff, that the pear-shaped 
series was initially unstable, and was further able to shew that the correction 
of Darwin’s error made the difference between stability and instability in his 
final result. When Darwin’s error had been corrected in this way, the three 
investigations of Darwin, Liapounoff and myself agreed in finding the pear- 
shaped figure to be unstable. In 1920 H. F. Bakert expressed doubts 
(unsubstantiated by detailed calculation) as to the accuracy of my treatment 
of certain series, but withdrew his criticism five years later§, and expressed 
himself as satisfied that the expansion in series which I had used in my papers 
could be placed on a sure foundation. 


There seems, then, to be little room for doubt that the series of pear-shaped 
configurations is initially unstable. 


Sequence of Configurations of Rotating Liquid. 


204. The equilibrium configurations of a mass of homogeneous rotating 
liquid accordingly fall into linear series which may be arranged diagrammati- 
cally as shewn in fig. 25, and also on the left of fig. 31 (the right-hand half 
anticipates results which will be obtained later). In this diagram the angular 


’ 
‘ 
' 
' 
‘ 


spriosusyds 
ur1sNejzeW 


Fig. 31. 


op (AGE aie (ts 
+ Phil. Trans. 217 A (1916), p. 1, and Problems of Cosmogony and Stellar Dynamics, p. 87. 
{ Proc. Camb. Phil. Soc. xx. (1920), p. 198. § Ibid, xxu1. (1925), p. 1. 
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momentum is taken as the variable parameter, increase of angular momentum 
being represented by an upward motion. 


The spherical configuration of no rotation, or zero angular momentum, is 
represented by the point S at the bottom of the diagram. As the angular 
momentum increases, the mass first moves along the series of Maclaurin 
spheroids SM until it comes to the point of bifurcation M at which the series 
intersects the series of Jacobian ellipsoids. At this point the Maclaurin spheroids 
lose their stability, and the motion proceeds along the series of Jacobian 
ellipsoids MJ’J until the point of bifurcation J is reached. The Jacobian, 
ellipsoids lose their stability here. The second series through J is, as we 
have seen, a series of pear-shaped figures such as JP in the diagram. The 
angular momentum of these figures decreases as we proceed along the series 
from J, so that the series is unstable and the curve JP turns downwards in 
the diagram after leaving J. Thus there is no stable configuration beyond J, 
and dynamical motion of some kind must occur as soon as shrinkage has 
proceeded so far that the angular momentum is greater than that represented 
by the point J. 


Let us attempt to examine what type of dynamical motion is to be expected 
when a mass of fluid having the configuration of a Jacobian ellipsoid reaches 
the point at which secular instability sets in. 

In fig. 32 let JJ’ represent the series of stable Jacobian ellipsoids in the 
neighbourhood of the point of bifurcation J. For any configuration within 
the range JJ’, the third harmonic (pear-shaped) vibration is stable both 
ordinarily and secularly. Thus if any small pear-shaped vibration is set up 


Fig. 32. 


when the mass is in a configuration such as A, the representative point will 
oscillate backwards and forwards through some small range such as A’A A” 
until the vibration is damped by viscosity. If the vibration is set up when the 
representative point is at some point B close to J, there may still be oscillation 
through a small range, but the motion can only be stable if this range is less 
than the range B’B” in Fig. 32. For the point B” represents a secularly 
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unstable configuration, so that if the representative point once passes beyond 
B”, on the line BB’ D, it will not return but will describe some path such as 
BB" D in the plane through B. 


As the point B approaches J, the range of vibration which is possible 
without instability setting in becomes smaller and smaller and finally vanishes 
altogether, so that in the limit any disturbance, no matter how slight, causes 
the representative point to move permanently away from the line J’J. The 
path of this point is necessarily in the horizontal plane through J, and we 
know that the direction of this path initially is that of the tangent JZ at J 
to the pear-shaped series JB”. In other words, the motion is one in which 
a furrow of the type depicted in fig. 26 forms on the ellipsoid, and this furrow 
continually deepens. 

It seems likely that the furrow will deepen until the mass divides into two 
parts. If so, the motion, which must be in the plane JZ in fig. 32, will end by 
the representative point coming to rest at some point such as L in fig. 31 on 
a series of configurations representing two detached bodies revolving around 
one another. Such configurations have been studied in detail by Roche and 
Darwin. We shall refer to the study of these configurations as the Binary 
Star problem, from its obvious application to the dynamics of binary stars. 


THE BINARY STAR PROBLEM. 


205. We proceed to search for equilibrium configurations of two detached 
bodies of masses M, M’ revolving round one another in such a way that the 
whole system remains at rest relative to a system of axes rotating with angular 
velocity » in the plane of zy. 

Let the centre of gravity of the mass M be taken as origin, the line 
joining the centres of gravity of the two masses being taken as axis of z, 
R being the distance between the two centres. Then the axis of rotation, 
which of course passes through the centre of gravity of the two bodies, is 


c= wow R, y=0. 
The centrifugal forces acting on the mass M may accordingly be derived 
from a potential ' 
M’ 2 
40? I(« = wor) +y'| isje #le)sle'esis eleivieis sv. (205'1). 


The remaining forces which have to be considered are the gravitational 
attractions of the masses, both on themselves and on one another. Our 
problem is to search for configurations in which both bodies can rotate in 
relative equilibrium under these attractions and the centrifugal forces resulting 
from their rotation. 

RocHE’s PROBLEM. 

206. The simplest problem occurs when the mass M’, which we shall 

describe as the secondary, may be treated as a rigid sphere; this is the 
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special problem dealt with by Roche. In this simple case the gravitational 

forces acting on the body of mass M, which we shall call the primary, may be 
derived from a potential 

YM’ , yt’ 

Re 

We shall for the present be content to omit all terms beyond those 

written down. The correction required by the neglect of these terms will be 

discussed later, and will be found to be so small that the results now to be 

obtained are hardly affected. 


MM’ 
a+ (a*— hy? — 424) +... Le (2061). 


Omitting these terms, and combining the two potentials (2051) and 
(20671), we find that, apart from its own gravitation, the primary may be 
supposed to be acted on by a total field of force derived from a potential 

M’ ow? R? yM’ 
we (1 pega) t ge @ dy 42) + borer ty) 
Bree (206°2). 

Denoting this potential by V’, the equations of equilibrium of an element 
of the primary are, as in § 188, 

# =p we +p . etc. 
where V is the potential of the primary, and these have the common integral 


a V + V’+ cons. 


Thus the primary will be in equilibrium if V+V”" is constant over its 
surface. 

Since V’ is quadratic in w, y and z, it is at once clear that ellipsoidal 
configurations of equilibrium are possible, as in the former problem. The 
surface 

a? y? Vid 
atc 
will be a possible configuration of equilibrium if (cf. equation 189°7) 
— mypabe (J 42° + Spy? + Soa — J) 
M’ pee M’ 
=? (v -iFs 1) + Yo (a ty — 42) + fot (o? +-y')......(206-4) 


is constant over its surface. 


ad as Oo ed ee (206'3) 


+ 


To make this expression constant over the surface, we must first remove 
the term in « by assigning to w? the appropriate value 


M+M’ 
ave eee OHS) tule TRANS (206°5). 


We next equate the expression, as in § 190, to 


a? 2 2 
— mypabcO (G+ Hes 1} 
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and, on equating coefficients of x, y? and z*, we obtain as the conditions of 
» equilibrium, 


Eig AOE | ee 

Ja~ Cabo" laypabe ah (206'61), 
Ge iS 206-62 

Js i Qarrypabe Qaypabe = ce ( 4} 

seared od Conisipe aeiinulcsus. ad (20663), 


where wu is written for yM’/R*. Putting «=0 causes the secondary to go out 
of existence. The problem then reduces to that of a single mass rotating 
freely in space, the equations becoming identical with those already discussed. 


It is convenient to put M/M' =~», so that 
OF aa (LEO )ifle waa vou aa tian da das ey sae (206°64). 
The equations then reduce to 


_@B+p)m_ 8 206°71 
J4 Bey aabey ao ik osaaeaap ce (206°71), 
ike Toppa 
Jz Sere mra Came ae Te (206°72), 
Pee of E! = a 206: 
| ot ae abn ecaaatta institnttg At (206°73). 
The elimination of @ from the first two equations gives 
ete. fie rdr es ae 
leas @ | (P+A)(7+A)NA pie 2mrypabe 
Be 3 (206°8), 
while similarly the elimination of 6 from the first and third yields 
td ie Adr tees 2 led 
@ “) | (W+A)(P+A)A Bc 0 eee nba 
eee (206°9) 


Except for differences of notation, these two equations are identical with 
the two which Roche takes as the basis of his discussion *. 


207. It will be most convenient to examine the solution of these equations 
by a graphic method. We may suppose a, b,c to be connected by the usual 
relation abe =1,%, where r, remains constant throughout the changes of -shape 
of a given mass. Thus the two quantities a, b specify the shape of the mass. 

Let us take a and b as abscissa and ordinate, as in fig. 33. At each point 
in this diagram the values of p and » may be uniquely determined from 
equations (206-8) and (206:9). If we map out a curve along which p or M/M’ 
is constant, this curve will represent a linear series of configurations correspond- 
ing to different values of w or yM’/R%, and so corresponding to different 


* Acad. de Montpellier (Sciences), 1. (1850), p. 243. Our two equations (206-8) and (206-9) are 
identical with equations (4) and (5) (p. 247) of Roche’s memoir. 
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distances between the two masses. Since the equations determine p uniquely 
in terms of @ and 6, none of the curves p= cons. can ever intersect. 


The special case of p= has already been fully investigated; when p=, 
M'=0 and the problem reduces to that of a single mass rotating freely in 
space under its own gravitation alone. Thus when p= the solution of the 
equations represents the two linear series of Maclaurin spheroids (a = 6) and 
Jacobian ellipsoids. In fig. 38, let S represent the spherical configuration 
a=b=r,, and let SM represent the series of Maclaurin spheroids (a =b > c). 
Let B represent the point of bifurcation with the series of Jacobian ellipsoids, 
and let JBJ’ represent this latter series. 

When p=— 1 equations (206°7) shew that b=c. Thus the curve p=—1 
is represented by the curve ab?=7,; let this be the line 7’ST7”’ in fig. 33. 


All points which lie to the left of the median line OSM represent con- 
figurations for which b >a, and therefore configurations in which the primary 
is broadside on to the secondary. These configurations are unstable, for they 
would be unstable even if the primary were constrained to remain rigid. 
They need not trouble us further and we may confine our attention to the 
right-hand half of the diagram. 


Linear series for all values of p pass through S. The series for p= + 
is the broken line SBJ, that for y= —1 is the line ST, while that for p=— 
is easily seen to be the line SO, along which a=b<c. Since two limear series 
cannot cross, it 1s clear that the series for a very large positive value of p 
must be asymptotic to the line SBJ. All the series from p=+o to p=-—1 
accordingly lie within the small area bounded by the lines JB, BS, ST. 
The series in the area OST’ are of course series for which p is negative 
and numerically greater than 1, while those in the area MBJ are again 


series for which p is negative, a second series for p=—oo coinciding with the 
line MBJ. 


Let us now confine our attention to the series which lie inside the area 
J BST, these being as we have seen the only ones of physical interest. Each 
series starts at S and ends at the point in which the lines BJ and ST ultimately 
meet at infinity. Thus each series begins with a sphere and ends with an 
infinitely long prolate spheroid. As we pass along any one of these series u 
changes while p remains constant. The value of w* which is given by equations. 
(206'6) accordingly changes also, this giving the value of a real angular velocity 
when p is positive, and being regarded simply as an algebraic quantity when 
p is negative. The value of » vanishes only when p=—1 or when p=0; 
consequently it vanishes at S, along the line S7, and at the points at which a 
is infinite, but nowhere else. It follows that w? is positive everywhere inside 
the area SBJT. 


Since @? vanishes at both ends of every series, it follows that on passing 
along each series ? at first increases, and then after passing a maximum 
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value decreases. Roche*, treating equations (206°8) and (206°9) by a laborious 
method of numerical calculation, found that there is only one maximum on 
each series. On the series SBJ (p = «© ) the maximum occurs as we have seen 
at B; the value of w?/2myp here is 0:18712. Roche calculated the maxima 
of w?/2myp on other series. On the series p =0, the series of configurations 
in which the primary is infinitesimal, he finds the maximum value of 
w/2myp to be 0:046, and the configuration at which this maximum occurs is 
that in which a = 1°63r,, b=°817r,; this is represented by the point R” in the 
diagram. When p=1, the maximum value of w?/2yp is 0°072, and Roche 
finds that the value of w?/2myp at the various maxima increases continuously 
from p=0 top=o. 

On connecting the points B, R”, T” by a continuous line, we obtain the 
points at which »? is a maximum on the various linear series. 


2° 
ite) 
ae J’ M 
T’ 
B 
= 
Ss 
i] = 
2 J 
La - 
ij R 
T 
0) Aan eel otts 1:be6 Dits 
Fig. 33. Linear Series of Configurations in Roche’s Problem. 
Stability. 


208. In a physical problem in which ?/2myp increased continuously, it 
would follow, from the principles already discussed, that all configurations on 
the left of the lime BR”’T” would be stable, while all the configurations on 
the right would be unstable. The configurations on the left would of course 
only have been proved stable so long as the configurations were constrained 
to remain ellipsoidal, but it can be proved that this restriction makes no 
difference F. 

In the natural double-star problem, the change in physical conditions is 
not adequately represented by making w*/2myp increase continuously. Even 


eal CagDy Oke + Problems of Cosmogony, p. 85. 
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if both masses shrink, the rates of shrinkage, and consequent rates of increase 
in density, will in all probability be quite different for the two masses. We 
can, however, construct an artificial problem in which the density, if supposed 
uniform to begin with, remains uniform throughout the shrinkage, or in which 
the two densities, if not supposed equal to begin with, change so as always to 
retain the same ratio. The physical conditions are now represented by an 
increase in the absolute densities, while the moment of momentum remains 
constant and, exactly as in § 196, these conditions may equally be represented 
by supposing both densities to remain constant while the moment of momen- 


tum increases. 


209. In the more general problem in which the secondary is not regarded 
merely as a point, the moment of momentum of the primary about the centre 


of gravity of the system is 
Ui ai 
2 2 
mk +(gar) B| w 
where k is the radius of gyration of the primary. Adding the similar ex- 
pression for the secondary, we obtain for the total moment of momentum M 


of the system 


M= (ates + Mk? + yor?) Ps eee (2091), 
or, replacing R by its value y3(M+ Mba}, 
1 3 MM’ 
eon ist, baat (209°2). 


210. When the primary M is infinitely massive compared with the 
secondary M’, the total moment of momentum M has the value M= Mo, 
and the variation of M is precisely that of a freely rotating mass; it increases 
steadily from M=0 to M= oo as we pass along the series SBJ in fig. 33. 

For finite values of the ratio M/M’, the value of M given by equation 
(209'1) becomes infinite when w =0, i.e. at the two ends of the linear series 
of configurations shewn in fig. 33. Thus on leaving S, M decreases until a 
minimum is reached, and all configurations beyond this minimum will be 
unstable. Thus the curved line BR” T” which divided stable from unstable 
configurations in fig. 38 must now be replaced by another curved line 
passing through S. 


It accordingly appears that when M/M’ is large the linear series becomes 
unstable very near to S, the range of stability vanishing altogether when 
M/M’ is infinite. If both masses are rigid, so that k? and k’? are constants, the 
limit of this range is easily found from equation (209°1) by making sM = 0 
The limit of stability is found to be given by 
vi MM’ 


30% (Mk? + Mk’) = ————_ 
(M+M’) 


eee IZ. (210'1), 
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or, in terms of R (using equation (206°5)), 
pu? (M 


+ M’ ois 
ae CAPR a) nse aca eco (210°2), 


and the range of stability is again seen to be infinitesimal—i.e. limited to 
very great values of R—when M/M’ is infinite. 

The result shews that there can only be secular stability of a large and 
small mass rotating round one another when the smaller mass is at a very 
great distance from the larger*. We are dealing, of course, with secular 
stability only; the question means nothing except when dissipative forces are 
present. When there are no dissipative forces, as for instance if both bodies 
are perfectly rigid, a circular orbit of no matter what radius is thoroughly 
stable, the orbit »=a giving place when slightly disturbed to the slightly 
elliptical orbit r= a(1 —ecos 6). And when dissipative forces are introduced, 
as for instance by making the masses fluid, or by supposing the solid masses 
covered by shallow oceans, the instability is one of orbital motion only and 
not one of the configurations of the masses. When the secondary is supposed 
wholly fluid so that k’? is variable, the fluidity of the mass modifies the stage 
at which instability sets in, but introduces no new instability of its own. The 
mechanism by which this instability is set up has been studied by Darwin 
under the name of “Tidal Friction” +; it produces a secular change in the 
mean radius of the orbit which we shall study more fully below (Chap. x1). 

It is important to notice that the case of M/M’=o, in which M’ is of 
infinitesimal mass, is not, from our present point of view, identical with the 
case of p=oo in the diagram shewn in fig. 33, in which M’ is supposed to 
disappear altogether. The former problem has one more degree of freedom 
than the latter, and this one degree of freedom happens to be secularly unstable 
for all finite values of R. In the latter problem, in which the system is supposed 
to reduce to a single rotating body, the angular momentum increases steadily 
from 0 to o on passing along the path SBJ in fig. 33, so that the configura- 
tions on this path are all stable so long as the mass is constrained to remain 
ellipsoidal. 

Roche's Limit. 

211. A distinct problem arises when the rotation of the secondary is not 
affected by forces exerted on it by the primary. The primary, which is the 
body whose configurations and stability we are specially considering, may now 
be a small satellite rotating round a massive planet, which our choice of terms 
compels us to call the secondary. The term M’k’*w in equation (209'2) may 
now be replaced by M’k’*w’, where ’ is the angular velocity of the secondary 
and neither this nor k’? is subject to variation. The angular momentum is 
accordingly 

yi MM’ 
aaa 
(M+ M’)3 
* Cf. Sir G. Darwin, Coll. Works, 111, p. 442. + Ibid. 1. 


M = Mk?o + $4 cons. Sy amie (irl), 
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A similar problem occurs when the secondary is treated as a point so that 
k’?=0. This leads back to Roche’s problem discussed in § 206. The moment 
of momentum is again given by equation (211'1) in which the final constant 
now vanishes. Let us investigate the stability of systems in which the moment 
of momentum is given by equation (211:1). We shall consider in turn the 
cases of M being infinitesimal and of M being finite. 


212. When the primary J is infinitesimal, M also becomes infinitesimal, 
but M/M remains finite, being given by 


M 
ae (y M’)3w~% + cons. 

The minimum value of MV now coincides with the maximum value of o. 
The series of configurations are those represented in the series (p=0) in 
fig. 33, and the minimum value of » occurs at the point Rk”. Thus configura- 
tions on the branch SR” are stable, while those beyond R” are unstable. 


The actual value of w at the point R” is given by 


@” 


= 0:04503*, 
2ayp 


The general value of w?/27yp on this series is 


@” M 9 (2) To 


Qaryp ' 2arp Rs ie p/ RB’ 
so that in the critical configuration we have 
\% 
R= 24554 (5) ee ee (212°1). 


Thus a small satellite rotating about a rigid primary of mass enormously 
greater than its own cannot be in equilibrium in any configuration whatever 
if its distance from the centre of its planet is less than 2°4554 (p’/p)* radii of 
the planet. This distance is commonly spoken of as Roche’s limit. 


213. In the more general case in which JM is not infinitesimal, and the 
angular momentum is given by the complete equation (211'1), the maximum 
value for w is not so easily found since k? will vary with w. It is, however, 
clear that M will be infinite when w= 0, and that will again increase to a 
maximum and again decrease, so that M will pass through a minimum value 
which will again divide stable from unstable configurations. Again there will 
be a limiting value of & similar to Roche’s limit, and there will be no con- 
figurations of equilibrium at all for smaller values of R than this. 


* Roche gave 0:046; both here and in equation (212+1) I quote the more accurate values 
deduced from Darwin’s calculations, Coll. Works, x11. p. 436. 
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DARWIN’S PROBLEM. 


214. The double-star problem has been discussed by Sir G. Darwin* in 
the most general case in which both masses are supposed fluid; so that each 
is subject to distortion from the tidal forces generated by the other. As in 
the simpler case, the discussion falls into two parts—the determination of 
figures of equilibrium and the determination of the stability or instability of 
these figures. 


In Roche’s problem the secondary was supposed to be a rigid sphere, so 
that its potential could be written down in the form 


yM’ yM' yM’ 
Ly es 
In Darwin’s problem, the shape of the secondary is determined by the 
mutual tidal actions between the two bodies, and an expansion such as the 
foregoing is no longer permissible. To a first approximation both bodies may 
be regarded as ellipsoids. To a second approximation, Darwin supposes the 
bodies to be distorted ellipsoids and expresses the distortions in terms of 
ellipsoidal harmonics. The amount of this distortion is found to be in every 
case quite small, so that the supposition that the figures are actually ellipsoidal 
is found to give a tolerably accurate solution. In illustration of this the 
following figures may be quoted from Darwin’s papert; they express the 
proportional increase da/a in the semi-major axis of the primary which would 
be produced by the removal of the ellipsoidal constraint when the masses are 
at the closest distance consistent with stability (cf. § 217 below). 


—4yP Bt... eee (2141). 


M/M’' = sia ve Orr ONE, 
da/a in direction Sowanie Seraiacne ty ats Be 
Sa/a in direction away from ee oi ay a5 


The amount of these corrections is shewn by the dotted lines in figs. 
37, 38, 39 (p. 241 below). When the masses are further apart than this 
minimum distance, the error in the ellipsoidal solution will of course be still 
less, so that the assumption that the figures are ellipsoidal is seen to give a 
very fair approximation. 

215. Let the secondary now be assumed to be an ellipsoid of mass M’ 
and semi-axes a’, b’, c’ 

Let us momentarily take the centre of the secondary for origin, then its 
potential at any external point a’, y’, z’, will be 


m y? dn ; 
V=—jyM le (5+ meant raat -1\5 .»(215'1) 


* Phil. Trans. 206A (1906), p. 161, or Coll. Works, 111. p. 436.. The actual paper occupies 
88 pages in each place, so that it will be understood that only the merest outline of it is given 
here. And, to avoid the complicated methods of ellipsoidal harmonic analysis employed by Darwin, 
I have substituted a simpler discussion of the fundamental equations, deriving them in a form 
analogous to the equations of Roche already discussed. + lc. p. 510. 


J 15 
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where the lower limit 2’ is the root of 


ok he wg? hes ey 


TEEN tReet TAT en ae (215:2), 


and A’ stands for 
[(a’2+r) (02 +d) (C2 +a)}. 
Differentiating, and bearing in mind that the lower limit is a function of 
x, y’ and z’, we obtain 


OV ey 
ag = aM « a are” 


LZ 2 
5 am) 
= x 2 y 2 vA ) AY 
(aay) i (ey) if (ay | 


and similar equations give 0V/dy’, V/dy’?, ete. 


eV A 
aa eal $yM i +n)" 


To evaluate these quantities at a point on the axis of 2’, we put y’=2 =0, 
and \’=a’?—a’*, The equations become 
MES dh OV, OV. 
ae af" (a+r) A’ dy de’ 


eV Lanne dx 2 
aya — 39M if. (a? +2) v-z 


eV pO Wide 
ay? 3yM a (6?+n)d”’ etc 

We obtain the differential coefficients of the potential V at the centre of 
the primary on putting 2 =R, and \’= R?—a’?. If V denotes the value of 
the potential at this point, and dV /dz, etc., denote the value of differential 
coefficients at this point, the general value of the potential of the secondary, 
referred to the centre of the primary as origin, will be 

2 2 
Vor tys teat 5(« Sty gg t als (215°5), 

the terms in zy, yz, zx, vanishing on account of the symmetry of figure of the 
ellipsoid. To the approximation to which we are now working, the primary 
is supposed to remain of ellipsoidal shape, so that all tide-generating terms 
of degrees three and higher must be neglected. Or we may, if we please, 
regard the problem as one in which the primary is constrained to remain 
ellipsoidal, in which case the forces of constraint must be just sufficient to 
neutralise the omitted terms in formula (215°5). 


=O en (215°3), 


hase (215°4), 


The coefficients in this formula are precisely those which have been already 
evaluated in equations (215°3) and (215°4). For we have 
Nad Wed OV ov eV Vv 


ap agi? eben so that Sy one and similarly ~-5 = para» ete. 
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If &, & denote for the moment the distances of the centres of the primary 
and secondary from the axis of rotation, the primary must, as before, be in 
equilibrium under a statical field of force of potential 4*[(«— &) + y’] or 

do? (a? + y’) — w Ea + a constant 
and the condition for the equilibrium of the primary is, as in § 206, that 


2 
Vo+4(a at paler Se ) + he" (y= — 08) — atte econ 


oy’? 
Seas (215°6) 
over the surface of the primary. The term in « on the right of this equation 
is removed if 


av 


dr 
[nd ee eae 215°71). 
wtp =— 0 = ty ba ae ees (215°71) 
The corresponding equation for the pay is 
wf’ =SyMR OF al ace (215-72). 


R?-a2 (a+2rA)A 

Since &+ &’= R, these two equations suffice to determine &, &’ and o’. 
The ratio £/E’ is obtained at once by division of corresponding sides of the 
two equations. 

These equations refer to masses which are constrained to remain ellipsoidal 
by the supposed application of small external forces. Had the bodies been 
rotating freely in space, the ratio €/E’ would have been given directly by the 
condition that the centre of gravity of the two masses must be on the axis 
of rotation, namely 

bef R 


: MM M+mM Ce ee ee oy (215°8). 


The two values of &/&’ obtained in these two different ways are not found 
to be identical, their difference giving a measure of the error introduced in 
supposing the masses to remain ellipsoidal. If we put 

ie SON ag ape us ik pape ss. me ie 
R2-a? (a? +r)A R-q/2(a? + r)A 
then equation (215°8) gives &/&’ = M’/M, whereas equations (215°7) give 
ge ee ‘ 
AA Ail 

The difference between the two values of &/£’ is seen to be represented 

by the multiplying factor I’/J. 


The integral J is easily aaa in descending powers of & in the form 
2 
T=5m,+ zp Oat o) +... 
while J’ is obtained by replacing 2a? — b? —c? by 2a’? — b?—c'*, 
If the two ellipsoids are equal, J’=TJ and the factor J’'/I is equal to unity. 
In general 2a?—6?—c? and 2a'?— b’?—c’? will both be small in comparison 


15-2 
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with R?,so that both J and I’ are biker equal to 2/3R*. Let £ be defined by 
HI+l)=s35 (1 +8) 


then no serious error will be involved in supposing both J and I’ to be equal 
to the quantity on the right. 

Equations (215°7) now become accordant with (215°8). By addition of 
(215°71) and (215°72) we obtain 


1a a ET atk edad aka (215:9). 


@ 


This determines w*. To balance vie. in force, the gravitational‘ at- 
traction between the two masses must be w?RMM’'/(M + MM’), or, using the 
value just obtained for w, 


MM’ 
Ye (1+¢) 
so that ¢ measures the proportional increase in the gravitational attraction 
between the two bodies produced by their ellipsoidal forms. 
216. The terms in € have now been made to disappear from equation 
(215°6) and the condition for equilibrium is that 


2 
Vite 5 (a So Map cite =) + $w? (x + y’) = cons. ...(216°1) 


over the boundary. 


Following the procedure of § 206, we find that equation (2161) may be 
replaced by the three separate equations 


fa dn 2 o? @ 
7 rr == = — 2 “ 
Jy M (|. (a’? Bu r) A’ x) Qarypabe a2 . wah 16 21), 
M ee) dn aot 6 . 
Js Ip: M NG (b?2+A) A’ zy Qrypabe = be see e eee eeeseces (216 22), 
‘Lia dite “ (216-23), 


M sy (2 +r) Q’ = Ce ee 
in which the lower limit ’ is put equal to R?— a’*. 

These are the equations of equilibrium for the primary, and there is a 
similar set for the secondary. This set of six equations contains the solution 
of the problem. Unfortunately the only method of solving these equations is 
by laborious numerical computations. But as they are of the same general 
form as equations (206°6) already discussed in connection with Roche’s 
problem, it is readily seen that the general arrangement of figures of equi- 
librium must be the same as that already found in § 206 for Roche’s problem. 

Stability. 

217. We now turn to the problem of stability. The angular momentum 

of the system is still given by equation (209°1), namely, 


= (athe + Mk + 


Wor sheen (217-1) 
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but the value of R is now given in terms of w by 
RM WO Aw Oho Fees (217-2), 


so that M, expressed in terms of alone, becomes 


M = (Mk? + Wk?) o + MM (1+ pty t sieht (217°3). 
(M+mMt 

This differs from the former value of M obtained in § 209 only through the 
occurrence of the factor (1+ cys, and as this is never far from unity, the 
general discussion, of stability given in §§ 210 and 211 remains valid, at 
least in its general features. Except in the special case of p= oo, there is 
always a configuration in which M is minimum; starting out of this are two 
series of configurations, along each of which M increases indefinitely up to 
M=oo, the end configurations each being configurations of zero rotation 
(#=0). One of these series ends in two spherical masses rotating infinitely 
slowly round one another at an infinite distance, and this series is stable 
throughout. At the end of the other series the primary is an infinitely 
elongated Jacobian ellipsoid, and this series is unstable throughout. 


Instead of eliminating R from equations (217°1) and (217:2), and so 
obtaining M as a function of w, we might equally well have eliminated w 
from these equations and obtained M as a function of R, in the form 


M = EG + Mh + eo | (1+o?(M+mMyR?. 

If M is not greatly different from M’, the value of M reduces to its last 
term when & is large. Even for configurations in which the ellipsoids are 
almost in contact, it is readily seen that by far the greater part of the value 
of M comes from this last term, so that M varies approximately as R?. It 
follows that the configuration for which M is a minimum nearly coincides 
with that for which # is a minimum, this latter being the configuration of 
closest approach of the centres of the ellipsoids. 


Let R, be the distance of closest approach. For any value R,+6R which 
is just greater than R,, there will be two configurations; in one the ellipsoids 
are more elongated than in the configuration of closest approach, while in the 
other they are less elongated. In the former configuration, then, k*, k’? and ¢ 
are all greater than in the latter, so that, as the values of R are the same in 
both configurations, it follows that the more elongated configuration has the 
larger value of M. 


Now the diagram of configurations, drawn with M as vertical co-ordinate, 
lies as in fig. 34. Here O is the configuration of minimum angular 
momentum, the less elongated configurations OP are stable, while the more 
elongated configurations OP’ are unstable. We have seen that at the configura- 
tion of closest approach R, increasing elongation goes with increasing angular 
momentum; it follows that R is on the unstable branch OP’ of the series. 
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Thus the configuration of closest approach is always unstable; it is fairly 
near to O when M and M’ are nearly equal, but is far removed from O in 
other cases. Passing to the limit of configurations of greater elongation, it is 
easily shewn that in the extreme configuration P’ in which M = o and w=0, 


the two bodies must overlap; thus this configuration, although satisfying the 
P p’ 
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Fig. 34. 
mathematical equations, is physically impossible. At some stage between 
R and P’, there must be a configuration C, in which the bodies are just in 
contact, but without overlapping; this configuration, which we may call the 
contact configuration, is the last one which is physically possible. It is clear 
that all contact configurations are necessarily unstable. 

Darwin calculates in detail the configurations C, R and O for the case in 
which the two masses are equal (p = 1 or M=M"’). The calculation for con- 
figuration O is not very accurate, for his series do not give good approximations 
when the masses are in or close to actual contact. 


xb=771 x 8=771 
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Fig. 35. 


When M = M’, Darwin finds for the configuration O of limiting stability 
a=a'=0897, b= =0771, c=c'=0'723, r=2:638, 
the unit being the radius of the sphere formed by rolling the two masses into 
one, and the cross-section is shewn in fig. 35 which is reproduced from Darwin’s 
Collected Works*, 


* Vol. uz. p. 513. I am indebted to the Syndics of the Cambridge University Press for 
permission to reproduce this figure, and also figs. 36—39 from the original blocks. 
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Again, when M = M’, Darwin gives the value of r for the configuration R 
of closest approach as 2°343, but he does not compute the axes. 

For the contact configuration C in the same case of M = M’ Darwin finds* 

r=2372, a=a = 186. 

In these solutions the figures are assumed to be ellipsoidal; the harmonic 
deformations which have to be superposed will of course bring the vertices 
closer, so that actual contact will occur before the vertices of the ellipsoids 
touch. Darwin gives the following figure, which he describes as “highly 
conjectural” for such a case. 


e=1:097 


Fig. 36. 

Darwin calculates the value of R in the configurations of limiting stability 
and of closest approach (i.e. the minimum possible value of &) in some other 
cases; from his results we can compile the following table: 

M/M’ = 1, ; ..0°8,..,.0°5, 0-4, 0. 
R (limiting stability) = 2°638 2°574, 2°59, 00. 
R (closest approach) = 2343, 2°36, 2:457. 


Partial Stability. 


218. As has already been noticed, the entry p= 0, & =o means that there 
can be no secular stability for an infinitesimal planet until it has been driven 
off to infinity. The agency by which this driving off is accomplished is tidal 
friction; the satellite M raises tides in the primary M’; the dissipation of 
energy in the tides provides the dissipation necessary for secular instability 
to come into operation, and the tidal forces result in an acceleration of the 
small body at the expense of the energy of rotation of the large, this process 
continuing until the bodies are infinitely far apart. 


On the other hand, if the big body is regarded as a point or rigid sphere, 
so that tidal friction cannot operate, the problem becomes identical with 
Roche’s problem already discussed. The value of R in limiting stability when 
p =O is no longer o, but 2°455r. Thus tidal friction in the primary can 
increase the value of R from this value to infinity. 

* Approximately: I have extrapolated to get initial contact in Darwin’s table on p. 514 of 


Collected Works, 111. Stress should not be laid on exact values, as Darwin specially draws attention 
to the bad convergence of the series used in this and similar calculations. 


240 The Configurations of Rotating Liquid Masses [cH. VIII 


Darwin describes a system as “partially stable” when it is stable except 
for the tidal friction arising from the tides in the primary, remarking that, 
inasmuch as tidal friction is a slowly acting cause of instability, partial 
stability of this kind is from the point of view of cosmical evolution of even 
greater interest than the full secular stability of the system. 

Darwin believes that the limit of partial stability of a series of configura- 
tions, such as that represented in fig. 34, can be found by discovering the 
value at which 


MM 
M+M’ 
is a minimum, this value M’ representing all that part of the moment of 
momentum which is liable to variation when tides cannot be raised in M’. 
A slight modification of the argument of § 217 will shew that the configuration 
of closest approach cannot be even “partially stable.” It accordingly appears 
that the configuration of limiting “partial stability” must lie at a point inter- 
mediate between O and R in fig. 34. Darwin calculates some configurations 
of “partial stability,” and gives the following table of values for R, the closest 
approach consistent with partial stability, and for the axes of the primary 
and secondary when in this critical position, a being the mean radius of the 
combined mass: 


M’ = (mie os Rt) @ 


Table XVIII. Axes of Binary Systems. (Darwin.) 


Axes of primary Axes of secondary 


00449 
00435 
0:0434 
0:0432 
00428 
00426 
0°0423 
0:0420 


Changes in the ratio of the masses are found to produce surprisingly little 
change in the critical value of R/a. Whatever the ratio of the masses, it 
remains approximately true that a satellite cannot rotate with partial secular 
stability round a planet if their centres are within a distance less than 24 radii 
of the combined mass, the densities being the same. 

The critical figures for M/M’=0°4, 0°7 and 1-0 are shewn in figs. 37, 38, 
39, taken from Sir G. Darwin’s Collected Works*. 


* in. pp. 508, 509. 
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219. The general nature of the motion which sets in when two masses of 
a binary system approach too close for stability, can be seen from considerations 
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Fig. 39 (M=M’). 


precisely similar to those brought forward in considering the dynamical 
motion in the rotational problem (§ 204). 

Let POP’ (fig. 40) represent the series of equilibrium configurations for 
the satellite already exhibited in fig. 34, the branch PO being stable, the 
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branch OP’ being unstable, and the point O-representing the configuration of 
limiting stability. 

When the configuration is represented by a point such as A on the stable 
branch, a small displacement will result in stable oscillations through some 
small range A’AA”. When the representative point is at C the range of 
stable oscillations is very small, and an oscillation of range greater than C’CO” 
will be unstable. Finally at O any oscillation at all will result in an unstable 
motion which will initially be represented by motion in a direction OO’, and 
so will consist of an elongation of the ellipsoidal figure of the satellite. 

The exact tracing out of this motion presents a very difficult problem, 
but the general nature of the motion is disclosed by a study of general 
principles. 


Fig. 40. 


The radius of the orbit is determined by the same equation as it would be 
if the whole mass of the satellite were concentrated at its centre of mass. 
The satellite may be thought of as consisting of two halves H and H’, the 
former being nearer to the primary than the centre of mass and the latter 
further away. Ifit were not for the presence of H’, the half H would be too 
near the primary for a circular orbit to be possible under the prescribed 
rotation; equilibrium is maintained by the gravitational pull from H’ which 
neutralises part of the attraction of the primary on H. Similarly it is only 
the gravitational attraction of H which makes a circular orbit possible 
for H’. 


When the configuration reaches limiting stability at the point O, a rapid 
elongation of figure begins, and this lessens the gravitational attraction 
between H and H’. The immediate result is that H is drawn in closer to the 
primary, while H” is driven further away. At first this motion is only another 
representation of the elongation of the figure of the satellite, but it is clear 
that this elongation cannot continue for ever—a long thin filament of matter 
must be unstable under all conditions. Before long the satellite must break 
up into detached masses, the innermost of which will fall in towards the 
primary while the outermost will recede from it. If we think of these frag- 
ments as ultimately describing elliptic orbits, the point at which instability 
sets in will approximately coincide with the aphelia of the inner pieces and 
with the perihelia of the outer ones. 
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If no change of density takes place in the matter of the satellite, the 
orbits of the inner fragments will all be within the radius of limiting 
stability, so that for each fragment the same process must repeat itself 
indefinitely, a limit only being reached when the fragments are so small 
that their chemical cohesion is able to defy the disruptive effects of gravitation 
and rotation. The outer fragments, on the other hand, will describe orbits 
which will all he outside the radius of limiting stability, and so they will not 
suffer further disintegration at first. But the perihelia of these orbits are 
already very close to the sphere of limiting stability, and if the agencies 
which drove the original satellite inside this sphere are still operative, it may 
be expected that before long the new satellites also will be driven in and 
broken up in turn. 


220. If the matter of the satellite is even slightly compressible, and 
therefore liable to changes of density, an entirely new feature presents itself. 
For the initial elongation of the satellite when the configuration of limiting 
stability is reached will be accompanied by a rapid diminution of pressure in 
the interior of the satellite, and therefore by a rapid diminution of average 
density. The radius of the sphere of limiting stability, however, depends 
on the density p of the satellite, varying as p~*. Thus the elongation of the 
satellite will be accompanied by a rapid expansion of the sphere of limiting 
stability; when the satellite breaks into fragments all these will be within 
the new sphere of limiting stability, and the process of breaking up will 
repeat itself indefinitely. 


Whichever way we approach the problem, we see that the final result 
of the motion must be a ring of broken fragments, each fragment being 
so small that its forces of cohesion can resist the mechanical tendency to 
disintegration. 


221. Roche has suggested that Saturn’s rings were formed in this way. 


It will be remembered that Roche’s critical radius of stability was found 
to be equal to 2°45 radii of the primary when the densities of primary and 
satellite are the same. The following data accordingly seem to provide prima 
facie support for Roche’s suggestion : 


Radius of Saturn’s outermost ring = 2°30 radii of Saturn. 

Radius of orbit of Saturn’s innermost satellite = 3:11 radii of Saturn. 

Radius of orbit of Jupiter’s innermost satellite = 2°54 radu of Jupiter. 

Radius of orbit of Mars’ innermost satellite = 2°79 radii of Mars. 

But the figures have no significance unless we suppose the primaries and 
the satellites to have the same density. In actual fact the densities are likely 


to be so different, and always to have been so different, that it is difficult to 
attach much importance to the figures just mentioned. 
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222. Our study of the configurations of binary systems has shewn that 
a number of configurations of stable equilibrium exist in which the two 
bodies rotate about one another. When a rotating mass loses its secular 
stability on the pear-shaped series of configurations, we have seen that the 
furrow around its middle part is likely to deepen until it results in fission 
into two parts. The configurations just studied provide possible final con- 
figurations for the mass; they are the configurations which were tentatively 
inserted in fig. 31 as providing the most likely conclusion to the unstable 
motions of the pear-shaped figure. 

We leave the theoretical problem at this stage to return to it in its more 
practical aspects in Chapter x. We now turn to study the theoretical 
problem of the configurations of compressible non-homogeneous masses. 


CHAPTER IX 


THE CONFIGURATIONS OF ROTATING COMPRESSIBLE MASSES 


GENERAL THEORY. 


223. IN the last chapter we discussed the configurations assumed by 
masses of homogeneous and incompressible matter in rotation. Our earlier 
discussion of the constitution of the stars had, however, shewn that actual 
stellar matter is far from being either homogeneous or incompressible. Thus 
it becomes of the utmost importance to inquire how far compressible matter 
behaves in the way in which incompressible matter has been found to behave. 

In the present chapter we shall examine the general theory of the 
configurations of equilibrium of compressible masses, and shall attempt to 
discuss in a general way the effect of compressibility in introducing departures 
from the motion predicted by the incompressible model which we have so far 
had under consideration. 


224. If p is the total pressure, including pressure of radiation at any 
point x, y, z of a mass rotating with uniform angular velocity w about the 
axis of z, the equations of equilibrium are again, as in § 188, 

Op OV 


ap? Oe AUD (wns sitoeaay dace eitaela cas (224'11), 
op Vv 
a = PG tO PY ecrseseesrsseecenseceee (22412), 
q av 
= Pap seesestensenseneeoneenesesnenne (22418), 


in which V is the potential of the whole gravitational field of force, including 
any tidal forces which may act on the rotating mass. With a view to the 
subsequent discussion of more general problems, let us write 


Vie VG Vari Acre ak cd Rane ek (2242), 


where V,, is the gravitational potential of the rotating mass alone, and V> is 
the potential of the tidal field. 


Writing De thew (aby vdersccscedsesessees (2243), 
these equations of equilibrium become 
op «0a 
So ane Pek eens (22441), 
op a 
ay TP dy cin (224-42), 
op 00, 


Sa eres ei ec aRN a (24°43), 
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On equating the two values of d*p/dydz given by the last two of these 
equations, we obtain 


ap 8 _ ap 20 

dz Oy dy dz’ 

a a ap 

oz Oy _ dz 994-5 
so that 30. ~ 50, 40 RAPE ECR D ODOM TD OO OCCT) ( yy 

On Ay dz 


Thus the surfaces p=cons. coincide with the equipotentials 0 =cons., 
and it further follows from equations (2244) that these surfaces also coincide 
with the surfaces of constant pressure p=cons. The boundary of the fluid 
must of course be one of this family of surfaces (p =0), and the necessity for 
the condition that 2 shall be constant over the boundary, which has so far 
been used as the condition for equilibrium, becomes obvious. 

The condition that 0 shall be constant over the boundary no longer 
suffices to ensure equilibrium; while still necessary, it is no longer sufficient, 
and equations of equilibrium must now be satisfied throughout the mass. 


Masses of Uniform Composition. 
225. The case which is most amenable to mathematical treatment is 
that in which the pressure depends on the density only, through a relation 


of the general type 
p= (p)- 


When a mass is of uniform composition throughout, the pressure will 
in general depend on both the density p and the temperature 7’, and it will 
only be when the temperature depends solely on the density that this relation 
is strictly satisfied. 

We have, however, seen that the matter in a star at rest arranges itself 
in such a way that the pressure and density are approximately connected by 
a relation of the form 

p< p*, 
where « has values which we have calculated in detail for different stars. 
It has not been proved that this relation persists when the star is in 
rotation, but it is clear that in this case also the pressure and density must 
increase or decrease together following a relation of the same general type. 
In what follows we shall assume that, as an approximation at least, the 
pressure in the equilibrium configuration depends only on the density, being 
given by the relation p = f(p). 
With this value for p, equations (224-4) assume the form 
af(p)dp 0 
Op on ? dx 


, ete. 
If ¢ (p) is defined by Be 
Ms Coe | i Ae) edi eee (225-1), 
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these become og (p) (ep uy ot etc., 


On = (Oa’ 
so that the equations of equilibrium have the common integral 
Gp) AY Ail cose ede nds vuapent ioe (225:2), 
where C is a constant. At any point inside the mass, V?V,, =—4yp and 
V?V,=0, so that, from equation (224°3) 
V8 Dae Dart deity pins ss cca oee sence = (225°3). 
Thus on operating on equation (225:2) with V?, we obtain 
V2 (p) + dary p = 20 ..eeceeeeeeeeeeeeeees (225-4), 


This is the differential equation which must be satisfied by p for equilibrium 
to be possible. It of course includes the standard equation (62:2) of Chapter 111 
as a special case, to which we pass by putting #?=0 and f(p) = Kp*. 


226. Let R denote the distance from any point P inside the mass to 
a variable point 2, y, z inside the mass; let dS’ be an element of surface of 
a small sphere S’ surrounding P, and let dS be an element of surface of the 
boundary S. Then the value of Vy at the oe P is 


Vie y ||] Rawdyde =— Pe 1 f[ Ge aedy de. 


Both these integrals may legitimately be supposed to extend throughout 
the region between S and S’, so that Vy may be expressed as a surface 
integral in the form 


ra 2 [[SE(3)-¥ 2 (G) sea 
-r+2 [Gra Qj 


Here V is the total potential, so that V = ~ + Vp, and hence 


Ve~— tel) {on (a) Van (a) 


The integral on the right is of course the potential of a Green’s equivalent 
stratum ; it is a known theorem that the potential of this together with that 
of external masses has a constant value inside the surface. 


Since V + $w? (a? + y’) is constant over the boundary in a configuration of 
equilibrium, this value of V, becomes 


mee ho, (A eth ene OnAL 
Vr=-7-|[5 (g)8-< [fe + 1) 5. (q) 48 +a cons, 


For a problem in which V7, and the shape of the boundary are given, 


the values of 
Vp and [ferme (5 A) a 
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are given at every point inside the boundary. It follows that 


oV l 
lore 


is given at all points inside the boundary except for a constant. Also 


is given, being equal to 47 times the total mass of the rotating body, so that 
dV/dn is uniquely determined at every point of the boundary. 


It follows from equation (225°2) that p and dp/dn are determined at every 
point of the boundary, and from this and equation (2254) it can be seen that 
the solution for p is unique *. 

The important result follows that: when the pressure depends only on the 
density, configurations of equilibrium may be specified by their boundaries alone. 


An even more important result also follows. When V7 and @® are given 
and the boundary is given, there will be an endless number of possible 
vibrations in which the internal particles move, while those at the boundary 
remain in position. The result just obtained shews that none of these can 
ever be of zero frequency, so that no points of bifurcation can occur. Thus: 
the various internal vibrations, if stable in the initial configuration of the mass, 
must always remain stable. 


227. From the circumstance that configurations of equilibrium may be 
specified by their boundaries alone, the various configurations must fall into 
linear series much in the same way as the incompressible problem. 

The configuration for no rotation and no tidal forces will of course be 
spherical. Starting out from this, there will obviously be a series in the 
rotational problem analogous to the Maclaurin spheroids, in which the 
boundary is a figure of revolution. The configurations near to the spherical 
one are spheroids of small ellipticity, but the series does not remain spheroidal 
throughout its length. But the far end of this series is again spheroidal, 
being in fact identical with the Maclaurin spheroid for a mass which has a 
uniform density equal to the density at the surface of the matter (p= 0). 
Just as in the incompressible problem, this is unstable for all displacements 
specified by sectorial harmonic deformations of its boundary+. It follows that, 
on the series we are considering, there must be points of bifurcation corre- 
sponding to all sectorial harmonics. The general physical principles explained 
in §197 lead us to expect with confidence that the first of these to occur will 
be that corresponding to the second harmonic. At this point the circular 
cross-section of the figure gives place at first to an elliptic cross-section of 


* Proc. Roy. Soc. 93 (1917), p. 416. It is difficult to construct a rigorous proof, for complica- 
tions of a mathematical nature arise. 
t Cf. Poincaré, Acta Math. vi. 1885, p. 259. 
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small ellipticity, and the configurations on the new series are analogous to the 
Jacobian ellipsoids. 

Further, the far end of the series analogous to the Jacobian series is again 
identical with that in the incompressible problem, both as regards configura- 
tion and stability, so that again this series must have the same points of 
bifurcation as the Jacobian series. 


These statements obviously require modification in the extreme case in 
which the density of the matter falls to zero at the surface, but except for this 
case it is clear that the general arrangement of series and points of bifurcation 
will be very similar to that in the problem of the configurations assumed by 
an incompressible mass. It ought again to be possible to construct a diagram 
similar to that shown in fig. 25 (p. 218); the general arrangement will be the 
same, but the numerical values different, and the shape of the configurations 
will of course be different except at the extreme ends of the various series. 


Figures of equilibrium which take the place of the spheroidal figures of 
the incompressible problem, whether rotational or tidal, may conveniently be 
referred to as “ pseudo-spheroids.” Similarly figures which take the place of 
ellipsoidal figures of equilibrium may be referred to as “pseudo-ellipsoids.” 


This general discussion does not touch the question of the stability of the 
various branch series ; this can only be determined by detailed calculations in 
individual problems. Thus it is not possible to predict from a consideration 
of general principles whether the pseudo-ellipsoidal series of configurations 
for a rotating mass will initially be stable or unstable. If it is unstable in any 
particular case, cataclysmic motion will begin as soon as the first point of 
bifurcation on the pseudo-spheroidal series is reached. This motion will 
consist at first of an ellipsoidal elongation of the pseudo-spheroid, the circular 
cross-sections giving place to elliptical ones, and the points of bifurcation on 
the pseudo-ellipsoidal series will be replaced by “dynamical points of bifur- 
cation” in this motion. If ever such a case occurs, it seems possible that the 
rotating mass may divide up into a number of detached masses, instead of 
into only two. 

It must, however, be remembered that the angular momentum of the 
pseudo-ellipsoidal series is infinite at its far end, so that much the most likely 
event is that it increases all along the length of this series; in this event the 
pseudo-ellipsoidal series would initially be stable. But no such general 
consideration can be brought forward in the case of the pear-shaped series 
which branches off at the first point of bifurcation, and nothing justifies us in 
predicting whether this will in general be stable or unstable. Indeed, it 
appears to be at least possible that in some problems this series may be 
initially stable, a possibility which has been mentioned by Poincaré*. 


* “Sur la Stabilité de l’Equilibre des Figures Pyriformes affectées par une Masse Fluide en 
Rotation,” Phil. Trans. 198 A (1902), p. 335. 
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DISCUSSION OF SPECIAL MODELS. 


228. Leaving the realm of general principles, we now turn to a discussion 
of the behaviour of particular models, conforming to special laws of com- 
pressibility. There are, of course, an infinite variety of arrangements of 
compressible matter possible, while the full discussion of even a single case 
presents a problem of considerable difficulty and complexity. It therefore 
behoves us to choose the special cases which we attempt to solve with skill 
and care, so as to economise labour as much as possible. 

Compressibility of matter necessarily results in variations of density in the 
compressible mass, and the greater the compressibility of the matter, the 
greater these variations of density will be. In the last chapter we discussed 
the special case of a mass having no compressibility at all, and so having no 
variations of density. 

In a sense this problem formed a limiting case of the problem of the 
motion of a compressible mass. At the other extreme there will be another 
limiting case in which the compressibility is so great that infinite variations 
of density may be expected. Mathematically this limiting case may be 
specified by the condition that the density is infinite or zero at different 
places. Physically, this limiting case proves not to be so artificial as its 
mathematical specification might lead us to suppose. 

In a mass of gas at rest with the temperature uniform throughout 
(isothermal equilibrium), the density at great distances from the centre falls 
off as 1/r?. The complete law of density has been obtained by Darwin* and 
otherst+. But it is clear without detailed analysis that at a sufficient distance 
from the centre, the law of density must become } 


P = po (a*/r’) 
so that, when viewed from a very great distance, the density may be regarded 
as infinite at the centre and zero everywhere else. The total mass is, however, 
infinite, so that a finite mass of gas in isothermal equilibrium will be of zero 
density everywhere. 


Similarly for a mass of gas in adiabatic equilibrium with the ratio of the 
specific heats « equal to 14, the law of density is (formula 644) 


p= po(1 + r4/a*)*. 
Again, when this mass of gas is viewed from a sufficient distance, the 
value of p becomes infinite at the centre and zero everywhere else. The same 


is true for any value of from 1 to 1}. The mass is infinite when « <11, but 
becomes finite when « = 1}. 


* “On the Mechanical Conditions of a Swarm of Meteorites and on Theories of Cosmogony.”’ 
Phil. Trans. 180 A (1889), p. 1 and Coll. Works, rv. p. 362. 

{ For detailed references see Darwin’s paper. 

EUs Puls 
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This same model, in which the density is infinite or very great over a 
point or small concentrated area but zero everywhere else, has been largely 
utilised by Roche* in his researches on cosmogony, and may suitably be 
called “Roche’s model.” Roche interpreted it physically as referring to a 
small and intensely dense solid nucleus surrounded by an atmosphere of 
negligible density. In Roche’s model, the whole of the mass is supposed 
concentrated at the centre; in this respect it differs from a mass of gas in 
isothermal equilibrium, although giving a faithful representation of an adia- 
batic mass for which « = 1}. 


RocuHE’s MopDEL. 


229. It is now clear that Roche’s model and the incompressible model 
form the two limiting cases of the general compressible mass. The latter has 
already been studied in detail; it is natural to begin our investigation of the 
compressible problem with a discussion of the former. 

In studying the configurations and motion of an incompressible mass, one 
of the main difficulties was found to lie in the determination of the gravita- 
tional potential. In Roche’s model no such difficulty occurs; the whole mass 
is collected at a point and the gravitational potential is simply M/r. Thus 
the quantity V + 4w? («+ y’), which has been denoted by Q, assumes the 
simple form 


Oe eV it h(E FO) ac inveuecssstaness (229°1). 


yM 
Tow 

We have seen (§ 224) that the boundary of the compressible mass must 
be one of the equipotential surfaces Q = constant. 

For given values of V7 and a, the surfaces Q =constant will be a system 
of equipotentials of the usual type, and as Q is uniquely determined as 
function of «, y and z, two different equipotentials can never intersect. Of 
the whole system of equipotentials only one is a possible boundary for the 
gravitating mass, this being picked out by the condition that the volume 
enclosed by it shall be just adequate to contain the whole amount of the 
compressible matter. 

Or allowing either V, or w* to vary, we obtain a linear series of con- 
figurations by picking out the appropriate equipotential surface from each 
_ set. When Vz and @? both vanish, the equipotentials are spheres and the 
boundary is spherical; as we pass along the linear series, the boundary departs 
more and more from the spherical shape. 

With Roche’s model there can be no points of bifurcation or turning 
points on any linear series. For when V7 and @ are given, the value of Q 
is uniquely determined by equation (2291), and hence the boundary is 


* «Hssai sur la Constitution et Origine du Systéme solaire” (1873). Acad. de Montpellier, 
Sciences, vitl. p. 235. See also Poincaré, Legons sur les Hypothéses Cosmogoniques, Chap. ut. 
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uniquely determined. But the condition for a point of bifurcation or a 
turning point is that there shall be two adjacent configurations of equi- 
librium, and hence (by § 226) two different boundaries, possible for the same 
value of Vp and o. 

Thus all possible configurations for a Roche’s model must lie on one 
linear series, and this may in every case be supposed to start from the 
spherical configuration for which Vz and w both vanish. As we proceed 
along this series, the different boundaries are equipotentials which differ 
more and more from spheres, until finally it may happen that the equi- 
potential which forms the boundary coincides with one which marks a 
transition from closed to open equipotentials. 


Such a transition must necessarily be through an equipotential which 
intersects itself, and therefore through an equipotential on which a point 
of equilibrium occurs. Such a point is determined by the equations 


AQ _ EQ _ eQ 


Since Q is necessarily constant over the surface of every equipotential, 
including the boundary, this condition may be put in the alternative form 
dQ. 
én 
On moving still further along the linear series, we shall find that no 
closed equipotential is capable of containing the whole mass, so that there 
is no equilibrium configuration consistent with values of w? and Vp beyond 
a certain limit. 


= 0. 


Freely Rotating Mass. 


230. To discuss the particular problem of a single mass rotating freely in 
space, we take Vp=0, so that 


M é 
Qa Tere +) oan eh (2801). 


On sketching out the forms of the equipotential surfaces Q = constant 
(cf. fig. 41), we see that as Q decreases, the condition for a point of equi- 
hibrium will first be satisfied in the plane of zy. In this plane the condition 
becomes 


ae == 0), 
Ox Oy 
which is satisfied if 
or VME tan: s0a3* e533} nts el ses igiv decd ran oes (230°2), 


where @, is the radius of the cross-section in the plane of zy. 


This equation admits of a very simple interpretation. At a distance a, 
from the nucleus, the gravitation force is yM/s,? while centrifugal force is 
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o*s,. Equation (230°2) expresses that these forces are equal. Thus a point 
of equilibrium occurs when centrifugal force just balances gravity. 
The same result follows from equation (2244). The condition 
0Q/dx = 0Q/dy = 0Q/dz = 0 
which defines a point in equilibrium is seen to be the same as 
Op/dx = Op/dy = op/dz = 0, 
so that gas-pressure exerts no force on the matter at the point of equilibrium, 


and its particles constitute small satellites which revolve about the central 
nucleus in orbits described under gravitation alone. 


231. The particular equipotential on which the point of equilibrium 
occurs is readily found to be 


M 
= a + $0? (2? + y?) = 3 (yMa)', 
or, using the relation o = yM/w’, 


Leaves? ee ol 
Sag re EE Da ES (231°'1), 


where w” stands for 2? + y*. 


The surfaces Q = constant are found to lie as in fig. 41, the critical equi- 
potential defined by equation (231:1) being drawn thick. 


Fig. 41. 


Putting 7° = 2+’, the equation of the critical equipotential (231:1) 
assumes the form . 
wT 2— em" 


and its volume can be calculated to be* 


z 


@BW=DWo 
Ae [ order = aere.* 0180373: 


@=0 


* Problems of Cosmogony and Stellar Dynamics, p. 150. 
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If p denotes the mean density of all the matter inside this critical equi- 
potential, this volume is equal to the mass M divided by p. Hence 


@? M volume _ 036075 ative (231°2). 


— = oo 


232. Let the valne of w?/27yp increase continuously in a mass of com- 
pressible matter in which the distribution of density is approximately that 
represented in Roche’s model. The spherical configuration corresponds to 
o?/2nyp =0, and as w°/2ryp increases the boundary assumes in turn the 
shape of the different equipotentials shewn in fig. 41, until it reaches the 
value w°/2ayp = 0°36075 at which the series of configurations comes abruptly 
to an end, through there being no closed equipotentials corresponding to 
higher values of w?/2ayp. 

The configurations remain symmetrical about the axis of rotation through- 
out, so that the series is clearly the series of pseudo-spheroids whose existence 
we discovered in § 227. Indeed, for small velocities of rotation, the configu- 
rations are strictly spheroidal and in every way analogous to the series of 
Maclaurin spheroids for a mass of incompressible matter. 

When the surface density is different from zero, we have seen (§ 227) 
that the series of pseudo-spheroids necessarily has on it points of bifurcation 
corresponding to harmonic deformations of various orders, and that instability 
first enters this series at its intersection with a series of pseudo-ellipsoids 
analogous to the Jacobian ellipsoids. 

In the present problem, in which the surface density is zero, we have 
now seen that no such point of bifurcation exists; the series of pseudo- 
spheroids continues stable up to its abrupt ending at the value 

w?/2myp = 036075. 

The question naturally arises as to the course of events when o? first 
exceeds the critical value 0°36075 x 27r-yp. When o? has this value, a, is 
given by equation (2302), namely yM=o'a,*. If @ increases further, a, 
decreases, since M, the mass of the central nucleus, remains the same. Thus 
there is a new critical equipotential, of smaller radius, and so of higher 
density, for which both w? and p are increased, but ?/27yp retains its original 
value of 0°36075. An increase in » can be met by the mass shrinking to this 
new configuration. But we have already seen that the particles which formed 
the sharp edge of the original configuration were in pure orbital motion 
under the gravitational attraction of the central nucleus alone. When the 
mass shrinks it can exercise no grip on these particles, so that they are left 
revolving in their original orbits with their original angular velocity. 


Thus as w? steadily increases, a rotating mass, formed after Roche’s model, 
will pass through a series of pseudo-spheroidal configurations, rotating as a 
rigid body, until w® reaches the critical value 0°36075 x 2ayp. At this stage 
the shape of the mass is that of a lenticular figure witha sharp edge. Beyond 


231-234] Laplace’s Nebular Hypothesis 255 


this, rotation as a rigid body is impossible. As w? increases further, the central 
mass shrinks, p increasing so that w?/2ayp remains constantly equal to 0°36075. 
It retains its original lenticular configuration, but as it shrinks it leaves 
behind it successive rings of particles rotating in its equatorial plane. Thus 
the complete mass at any instant consists of a central lenticular mass rotating 
as a rigid body with an angular velocity given always by w/2a-yp = 0°36075, 
together with rings of particles occupying the equatorial plane, and rotating 
at slower speeds. 


Laplace’s Nebular Hypothesvs. 

233. This mathematical concept formed the basis of Laplace’s famous 
nebular hypothesis*. Laplace believed that the normal astronomical mass 
shrunk continually as a result of the emission of radiation from its surface. 
If so, its density would continually increase, * also increasing so as to satisfy 
the conservation of angular momentum, with such a rate of increase that 
w?/2myp also increased. Laplace consequently supposed that the normal 
astronomical mass passed through the sequence of configurations just de- 
scribed. He quoted Saturn surrounded by his rings as an example of the 
final configuration, and suggested that the satellites of Saturn had been 
formed by the condensation of similar rings, that the present rings also would 
in time condense into satellites, and that all the planets and satellites of the 
solar system had been produced by the condensation of rings of this type 
left behind in the shrinkage of a central cooling mass. 


Strong reasons now compel the abandonment of this view of the origin 
of the solar system (cf. Chapter xvi below), but instances of the critical 
formation, the lens-shaped mass surrounded by rings of matter in the equa- 
torial plane of the lens, are provided in abundance by the extra-galactic 
nebulae (cf. Chapter XIU, and particularly Plates II and XIII). 


THE GENERALISED RocHE’sS MODEL. 


234. The two models we have so far studied in detail, namely, Roche’s 
model and the mass of incompressible matter, have provided examples of two 
entirely distinct methods of breaking up with increasing rotation, the in- 
compressible mass breaking by fission into two parts, and Roche’s model 
breaking up through the shedding of successive rings of matter from its 
equator. It is obviously very desirable to bridge over, if possible, the wide 
gap between these two extreme cases. To some extent a bridge is formed by 
the consideration of a third model, which combines some of the properties 
of both of the two models so far discussed. 

Roche’s model consisted of a nucleus of finite mass but infinitesimal 
volume, surrounded by an atmosphere of zero mass but finite volume; the 
density of the nucleus was infinite while that of the atmosphere was zero. 


* «Exposition du Systéme du Monde, Note vu,” in Guvres Completes de Laplace, published 
by the Acad. des Sciences (Paris, 1835), Vol. v1. p. 498. 
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In the new model the nucleus is supposed to be of finite extent, and there- 
fore of finite density, while the atmosphere remains of finite extent but of 
infinitesimal density. Thus the potential of the mass Vy is no longer M/r 
but becomes identical with the potential of the nucleus. The nucleus will be 
supposed to be incompressible and of uniform density p,, and the atmosphere 
being of infinitesimal density will be supposed to exert no appreciable pres- 
sure on the nucleus. 

Let vy denote the volume of the nucleus and v, that of the atmosphere. 
The mass MM is equal to pwvy, so that the mean density is 

Vy 
U4+ Vy 

When the system rotates with uniform angular velocity each particle of 
the nucleus is subjected to exactly the same forces as though the nucleus 
were alone in space rotating with this angular velocity, the atmosphere being 
entirely non-existent. This completely determines the configurations of the 
nucleus; they consist of Maclaurin spheroids, Jacobian ellipsoids, ete. 


P= Po: 


The boundary of the atmosphere must be one of the equipotentials 
Q=constant; it must further be an equipotential of total volume v,+ vy. 
Thus to obtain the complete figure of equilibrium corresponding to a given 
rotation, we must first draw a figure of equilibrium appropriate to this ro- 
tation for an incompressible mass of density p, and volume vy. The boundary 
of this will be an equipotential Q=constant of volume vy. We must then 
draw successive outer equipotentials until a further volume vy, has been en- 
closed. The equipotential which just includes a further volume v, will be 
the required boundary. 

In drawing the equipotentials for a given speed of rotation, we may 
possibly find that closed equipotentials give place to open ones before a 
volume v, has been enclosed. If so, there can be no figure of equilibrium 
corresponding to the given rotation. If v,’ is the volume enclosed by the 
last closed equipotential, the greatest atmosphere which can be retained at 
the given rotation will be one of volume v,’, and of the atmosphere of the 
original model, a volume v,—v,' must already have been thrown off at 
the equator. 

Let us examine the value of the critical volume v,’. Let the surface of 
the nucleus be supposed to be the standard ellipsoid 


a y Ze 


the axis of z being the axis of rotation. The gravitational attraction at a 
point x, 0, 0 on the prolongation of the major axis is 
me xX 


Dae 2rypyaber | ——_ 
a? — a2 (a a. r)? (b? oe r)? (¢ ae r)? 
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which reduces, for a Maclaurin spheroid, in which a= 6, to 


— 3 
X = 2ryp,abexr le sin™ -— i aa reply Ags (2341), 


where a=(a?— oe)? The ratio of centrifugal force to gravity at any point on 
the # axis is w*x/X. This ratio is necessarily less than unity at a point 
on the boundary of the nucleus, but it increases as we pass outwards, and 
the point at which it attains the value unity is the critical point at which 
@Q/ex =0. Hence we obtain this critical point by equating the right-hand 
member of the equation (2341) to w?a; the resulting equation is 


2 Dad 4 
a E ae sa ore eS (2342). 
TY Po a x 

The value of x which satisfies this equation determines the radius of the 
equator of the limiting equipotential. 


In the special case in which the nucleus is a Maclaurin spheroid at its 
ellipsoidal point of bifurcation, the value of w?/2yp, is 0°18712, and the 
root of equation (234-2) is found to be ; 


x = 1°6436a = 1°5990 (abc). 
The critical equipotential is drawn in fig. 42; it is clear that the value of 
v, here is quite small, being in point of fact rather less than one-third of vy. 


Fig. 42. 


In the spherical configuration which corresponds to no rotation, there is 
no limit to the value of v,’, so that the value of the ratio v,//vy steadily 
decreases from oo to about 4 as we pass along the Maclaurin series to the 
point of bifurcation, and it is readily calculated that it decreases still further 
as we pass along the Jacobian series. At the pear-shaped point of bifurcation 
its value is about }. 

We can now describe the series of equilibrium configurations assumed by 
this model as its angular momentum continually increases. 


Suppose first that the ratio v,/vy is greater than 4, For small values of 
w, the boundary of the nucleus and the atmosphere are both spheroids of 
small eccentricity. For larger values of m the boundary of the nucleus remains 
spheroidal, while that of the atmosphere is a pseudo-spheroid coinciding with 
one of the external equipotentials. As w increases further this pseudo-spheroid 
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develops a sharp edge, this occurring when the critical volume v,' is equal 
to v,. After this, matter is shed from the sharp edge on the equatorial 
plane of the mass. By the time the rotation is given by ?/2mypy = 018712, 
the atmosphere is reduced to about }vy in volume, so that p= po, and 
w/2myp = 02496. At this stage the figure loses its symmetry, no longer 
remaining a figure of revolution. The nucleus becomes ellipsoidal, while the 
boundary becomes a pseudo-ellipsoidal figure having two sharp pointed ends, 
and when the rotation increases further, two streams of matter will be ejected 
from these ends. As the nucleus gradually becomes more elongated, the 
atmosphere diminishes more and more, until the pear-shaped point of bifur- 
cation is reached. After this the nucleus will divide into detached masses, 
each surrounded by a thin atmosphere. 

If the original atmosphere were of volume less than 4vy, the course of 
events would be the same except that the atmosphere would not begin to be 
thrown off until after the symmetry of revolution had been lost. In this case 
the sequence of figures would be—spheroids of small eccentricity, pseudo- 
spheroids, pseudo-ellipsoids, pseudo-ellipsoids with pointed ends and a stream 
of matter emerging from each, finally ending in detached masses surrounded 
by thin atmospheres. 


THE ADIABATIC MODEL. 


235. The two models first discussed, namely, the mass of incompressible 
matter and Roche’s model, may be regarded as representing the extreme 
limits of homogeneity and non-homogeneity. The composite model just dis- 
cussed, formed by combining an incompressible nucleus of volume vy with 
an extremely tenuous atmosphere of volume v,, has provided a continuous 
transition between these two extremes; the limiting value vy/v,=0 gives 
the incompressible model while the limiting value vy/v,=0 gives Roche’s 
model. 

The two original models may also be regarded as representing the extreme 
limits of compressibility, but when they are regarded in this light, the 
composite model fails to provide a transition from one to the other through 
varying degrees of compressibility. 

Such a transition is provided by a model in which the pressure and 
density are supposed connected by a relation of the type* 


DT pl Bas ts cage weiner nate eeee (235:1). 
The value « = 0 provides an entirely incompressible mass, while we have 
already seen (§ 228) that the value «=14 with p,=0 provides approximately 
the distribution of density assumed in Roche’s model. 
Thus a general study of figures obeying the law (235:1) for values of « 
from 14 to o will provide a continuous transition from Roche’s model to 


* The term — py is inserted so as to give a finite density p=o at the boundary, p=0. 
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the incompressible model, through a series of figures of continually varying 
compressibility. 

It has also the further advantage that on putting p,»=0 we can obtain 
the law 

p= Kp*, 

which has been found (§ 85) to determine the approximate distribution of 
density in ideal wholly gaseous stars, at least so long as they remain in a 
spherical configuration. We accordingly proceed to study the configurations 
of rotating masses in which the relation between the pressure and density is 
that specified by equation (235:1). 


236. When the pressure is given by 
7 A ES oo (236:1), 


Kk 


and the general equation of equilibrium (225:2) becomes 
Kt 


K- 


in which, as before, 
Ol Pama re en Wak ge) aR or eT eT (236°3). 
Operating with V? we obtain at once as the differential equation which 
must be satisfied by p, 


Ke 


Vp ee dare to ae vient caeeee ee (236°4). 


«—l1 
This of course reduces, in the case of spherical symmetry with w? = 0, to the 
equation (62°2) by which we discussed the equilibrium of a non-rotating star 
in Chapter II. 
Let p, be the maximum density of the mass, and o the density at its 
surface, so that (p, — a) is necessarily positive. Taking the point of maximum 
density as origin, it will be possible to expand p in the form 


P = Po — Pa— Ps — Panes vevecvcctoneeenees (236°5), 
where po, ps, ps, --- are functions of 2, y, z, of degrees 2, 3, 4 ..., respectively. 
The value of p, is 

1OP oN p 
Pie (« aaa t OER a ) 


in which the differential coefficients are evaluated at the origin, and, since 
the origin is supposed to be the point of maximum density, p, must be 
negative for all values of x, y and z. By a change of axes, it must be possible 
to express p, as a sum of squares, so that we may take the value of p, to be 
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If we further put 


Pst pat =—€(p.—2) Po, 
then equation (236°5) gives as the value of Be ae 
(=p Gee (= +¥ +5 ah ePs) Ss eiciek (236°6), 
and the boundary, defined by the condition p =a, has for its equation 
T4045 -1+6P,=0 oS Boas. (236°7). 


If eP, is small, this represents a distorted ellipsoid. Now the boundaries 
of all stable configurations for a perfectly incompressible mass have been 
seen to be spheroids and ellipsoids, and so are all included in equation (236°7) 
with P,=0. The general argument of § 227 has further shewn that the 
corresponding configurations of compressible masses can be derived from 
these spheroidal or ellipsoidal configurations by continuous distortion. Thus 
it appears that the boundaries of compressible rotating masses may be 
supposed given by an equation of the form of (236°7), in which eP, will be 
small if the matter is only slightly compressible, but may become comparable 
with the other terms of the equation for highly compressible matter. 


237. Let q be a function of the density p, defined by 
ne See eT (2371). 


As we pass from the centre to the boundary, p varies continuously from 
Py to o, so that g varies continuously from 0 to 1. The equation of the surface 
of constant density p is 


2 2 
i nk. ak! ee ee (2372), 


so that this surface may be regarded as arrived at by distortion from an 
ellipsoid of semi-axes qa, gb, qc. Equation (236°7) is a special case of this 
equation, arrived at by taking g=1. 

Let the potential of a homogeneous mass of unit density bounded by the 
surface (237:2) be denoted by V,(q) when evaluated at a point outside the 
surface, and by V;(q) when evaluated at a point inside the surface. 

Then it is readily seen that the potential of the whole heterogeneous 


mass whose density is given by equation (236'6), and whose boundary is 
given by p=o, must be 


Po 
Vesa tal | Vislgh dpinameaceueavine Rete (237°31), 


p Ole 
Fa eV | Vite do | NPG Me (237-32), 
o p’ 


the first formula giving the potential at a point outside the mass, and the 
second formula giving the potential at an internal point at which the density 
is p’. 
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From these formulae I have proved* that the value of V; is 
2p r= dd (q) dr 
= < 1 _ pe 2 2 ee . ’ 
V5; = pyVi (1) — myabe (p)— 0) [. If q (a ae ) dg aX | ..(2374) 


where $(q)= P-4DP + 5,(4/¥ DP... —fe[...] +... (2375), 


being formally similar to the ¢ defined by our previous equation (99°7) 
except that re and D are now defined by 


y a 
CP = eh a +pontera 7’ 


T 1 o2 1 1 0? 1 a 0? 
aes (S-ars) set (5-H) at (San) ae | 


the lower limit in the integration with respect to q? is determined from the 
equation 


ie % 
@+r +p +555 teb- Le 
We obtain the various equilibrium configurations by inserting the value 
for V; just obtained, and the value for p given by equation (236°6) into the 
single equation of equilibrium, namely, 


Vet ho? (Gf 7?) = COMS. 2.20500 ce csseecenevecs (237°6). 


Since this equation must be satisfied throughout the mass, we may equate 
the coefficients of all powers and products of a, y, z to zero separately, thus 
obtaining equations giving the coefficients in P. 

The values of V; and p are each equal to their values for the configura- 
tions of rotating incompressible masses plus terms in (p,— o) and powers of 
(p,—). As a consequence the equations of the boundaries of the configura- 
tions of equilibrium for the rotating compressible mass are obtained in the 
form 


F, (a, y, 2) + (po— 7) Fi (&, ¥, 2) + (po— oP Fa (a, y, 2) +...=0 ...(287°7), 
where F, (a, y, 2) =0 is the equation of a configuration of equilibrium for a 
mass of uniform density p,, and so of a Maclaurin spheroid or a Jacobian 
ellipsoid. The function F, (a, y, 2) is found to consist of terms of degrees 4, 2 


and 0 in a, y, z, the function PF, (2, y, 2) consists of terms of degrees 6, 4, 2 
and 0, and so on. 


238. A configuration of special interest is that at the point of bifurcation 
between the pseudo-spheroidal series and the pseudo-ellipsoidal series. This 
is derived by distortion from the point of bifurcation at which the Maclaurin 
spheroids join the Jacobian ellipsoids, so that we take F, (2, y, 2) =0 to be 
the equation of the boundary in this latter configuration. 


* Phil. Trans. 218 (1919), p. 157, and Problems of Cosmogony and Stellar Dynamics, p. 166. 
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I have calculated the coefficients in this configuration as far as terms in 
(p)—o). The value of is found to be given by 


ces 2 
52 = 018712 +. 0.06827 (7) + [0-01602—0.07098 (« -2)] ("@—) +... 
2myp Po Po 


so that the first effect of compressibility is to increase the value of w?/2yp. 
The intercept on the a-axis (the radius of the new equator) is found to be 
given by * 


ee oe) [0:54102 — 0:49950 (« — 2)] 


‘ (™—2 ) [0°74761 — 1-18574 (x — 2) + 083190 (« —2))] + ... 

8 eS eee (238-2), 
so that for some values of « at least the effect of compressibility will be to 
draw the equator of the figure further away from the axis of rotation. 

This extension of the equator combined with the increase in the value of 
w?/2ayp increases the ratio of centrifugal force to gravity. 

The question arises whether centrifugal force can ever equal or outweigh 
gravity at the equator of the pseudo-spheroid. Calculation shews that the 
two forces become precisely equal when 


ie one [0:9990 (« — 2) — 10500] 


i on 7) [0'4997 (x — 2)* + 0:07140 (x ~ 2) — 0-07998] +... = 0 


0 


When « is given, this equation determines a value of (p) — )/p), such that 
centrifugal force just balances gravity at the instant at which the pseudo- 
spheroidal form is giving place to the pseudo-ellipsoidal. 

Alternatively the equation determines a critical value of « when (p,—)/po 
is assigned. It is this latter use of the equation which is of primary interest 
to us, the important case being (p,—)/p)=1, which represents a mass such 
as an actual star in which the density falls to zero at the surface. Putting 
(po —7)/po=1 in equation (2383) and ignoring terms in [(p,—c)/p,|? and 
beyond, the solution of the equation is found to be 

k= SOBDERS occ ac kte eee (2384), 


while if we include the terms in [(p)—©)/p)]? and neglect those beyond, the 
solution is 
Kim BBS . wives Ao wow sotted & (238°5). 
We cannot state with great accuracy the value of « to which these values 
are converging, but there is not likely to be any very great error in taking it 
to be «=2'2. Assuming this value, it appears that a mass of gas for which 


* See Problems of Cosmogony and Stellar Dynamics, equation (495). 
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«=22 will begin to lose matter equatorially at precisely the moment at 
which the pseudo-spheroidal form becomes unstable and gives place to the 
pseudo-ellipsoidal form. 

I have calculated the coefficients which occur in the equation of the 
boundary for the critical case of «= 2-2, and find the shape of boundary to 
be that of the outermost curve in fig. 43, but unfortunately it is not possible 
to draw the figure with much accuracy in the neighbourhood of the sharp 
edge. The interior curves are equipotentials and so are also surfaces of 
constant density and temperature. 


Fig. 43. 


239. For the special value « = 2°2, equation (238°1) becomes 
5°. = 018712 + 0.06827 ("=") + 0.03022 (™@—2)' +... ...(2891), 
2aryp 0 Po 
The genera] series of which the first three terms are here written down 
is probably convergent up to the value (p,—@)/p,=1, but it is not easy to 
determine the value to which it converges. At a guess the value of w*/2mryp 
appears to converge to about 0°31. 
In discussing the incompressible mass, the Maclaurin spheroid was found 
to become unstable when the rotation was given by 
w* 
2aryp 
In Roche’s model, which, in a sense, represents the extreme limit of com- 
pressibility, the rotation at which the mass began to break up was given by 
= 036075. 
2ryp 
In the present model, we have modified the physical conditions until the 
two processes occur simultaneously for the same value of w*/2m-yp; it is then 
natural that this value of w*/277p should be intermediate between the values 
018712 and 0°36075. 


uation (2391) and the more general equation (2381) shew that the 
g q 
first effect of compressibility is to increase the value of w?/2a7yp at which the 
P y p 
pseudo-sphervidal form first becomes unstable. Or, to put it in another way, 


= 018712. 
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out of a series of stars of varying degrees of compressibility, the wholly 
incompressible mass is the first to become unstable. The physical meaning 
of this result can be seen from the general considerations advanced in § 197. 


A GENERAL THEOREM ON ROTATING MASSES. 


240. This part of our discussion may terminate with a general theorem 
which forms a simple extension of one originally given by Poincaré *. 

Let the motion of a mass which is rotating approximately as a rigid body 
with angular velocity w be referred to axes rotating with angular velocity , 
and let u, v, w be the components of velocity, which we assume to be small, 
of any element of the mass relative to these rotating axes. 

The equations of motion of any small element of the mass are three 
equations of the form (cf. equations (224'1)), 

du _0oV 10 
dt da es p af 

Differentiating these three equations with respect to «, y, z and adding 
corresponding sides we obtain 


d (ou , 20 , Ou) _ 2 (12), 3 (1m), 2 (Lay) 
Si (get by + Ga) Arve + 20 — | 2 (5 + ay aba p oz/ |" 


Let us multiply by the element of volume dxdydz, and integrate 
throughout the whole of the rotating mass. On transforming the first and 
last integrals by Green’s Theorem, we obtain 


sparta Riri (240°1). 


Z| | Gut mo nw) aS = [ff [20% —4ryp] de dy de — [7 Pas, 

where the surface integrals extend over the whole surface of the mass, J, m,n 
are the direction-cosines of the outward normal to this surface at any point, 
and 0/dv denotes differentiation along this normal. 

If A is the whole volume of the mass, the integral on the left measures 
the rate of increase of A, and the equation may be written in the form 

hy (Si aay ey 0 [= as 240-2 

dé yp | poy Smee s ( ), 
where p is the mean density of the whole mass. Since p vanishes at the 
boundary of the mass and must be positive at all interior points, dp/dp is 
necessarily negative, so that the last term is necessarily positive. 

For the mass to be in a state of steady rotation, the left-hand member of 
the equation must vanish, so that we must have 


: OSE YD oss onct tances (240°3). 
This is Poincaré’s original theorem; whatever the arrangement of the 
mass, a rotation of speed greater than that given by equation (240°3) is 
inconsistent with a steady rotation. 


* Legons sur les Hypotheses Cosmogoniques, p. 22. 
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If inequality (240°3) is not satisfied, d?A /dé? must be positive, so that the 
mass must continually increase its rate of expansion, or, if it 1s contracting, 
the contraction will be checked and ultimately replaced by an expansion. 


According to the ideas of Laplace and Roche the ring of matter which 
was thrown off from the sun, and ultimately formed the planets, was rotating 
at one time as a closed ring with approximately the same angular velocity 
as the main mass of the sun. If p, was the mean density of the sun, w? would 
be given by 

w = 036075 x 2aryps 
whence, from inequality (240°3) 
PEOSOOTD Pre create ee ne ston: (240°4). 

This shews that unless the ring condensed at once so as to have a density 
of at least a third of the mean density of the main mass, it could not rotate 
steadily but would continually expand under the centrifugal forces arising 
from its own rotation. 

SUMMARY. 

241. This and the preceding chapter have been occupied with an investi- 
gation into the configurations assumed by masses rotating freely in space under 
their own gravitational forces. Before leaving the theoretical discussion, and 
turning our attention to the actual problems of astronomy, it may be profitable 
to summarise the main theoretical results which have been obtained. Some of 
these results have been quite general, but we have also investigated in detail 
the behaviour of certain simplified model masses. These models have been four 
in number : 


(A) The incompressible model, consisting of a mass of homogeneous 
incompressible matter of uniform density. 

(B) Roche’s model, consisting of a point nucleus of very great density, 
surrounded by an atmosphere of negligible density. 

(C) The generalised Roche’s model, consisting of a homogeneous incom- 
pressible mass of finite size and of finite density, surrounded by an atmosphere 
of negligible density. 

(D) The adiabatic model, consisting of a mass of gas in adiabatic 
equilibrium, so that the pressure and density are connected at every point by 
the relation p= Kp*, where K and « retain the same values throughout the 
mass. 

The two models A and B are limiting cases of the more general models C 
and D. If s denote the ratio of the volume of the atmosphere to that of the 
nucleus in the generalised Roche’s model C, then model 0 degenerates into 
model A when s=0, and degenerates into model B when s=o. Similarly 
the adiabatic model D degenerates into model A when y= and into model 
Bwhen y= 14 (cf. § 228). The relation between the four models is represented 
diagrammatically in fig. 44. 


I 
} 7 
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Independently of the study of any particular model, we have seen that an 
increase of rotation beyond a certain amount must break up the original mass. 


For the incompressible model A, the mechanism of breaking up is very 
fully known to us, thanks mainly to the investigations of Maclaurin, Jacobi, 
Kelvin, Darwin and Poincaré, For small rotations the mass will be spheroidal 
in shape, but as soon as the angular velocity reaches the value of w given by 
w?/2myp = 018712, the spheroidal form no longer remains stable. It shews a 
tendency to crumple up about one of its equatorial diameters, with the result 
that the spheroidal shape gives place to an ellipsoidal figure. This first occurs 
when the axes of the spheroid are approximately in the ratio of 12:12:7. 
With further increase of rotation, the ellipsoid lengthens while its two larger 
axes become increasingly unequal. When the axes of this ellipsoid are in the 
ratio of approximately 23:10:8, a new development sets in. The ellipsoid is 
already so elongated as to be approximately cigar-shaped, and a tendency 
appears for a furrow to form near, although not actually at, the middle of this 
cigar-shaped structure. The deepening of this furrow causes a waist to develop, 
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Generalised Roche’s mode 
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Adiabatic model. 
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Fig. 44. 


giving the figure a pear-shaped appearance. After this furrow has once started, 
the motion is cataclysmal until the mass divides into two detached parts. 


For Roche’s model B, the mechanism of break-up is also fully known. As 
the rotation gradually increases, the equator of the mass bulges more and 
more, until finally a sharp edge forms on the equator, so that the whole figure 
becomes lens-shaped (see fig. 41, p. 253). Any further increase of rotation 
now results in matter being shed from the equator in a continuous stream, 
centrifugal force outweighing gravity on the equator. 

Models A and B both break up with increasing rotation, but they break 
up in very different ways. We have been able to shew quite generally that 
there are only these two distinct ways of breaking up; the method of breaking 
up of any other mass must be a variant of one or other of these two. It 
will be convenient to refer to the first method of break-up, that of the 
incompressible mass, as fissional break-up; and to the second method of 
break-up, that of Roche’s model, as equatorial break-up. 
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As we pass along either of the chains of models C and D which connect A 
and B, or along any other chain of models connecting A and B, there must be 
some point on each at which fissional break-up gives place to rotational 
break-up. At such a point, the two methods of break-up must be about to 
begin simultaneously with the same rotation. Thus the condition determining 
such a point will be that centrifugal force is precisely equal to gravity on the 
equator of that particular configuration at which the rotation reaches such 
a value that a figure of revolution is no longer a stable form for the mass. 

We have determined this critical point on each of the two chains of models 
Cand D. Of these the adiabatic chain D is the more important. As we pass 
along this chain from A to B, the value of « varies from co to 12; the 
critical point is approximately given by « = 2°2. Thus a mass of gas or other 
compressible matter in adiabatic equilibrium will break up by fission if « is 
greater than 2°2; it will break up equatorially if « lies between 1:2 and 2°2. 
This latter range of course includes the values of « for all gases whose density 
is so low that Boyle’s law is approximately satisfied; for these « is always 
less than 1°66. 


Region of 
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Fig. 45. 

Thus a mass of gas rotating in adiabatic equilibrium, with Boyle’s law 
satisfied, will necessarily break up by equatorial loss of matter, not by fission 
into two detached masses. The same is true of a mass of gas in radiative 
equilibrium, since we have that in these masses, provided the density is 
everywhere so low that Boyle’s law is obeyed, the pressure and density are 
connected by a relation of the form p= Kp* where « is always less than 1°308. 

As we pass along the chain C of generalised Roche’s models, the value of 
s, the ratio of the volume of the nucleus to that of the atmosphere, varies from 
co to 0. The critical point is found to occur at about s=4. Thus when the 
atmosphere is less than a third of the volume of the nucleus, the mass will 
break up by fission ; when the atmosphere is greater than this, the mass will 
break up equatorially. 

These various results may be exhibited diagrammatically as in fig. 45 
the numbers in brackets indicating the values of w?/2ayp at which the 


breaking-up process commences. 
17-2 


CHAPTER X 


ROTATION AND FISSION OF STARS 


242. THE rotating masses discussed in the last two chapters were supposed 
to rotate as rigid bodies, the angular velocity of rotation being the same 
throughout. Solid bodies such as the moon must necessarily rotate in this way, 
but no known reason compels semi-gaseous or semi-liquid bodies, such as the 
sun and stars, to rotate as rigid bodies. When Galileo first observed the 
rotation of the sun’s surface disclosed by the motion of sunspots, he supposed 
that the whole of the sun would rotate with the same period as that of the 
sunspots, a period of 25 days. This assumption crept into astronomy and was 
tacitly accepted until 1926*, when I shewed that the inner parts of the sun 
and stars must rotate far more rapidly than their surfaces. 

Thus before we can apply theoretical results, obtained on the supposition 
of uniform rotation, to real masses such as the sun and stars, we must examine 
to what degree the rotation of these latter bodies departs from uniformity and 
what is the effect of these departures from uniform rotation on their behaviour. 


GENERAL EQUATIONS. 


243. The motion of matter having a uniform coefficient of viscosity 7 is 
determined by the usual hydrodynamical equations + : 


Fs ea pX—2 +4n 2 (= “4 5 a =) + Vu, etc. ...(243°1), 
where D/Dé denotes differentiation with respect to the time, following an 
element of the star in its motion, u,v, w are the components of velocity of the 
element, x, y, z are the components of force acting on the element, and p is 
the pressure at the element, including pressure of radiation. 


Let us transform these equations to axes rotating with a uniform angular 
velocity w about the axis of z. If the star is not rotating as a rigid body, the 
co-ordinates w, y, z of any element of the star referred to these axes will not 
remain constant. Let their rates of change be @, y, 2 and let us suppose these 
to be small, thus limiting our discussion to a star, or part of a star, which is 
rotating nearly, but not quite, with uniform angular velocity o. 

The velocities and accelerations in space are now given by 

U=Z-OY, V=Y¥+ox, w=é, 
Du Dv 


a =#—2oy—ow'x, 2 =G+2o¢-—wr'y, So =z 
WY —® Y + 402 — wy, De 


Dt Dihim os 


* Monthly Notices R.A.S, txxxvi. (1926), pp. 328 and 444, 
t+ Lamb, Hydrodynamics (5th Edn.), p. 546. 
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Using these values, eae (2431) transform into 


pi=p(X+ota)—P 4 ty 2 + A =) + V2, ete, ...(243'2). 


From these three pe we obtain the three equations 


OP (x a) — OP d AV eee 
jy bX — 0%) — 5 G- Y—-—o’y)= (05. - v) (2 ay)” eee 


Let us put ei= Chee OY 


and give corresponding meanings to &,, &,, so that &, &, & are the three 
components of the vector which is generally called the “vorticity.” To under- 
stand the meaning of this vector, let us suppose that any small element of the 
star has a rotation w’ about the axis of z, in addition to the rotation of the 
axes, so that its total angular velocity about the axis of z is a+’. The 
values of #, y, Z will be 
L=H-owy, Y=Ytout, 2=%, 

where &, Y, 2 are the components of the velocity of translation of the 
element as a whole apart from its rotation. From these values for 4, y, Z we 
obtain 


a — — = 2a’. 
&,= On @ 
Thus the vorticity &, is twice the rotation relative to the moving axes. 


Multiplying the three equations (243°3) throughout by dp/da, dp/dy, dp/dz, 
and adding corresponding a we obtain 


dé, gs 
ae (5 tn £,) =0 ae ee Ga (243°4), 

The simplest case occurs when the whole of the vorticity is about the axis 
of z, so that &, = &,=0; the equation then reduces to 

dE, u) 
ads WAG OU, ROS LNT phe Nes eats! (243°5). 

When 7/p is constant, this is identical with the well-known Fourier 
equation of conduction of heat, shewing that when &, is not initially uniform 
throughout the mass, it will tend to equalise itself according to the same 
laws, and at the same rate, as inequalities of temperature are equalised in a 
medium whose coefficient of conduction of heat is n/p. 

In an actual star the values of 7 and p will of course be very far from 
constant, but in a general way the rate of equalising inequalities of rotation 
(measured by 4, $8, 4&,) will be comparable with that given by equation 
(243°5). Thus we may say that the inequality of angular velocity between 
two points in a star at a distance r apart will be reduced to half in a time 
comparable with 


2 
AEs) rota Meme sh (243°6). 
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RADIATIVE VISCOSITY. 


244. Before using this result, we must evaluate the coefficient of viscosity 
n. In a gas in which all the molecules moved with the same velocity ¢ and 
had the same free path J, this would be given by the usual kinetic theory of 
formula* 

GER PCL or aiines sodensndn sce dinssanen es (2441). 

This formula is obtained by treating the molecules of the gas as carriers 
of momentum. Our view of the constitution of stellar interiors has led us to 
recognise the existence of three types of carriers of energy inside a star, 
namely, ionised atoms, free electrons and radiation. These three types must 
also carry momentum. Radiation has been seen entirely to outstrip the two 
others in the transport of energy, and I have recently shewn+ that the same 
is true, although in a lesser degree, of the transport of momentum. 

To transform formula (244'1) so as to apply to the transport of momentum 
by radiation, we replace p by a7/C*, the mass of radiant energy per unit 
volume; we replace c by C, the velocity of light; and, as in § 72, we replace l, 
the free path, by 1/kp where k is the coefficient of opacity. The value of np, 
the coefficient of viscosity arising from the transport of energy by radiation, 
is now found to be 


(244°2). 
The value of yg calculated by this very simple method can hardly be 
expected to be exact; indeed, the original formula 7 = 4 cl which we borrowed 


from the theory of Gases, is itself far from exact. By a much more elaborate 
calculation than that just given I have foundt that the exact value of n, is 


(244°3), 


which is only 40 per cent. of the approximate value given above. 
Inserting the value of k obtained from Kramers’ theory (§ 77), namely, 


this becomes 
(244-4), 


We see that, except for small variations in » and F, nz would be constant 
throughout a star arranged so that p « 7°”. We have seen that stars in 
general are arranged roughly according to a law of the form p « 7’, where n 
is about 3°25 for a star of very small mass, and runs up to about 5 for a star 
of very great mass. Thus in a star of small mass nz reaches its largest value 
at the centre of the star, but in a star of great mass it reaches its greatest 


* Jeans, Dynamical Theory of Gases, p. 273. 
+ M.N. uxxxvr. (1926), p. 329. t+ Ibid. p. 444. 
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value in the outer layers; it will be approximately constant (n = 3°75) for a 
star of mass about equal to that of Sirius. 


245. The absolute value of nz is most simply determined in terms of the 
star's radiation. At a distance r from the centre of the star the flux of 
radiation H is (§ 72) 


4aT?C aT = 
H — Bkp ar veces ecosseceseccecee (245 1), 
in ergs per sq. cm. per second, so that relation (244°3) can be put in the form 
AT /(dT Ps 
m= Go / (= ) eae Sie, Paeoee (245-2). 


If T fell uniformly along the radius of the star from its central value 7, to 
its surface value of nearly zero, the value of d7'/dr would be equal to —7;,/R 
at every point, where £& is the radius of the star. A study of the graphs of 7 
given by Emden* shews that, whatever the build of star, d7'/dr never varies 
by a factor of more than about 2 from its mean value — 7;/R, except in the 
regions very near to the centre of the star, and in the outermost regions of 
very massive stars; in these special regions d7'/dr is only a small fraction of 
T./R. Excluding these regions, we see that, to within a factor about 2, 


(245'3). 


For the sun, R=7 x 10” cms. and at the sun’s surface H = 6:25 x 10”. 
The greater part of the sun’s mass is enclosed within a sphere of radius } R, 
so that approximately the same stream of energy must cross this sphere as 
crosses the sun’s outer surface. Thus the value of H at this sphere must be 
about 16 times its value at the surface, or about 10” ergs per sq. cm. per second. 
If for the moment we assume that the gaseous model gives a sufficiently good 
picture of the sun’s interior, the temperature at this distance from the sun’s 
centre is about 47. Inserting these values in equation (245°3) we find that 
at the point just discussed the value of ng is about 4. 

At this point the density is rather over $p,. With the values for 7, and 
pe already calculated in § 91, we obtain a temperature of about 29 million 
degrees and a density of about 35. 

The coefficient of ordinary gaseous viscosity which is of the order of 10~* 
at ordinary temperatures, probably rises to about unity at 29 million degrees. 
Persico+ has specially studied the viscosity of a mixture of free electrons and 
atomic nuclei, and finds that at a temperature of 33 million degrees and a 
density of 36 (which he takes to be the central temperature and density of 
the sun) the coefficient of material viscosity would be about 4°2. For nz we 
have obtained the value 4 at 7’ = 29 million degrees and p= 40, Our formula 
(244°4) shews that the value of nz at 7 = 33 million degrees and p = 36 would 


* Gaskugeln, p. 86. + M.N. uxxxvi. (1926), p. 93. 
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be about 3:24 times as great, and so equal to about 13. This is roughly three 
times Persico’s value for the material viscosity at the same temperature. 


Still supposing the gaseous model to give a sufficiently good approximation, 
we have seen that p varies approximately as 7** in the sun, whence equation 
(244°4) shews that , varies about as 7°*. This is about comparable with the 
rate of variation of material viscosity with the temperature, so that the rates 
of np to the material coefficient of viscosity is not likely to vary enormously 
throughout the sun’s central regions. 

When we discard the gaseous model, calculation becomes far more difficult. 
The simplest procedure is probably to pass from the ideal gaseous configura- 
tion just discussed to the actual liquid configuration by the method described 
in § 129, namely, imagining the density to remain unaltered while the tem- 
perature is everywhere reduced to about three-quarters of its value. Formula 
(245°3) shews that when this is done the value of mg remains unchanged, and 
so equal to its value just calculated for the gaseous model, while the 25 per 
cent. (or so) reduction of temperature, p remaining unchanged, reduces the 
coefficient of material viscosity by anything from 124 to 224 per cent. The 
predominance of radiative over material viscosity is accordingly slightly 
increased. 


Thus, although accurate calculations are difficult, it seems likely that the 
coefficient of radiative viscosity will substantially exceed that of ordinary 
material viscosity, both at the centre of the sun and in its outer layers, 
although in neither case is there any excessive preponderance, such as was 
found in discussing the coefficients of conduction of heat. 


As between one star and another, equation (245°3) shews that the values 
of np at corresponding points in different stars will be proportionate to HR, 
where FR is the radius of the star and H is the flux of energy per sq. cm. at 
its surface (H = oT;,'). In giant main sequence stars both H and R are greater 
than for the sun, while ordinary material viscosity remains about the same. 
In stars on the giant branch H is somewhat less than for the sun, but R is 
far greater, and the product Hf is greater, while ordinary material viscosity 
is less as a consequence of low internal temperatures. Thus the preponderance 
of radiative over material viscosity, which is only moderate for the sun, 
becomes very marked in giant stars. In these practically the whole viscous 
transfer of momentum must be by radiation. On the other hand, it seems 
quite likely that ordinary viscosity may preponderate over radiative viscosity 
in stars of quite small mass such as the two components of Kruger 60. 


Rate of Equalisation of Angular Velocity. 


246. In general we have seen that inequalities of angular velocity over a 
distance r will fall to half-value in a time of the order of 
pr? 


- SECORCS (abou vine cuneate foe (246:1), 
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where 7 is the total coefficient of viscosity, material plus radiative. In a star 
of large mass we may neglect material viscosity in comparison with radiative, 
and assign to 7 the value already obtained for yz in equation (245°3). The 
time given by formula (246°1) now becomes 


10C? rp /T. 
ee \ISCCDIG Sl shure aden weston eeeds 246°2). 
AR ( ) seconds ( ) 


T 


For a star of mass even as small as the sun, the error in giving this value 
to 7 will be negligible to the degree of accuracy to which we are now working. 


Let us first apply this formula to the sun. If we give to 7 a value of about 
20 in formula (246'1), or if we insert the numerical data already given into 
formula (246°2), we find that inequalities in the angular velocity of the sun 
between its centre and points a quarter-radius distant will be reduced to half 
values in times of the order of 3 x 10” seconds, or 10% years. This is so large 
in comparison with the age of the sun that there can have been but little 
equalisation in the values of @ in the sun’s interior since it assumed its present 
state. 


As between one star and another, formula (246°2) shews that the times of 
equalisation, over corresponding fractions of the star’s radii, are proportional to 


ie Gn SN SAN ARIE (246°3). 


A star’s mass being proportional to pR?, and its emission of energy to HR’, 
its mean rate of generation of energy per unit mass, G, is proportional to H/pR. 
Hence formula (246°3) shews that the times of equalisation in different stars 
vary inversely as G. Thus the times of equalisation are far less for more 
massive stars than for the sun. V Puppis generates energy some 580 times as 
rapidly per unit mass as the sun, so that its time of equalisation is only about 
shy times that of the sun, or, say, 2 x 10" years. 


A star loses mass owing to its emission of radiation at a rate given by 


dM 5 
-™ eo MG, 
so that the time required for a star’s mass to change by any specified fraction 
of the whole is proportional to 1/G, and so is proportional to the time 
required for a specified equalisation of w. In other words, the time required 
for a given equalisation of is the same as the time required for the loss of 
a certain fraction of a star’s mass, this fraction being the same for all stars. We 
have found that the loss of almost the sun’s whole mass would produce only 
an insignificant equalisation of angular velocity in its inner regions. The 
same must consequently be true of all stars, independently of their radu, 
masses and ages, and we conclude in general that throughout the whole life of 
any star whatever, the equalisation of angular velocity produced by viscosity is 
negligible in the central regions of the star. 
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The foregoing discussion has been concerned only with the central regions 
of a star and regions in which the values of 7 and p are comparable with 
their values at the centre. When we proceed to regions nearer the surface, 
the value of p in formula (246°1) falls much more rapidly than , and we 
soon come to regions in which the time of equalisation is first comparable 
with, and then less than, the age of the star. We now proceed to examine 
the rotations of the outer layers of stars, considering not only viscosity but 
also a second phenomenon connected with the transport of momentum to 
which I first drew attention in 1926*. 


THE BRAKING ACTION OF RADIATION. 

247. This phenomenon is as follows. If any small element of a star, at a 
distance @ from the axis of rotation, rotates with angular velocity w, the 
velocity of the element in space will be ww. Relative to the rotating star, 
the stream of radiation through this element will on the average move along 
the direction of the temperature gradient in the star, in a direction which 
intersects the axis of rotation. Hence the velocity of this stream in space 
will be compounded of two velocities, a tangential velocity ww in a direction 
at right angles to the axis of rotation, and a radial velocity C in a direction 
intersecting the axis of rotation. 

Let us fix our attention on any small amount of radiation of energy MC?, 
and so of mass M, threading its way through the star. As this traverses the ele- 
ment in question, its moment of momentum about the axis of rotation is Ma’o. 
As the radiation passes outwards through the star, with continual absorptions 
and re-emissions, # continually increases. Thus if had a uniform value 
throughout the star, Mo?w would continually increase; in other words, the 
radiation, as it passed further from the axis of rotation, would continually 
gain in moment of momentum about the axis of rotation. From the principle 
of the conservation of angular momentum, this gain must involve a corre- 
sponding loss to the layers of the star through which the radiation is passing 
when the gain occurs. Thus the passage of radiation through a rotating star 
produces a braking effect on the rotation of the star, and as this effect is 
different in different layers of the star, it must tend to set up inequalities in 
the angular velocities of different parts of the star. Let us attempt to 
express these ideas in mathematical language. 

In fig. 46 let AB, CD represent the areas cut off by a small cone of angle 
sin 0d@d¢@ from spheres of radii r and r+dr in a star. Let H be the flux 
of radiant energy per unit area crossing the area AB, and let ¢ denote the 
angular velocity of the element AB of the star about the axis of rotation. As 
the area of AB is 7*sin @d@d¢ the energy of the radiation which crosses it 
per unit time is Hr’sin @d@d¢. This radiation has mass equal to 

= r sin 6d0 dd, 
* MN, uxxxvi. (1926), p. 444. 
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and as it has an average tangential velocity in space equal to rsin 64, the 
moment of momentum of the radiation crossing AB per unit time is 
@ PERN OOD Wav secear pases ays snobs" (247°1). 
Each second angular momentum of this amount enters the volume ABCD 
of the star, while a corresponding amount, obtained by evaluating expression 
(247°1) at a radial distance r + dr, flows out of this volume. Hence the volume 
ABCD experiences a net loss of angular momentum per second equal to 
s fies sin? OdOddh) Ar ...ceccscscsseeees (247°2), 
dr \C? 
The mass of this element of the star is pr’ sin 9d@d¢dr, so that its angular 
momentum about the axis of rotation is 


prt sin? OdO dD har .\iowliswsksceran diese (247°3). 
§ 
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Fig. 46. 


We have found that the passage of radiation through this element causes 
its angular momentum (247°3) to decrease at the rate given by expression 
(247°2). The flow of momentum caused by ordinary viscosity produces a further 


dg 


change. The viscous flow of momentum across the area AB is nrsin 6 re 


: i , d¢ ; 
per unit area, so that the total flow is mr* sin @dodg S, and its angular 
momentum about the axis of rotation is rsin @ times this, or 


nrtsin® 0d0dd aS ARR eA (247-4), 


The direction of this flow is inward along the radius. There is a similar 
inward flow across CD, the amount of which is obtained by evaluating ex- 
pression (247-4) at a distance r+dr from the star’s centre. The net result is 
a gain to the angular momentum of the element of amount 


2 (nr sin? Od de =) HEM pairs (247°5), 
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Equating the change in momentum to the gain produced by viscosity and 
the loss produced by init we obtain the equation 


5 dp H 
es D eye & | a ane | 11). TORY (247°6). 


In obtaining this equation we have divided throughout by sin? 0déd®@, 
and find that @ has disappeared from the equation entirely. Thus the changes 
in the angular velocity are independent of the colatitude 0. 

This equation, like the earlier equation for radiative viscosity, is only, 
approximate. As the same elements of radiation have been supposed to 
account for both the viscous change of momentum and the changes caused 
by the passage of radiation, it is inevitable that some of their effects should 
have been counted twice over. 


Somewhat arduous analysis is necessary to obtain the exact equation which 
must replace equation (247°6) when the problem is treated with full mathe- 
matical rigour, Fortunately the final result is simple. I have shewn* that 
equation (247-6) must be replaced by 


6 3H ,, YY 
pr 5 () = | art ak OE 9 med es. (247-7), 


which only differs from the approximate equation by the presence of the 
factor 2 in the last term. 


Rotational Steady Motion. 


248. If we confine our attention to the first term on the right of equation 
(247°7) we again find that viscosity tends to equalise inequalities in ¢, the 
time necessary to reduce inequalities at a distance 7 apart to half value being 
of the order of pr?/n. If we similarly confine our attention to the second term 
on the right of equation (247°7), we find that the flow of radiation tends to 
set up inequalities in ¢, and that the inequalities at a distance r become 
appreciable after a time comparable with rC*p/H, which in turn is comparable 
with pr?/nz. Thus the two times are of the same order of magnitude. 


In the dense central regions of the star we have found that the first, and 
therefore also the second, of these times is large in comparison with the whole 
age of the star. Thus neither viscosity nor the flow of radiation produces any 
appreciable effect on the star’s rotation in these regions, and to a good enough 
approximation equation (247°7) may be replaced by 


Wha: | 
PAGE) eA RE Para pe ts (248°1), 


In the outer regions of the star conditions are different on account of the 
smallness of p. Equation (247-7) shews that pr‘f@ must change at a rate 


* M,N, uxxxvt. (1926), p. 453. In this paper the left-hand of our equation (247-7) was written as 


D au 
Di (pr*p) because p and r were not there supposed capable of change. 
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approximately equal to its right-hand member, so that if p is small, ¢ must 
change very rapidly, and this succession of changes in ¢ will be towards a 
steady state determined by the vanishing of the right-hand member of equation 
(247°7). When this steady state is attained, 


dé 3H 
2 | att sorb | =o 


so that 7 3H 
hi fee BT PP Oct Nacttaser scenes (248°2), 


where f(@) denotes any function of @. 


It is easy to interpret the equation. Each layer of'a rotating star possesses 
angular momentum and so may be thought of as a flywheel, whose rotation is 
checked or accelerated by viscosity, and also may be checked by the necessity 
of imparting increased angular momentum to the radiation passing through 
it, or may be accelerated if this radiation reaches the layer with more angular 
momentum than it takes away with it. The outer layers of the stars, being 
of low density, possess so little angular momentum that their flywheel action 
may be disregarded. Having no capacity for storing angular momentum they 
can only transmit it, and the amount any layer receives in any interval must 
be precisely equal to the amount it passes on to the next layer. This is the 
physical meaning of equation (248°2). 


249. Let us suppose that a sufficiently good approximation is obtained by 
treating the whole viscosity as radiative, so that, from equation (245:2), 


_— HE at) 
1=~ 300?2/ \ar 
and equation (248'2) assumes the form 
rt H a ei dd 3 . 
a (- 10 al' dr —z¢ =71(0) Di oleraeeietete te ictere choke (249°1), 
dr 


In the outer layers of the star the rate of generation of energy per unit 
volume, Gp, may be disregarded on account of the smallness of p. 


Thus if # is the total emission of the star in ergs per second, we may put 
4orr? H = E and so write equation (249°1) in the form 


Haas) 1 T dd : 
b= GTP ap cei (2492) 
dr 


where A is a function of @ only. 


To a first approximation, the solution of this equation may be taken to be 


sce i Ui rs RON A NS (249°8), 
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for with this value of ¢, the value of the right-hand member of equation 
(249-2) is found to be 


1Tdp_ Tp 249-4 
~6dldr aT sewers srorreerssesese ( be 
3r —— 
dr dr 


Near the surface of a star, d7/dr is comparable with — T,/r, so that this 


last expression is of the order of — = ¢, and on account of the smallness of 
c 


3 
T/T, this is small in comparison with ¢. 


r=1 2 3 4 5 6 7 8 


Fig. 47. Variation of angular velocity of rotation, density and temperature in a gaseous star. 


We obtain a better approximation by utilising equation (249°4) and 
writing equation (249°2) in the form 


| T A 
$ & = mt) we Re ale (249°5). 


Since d7/dr is everywhere negative, we see that ¢ has the value A/7? at 
the surface of the star, and gradually falls below this value as we pass inwards 
into the star. 


In fig. 47 the curve marked rotation shews the values of ¢ that I have 
calculated for a star which is assumed to be arranged, in its outer layers, like 
a mass of gas in adiabatic equilibrium with « = 1-300, the value we obtained 
for a hypothetical gaseous sun in § 91. 
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The dotted part of the rotation curve refers to regions in which the 
agencies just considered fail to reduce the rotation to law and order through- 
out the whole life of the star, so that the angular velocity is indeterminate. 
Such regions may cover about a third of the star’s radius, the 1/r? law being 
obeyed outside. Thus the central core of a star should rotate with about 
nine times the angular velocity of its surface. Its outer layers have been 
reduced nearly to rest by the braking action of radiation, and may be regarded 
as slowly rotating veils drawn round the stars concealing the more energetic 
rotations which are taking place within. 


The Configurations of a Mass in Steady Rotation. 


250. The motion of any element inside a star is determined by three 
dynamical equations, corresponding to the three directions in space. Equation 
(247°7), which has just been discussed, fixes the changes in gf, and so 
determines the motion of the element in the direction in which it moves as a 
consequence of the star’s rotation. If the star has no motion except that of 
the rotations of its different parts, the two remaining equations must express 
that there shall be no motion in the two other directions in space. , 


In cylindrical co-ordinates a, ¢, z, where 
@a=rsin@ and z=rcos6, 


these equations may be obtained as equations of relative equilibrium for 
motion in the directions of w and z increasing. They are found to be 


1G). OV ae; 
nye sige iD tanectll, heehee eaes 4 (250°1), 
lop av 

gal a ene ee 
mie sae Omigea aera: Sear nee en etter (250°2). 


In the special case in which p is a function of p only, we differentiate the 
two equations with respect to z, a and subtract. This gives 0¢/dz = 0, so that 
¢ is a function of w only. Thus the rotation is the same at every point of a 
cylinder drawn about the axis of rotation, a result due to Poincaré. 

When a star is in radiative equilibrium, p does not depend solely on p. 
In this case we eliminate p from the two above equations and obtain 


On tock OP OY £OV0p ee 
| @® Ay (p$?) = aes Ae ae Des Be mis) orate ale le Ine: Srale' sera ale (250 3), 
or, in 7, @ co-ordinates 
é tan. : (Ree dpoV apaV 
2 we mae pes PN en wheel Nebo ee hal pe ‘ 
r sin 8 cos 6 — (p¢’) 1 sin’ 6 = (p$") Aap ene ...(250°4), 


Since the star is supposed symmetrical about its axis of rotation, the 
gravitational potential V can be expanded in the form 


Vi Viet Veo (c0s0 it; Vad 4 (C080) Abicay et cea d oes (250°5), 
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P,, P,,... representing the usual zonal harmonics of even orders. Poisson’s 
relation V?V =— 4erp at once gives the corresponding density p in the form 
P = Pot PoP (cos 8) + py Py (COS O) + 00. veeeevees (250'6), 
1 Oo Lov, 
— = —— (72? —— )— n(n +1) Vy <5. -20csnems 250°7). 
where 4arpn rae G a ) n(n+1) Vn ( ) 


A star devoid of rotation has been found to arrange itself in spherical 
layers with a high central condensation of mass. When the star is in rotation,. 
the layers will no longer be spherical, but the high central condensation of 
mass will persist. In the extreme case in which the mass is entirely concen- 
trated at the centre, as in Roche’s model, V reduces to M/r, so that V., V,... 
all vanish, as also of course do po, ps,..-- In less extreme cases, in which the 
mass is not wholly concentrated at the centre, V,, V,... will not vanish, but 
V. will be small in comparison with V, in the star’s outer layers of low 
density; V, will be small in comparison with V,, and so on. It follows from 
equations (250°7) that p, will be small compared with pp), p, will be small 
compared with pz, etc. 


We can now re-write ae (250°4) in the form 


ee : oV, Opo\ 2 
r? sin 6 cos 6 a (pg?) — r sin?d a0 Oo \= (a. Rite V, cee) ag (cos 6) 


av, 12 BV eae, a 
gee, ae P,(cos 8) + (pa? — Vo P*) Pa (cos 8) <5 P, (cos 8) 
ipa. Ig (250°8), 


in which the term which occupies the top line on the right-hand side is large 
compared with those in the second line, while these are large compared with 
all the remaining terms which are not written down. 

Confining ourselves for the moment to the first term on the right of this 
equation, the simplest solution is found to be given by 

ey, 2 rey! EN A 950°9 
er pd’) 3 (p. Ap gy ( D3 

so that pd? is a function of r only. We obtain the complete solution by 
adding to this the most general solution of equation (250°8) with the right- 
hand member put equal to zero, As a glance at equation (250°8) shews, this 
is merely f(a), the most general function of «. Thus the value of p¢? is 


a - fr (on? v.22) dr +f (a). 

The boundary of the star is given by p=0, so that the equation of this 
boundary is obtained by equating the right-hand member of the equation to 
zero. We see that the additional solution represented by f(#) is necessary in 
order that the boundary may have shapes other than spherical. 

In a star such as the sun, the speed of rotation of the outer layers is so 
slight that the star’s surface may, to a good approximation, be treated as 
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spherical. For such a star f(a) must be zero, and the most general solution 
possible. is that given by equation (250°9). To a first approximation p 
may be replaced by p,, and so is a function of 7 only, so that ¢? is a 
function of r only. The circumstance that @ did not enter into the equation 
of motion (247°6) has already shewn that if ¢ is initially a function of r only, 
neither viscosity nor the transmission of radiation can destroy this property. 
Our present discussion has further shewn that for equilibrium $ must be a 
function of r only, at least so long as terms after the first on the right-hand 
of equation (250°8) are neglected. To this approximation, the rotation is by 
spherical shells, each spherical shell rotating as a rigid body with its own 
angular velocity, which in the outer layers of the star varies inversely as the 
square of the radius of the shell. 


251. To pass to a second approximation, we must take into account the 
second term on the right of equation (250°8). The additional terms required 
in the solution are seen to be proportional to sin?@ and cos? @, multiplied by 
functions of r only. Thus to a second approximation, the rotation in any sphere 
of given radius 7 is of the form 


pis A BP. (008 @)y oi... scnhecys = teane (251:1), 
where A and B are constants, or, in terms of the latitude 2, 
B =O —OGINING BG9} She gon fovresy Ue oo v0 (251°2), 


where 6 is of the same sign as B. To a still further approximation, we 
must introduce into ¢ a small term proportional to the fourth zonal harmonic 
P,(cos @) giving a law of rotation 

b= ih — 0 SI? K, — 6 SIN Ne naa naisy esas sncies (251°3). 


The physical explanation of these laws is that the more rapidly rotating 
layers in the inner regions of a star are of distinctly spheroidal shape, whereas 
the less rapidly rotating layers outside are nearly spherical. The inner spher- 
oidal layers consequently approach nearest to a star’s surface at its equator, 
and their drag results in an equatorial acceleration, particles near the star’s 
equator revolving more rapidly than those near its poles. 

The mechanism can be simply illustrated by considering a star with a 
liquid centre of uniform density, built according to the extended Roche’s 
model. Let the liquid core rotate with a constant angular velocity w, and let 
its surface be 

2 2 2 2) in2 
If the angular velocity varies as 1/r? throughout the atmosphere which 
surrounds this core, the speed of rotation at the point &, X on the boundary 
of the star is 


, or? _ wa? Cera ae 20 Ie pa ; 
$= p= at [oe sn eas BE eri | ...@51-4), 


J 18 
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where e? stands for (a?— b’)/a?, so that e is the eccentricity of the surface 
of the core. 
Solar Rotation. 


252. Observations on the rates at which faculae, sunspots and calcium 
flocculi travel round the sun shew that the periods of rotation are different in 
different latitudes, and formulae of the general type of (251°2) and (251'3) are 
found to fit the observations best. In fig. 48* the dots shew the period of 
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Fig. 48. Solar rotation periods in different latitudes derived from measures of faculae 
(Greenwich Observatory). 


Formula o= 14°-49 — 1°78 sin? A — 3°-16 sin‘, thus —— 
» G=14°:54 — 2°81 sin? d 


rotation of various faculae in different latitudes which had been observed at 
Greenwich from 1888 to 1923. The two curves across the diagram shew the 
best fits that can be obtained from formulae of the type of (251:2) and (251°3) 
respectively. Other determinations of the rotations in different latitudes, as 
fitted to formulae of this type, are shewn in fig. 49. 


* M.N. uxxxty. (1924), Plate 10. I am indebted to Sir F. W. Dyson, Astronomer Royal, for 
permission to reproduce this figure and also fig. 49. 
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If we attempt to interpret these formulae in terms of the extended Roche’s 
model, a comparison with formula (251°4) shews that the observed equatorial 
acceleration of the sun’s rotation would require the inner core to have an 
eccentricity e such that ¢?/(1 —e?)=0°15 or e=0°36. The ratio of its axes is 
given by b=0:93a. To produce this degree of ellipticity in a core of uniform 
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Fig. 49. Solar rotation period determined by various methods. 


Reversing Layer (Adams) ¢=14°-54—3°-50 sin? \ - — - 
Calcium Flocculi (Fox) ¢=14°-56—2°-98 sin?» 


: = 14°-49 — 1°78 sin? \ — 3°°16 sin!) —__ 
poom se (eco sion) {8 = 14°54 — 2°81 sin? A oo... 
Faculae (Chevalier) $=14°47 — 2°-27 sin? —---— 


Spots (Maunder) pb =14°-43 — 2°13 sin?) —- +. - 


density p, w?/27yp must be equal to 0035. The value of w?/2myp for the sun’s 
outer surface is only 0000014, so that if the sun’s equatorial acceleration is 
to be explained in terms of this model, the angular velocity of the core must 
be very much greater than that of the surface. If the law ¢ « 1/7? is obeyed, 
the core must be of small radius or, alternatively, $ may increase much more 
rapidly than 1/r? in the central regions of the sun. 

18-2 


284 Rotation and Fission of Stars [cH. xX 


The Internal Condition of Rotating Stars. 


253. The variation of the rotation of the sun’s atmosphere with latitude 
is of interest as providing direct observational evidence of the variations of 
rotation which theory shews must inevitably occur in every rotating star. 
From the point of view of cosmogony in general, however, variations in the 
speeds of rotation of stellar surfaces are only unimportant by-products of the 
far more extensive variations of rotation in the star’s interior. 


The knowledge of these rotations which we have gained from theory puts 
us in a position to form a fairly definite picture of the internal condition of a 
rotating star. 


In Chapter 111 we studied the configurations of a non-rotating star in 
some detail. The conditions which were found to obtain in a star devoid of 
rotation can best be described by imagining the star divided into two distinct 
regions which we may describe as the core and the envelope. 


In fig. 47 (p. 278) the innermost curve gives the distribution of density as we 
pass along the radius of a non-rotating gaseous star of mass about equal to that 
of our sun. This shews that the density falls to about a twentieth of the central 
density at a point only a third of the radius out from the centre of the star. We 
may describe as the core that part of the star which lies within a sphere whose 
radius is about a third of that of the star, this region containing the main part 
of the star’s mass, and being the only region in which the density is comparable 
with that at the star’s centre. In the outer region, which we describe as the 
envelope, the density is only a small fraction of the central density, and the 
mass of the envelope is only a small fraction of the total mass of the star. 


The curves in fig. 47 are drawn on the assumption that the gas-laws are 
obeyed throughout the star, but we have seen that considerations of stability 
demand deviations from the gas-laws. A star in which the gas-laws were 
obeyed would slowly shrink or contract until it had reached a configuration 
in which the gas-laws were not obeyed in the central regions of the star; 
stability can only be maintained when this central region offers a greater 
resistance to compression than a purely gaseous structure can provide. Thus 
fig. 47 cannot represent an actual stable star; to represent this, substantial 
deviations from the gas-laws must be introduced, with the result (§ 132) that 
both the density and temperature curves become very much flatter in this 
central region than the curves shewn in fig. 47. We may legitimately suppose 
that this modification of the density and temperature curves is confined to the 
core, the envelope continuing to obey the gas-laws. 


Thus we think of the star as consisting of a gaseous atmosphere and of a 
core whose structure may lie almost anywhere between the two extremes 
provided by a structure obeying the gas-laws as represented in fig. 47, and an 
almost incompressible mass of approximately uniform density. 
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The investigations of the present chapter have provided a picture of the 
same star when in rotation. We have found that viscosity has so slight an 
effect in the core that the whole life of the star is inadequate for it to establish 
uniformity of angular velocity. The different layers of the core continue to 
rotate as though viscosity were non-existent, with angular velocities deter- 
mined mainly by the past history of the star. On the other hand, viscosity and 
the braking effect of the transmission of radiation are extremely potent in the 
envelope, and we have seen that in a comparatively short time the angular 
velocity w in the envelope will conform to a law which, to a sufficient approxi- 
mation for our present purpose, may be expressed in the form @ « 1/r*. 


In Chapters vii and 1x we studied the configurations assumed by masses 
rotating with angular velocities which were supposed uniform throughout each 
mass. For a fairly incompressible mass we found series of configurations which, 
under slow rotation, approximated to spheroids, and with higher velocities of 
rotation were pseudo-spheroids, pseudo-ellipsoids, or pear-shaped figures, 
according to the amount of angular momentum with which the system was 
endowed, the series finally ending, for high angular momentum, in two 
detached and separate masses revolving about one another. If, however, the 
compressibility approximated to that of a perfect gas, the configurations were 
pseudo-spheroidal throughout, the series of configurations coming to an abrupt 
end through the pseudo-spheroid forming a sharp edge along its equator, so 
that its form became that of a double convex lens. Beyond this no configurations 
existed in which the mass rotated with uniform velocity throughout; if the 
mass acquired further angular momentum beyond that corresponding to the 
lenticular figure, it shed matter from its equator, and this shed matter rotated 
at rates different from that of the main mass. 

We have seen that the angular velocity cannot be uniform in an actual 
star. If the star is spherical, or approximately spherical, in shape we have seen 
that the angular velocity in its outermost layers will fall off approximately as 
1/r?. When the star is not of spherical shape this law is no longer generally 
true, but the same physical principles from which we deduced it shew that in 
the equatorial plane of the star the angular velocity must fall off as 1/a*, where 
as is the distance from the axis of rotation. When once this law is established, 
the lens-shaped figure with a sharp edge can never be reached. The lens-shaped 
figure is determined by the condition that centrifugal force exactly balances 
gravity on its equator. Now if falls off as 1/a’, centrifugal force wa must fall 
off as 1/@°, and so falls off more rapidly than gravity, which only falls off about as 
rapidly as 1/m*. In an actual rotating star the law w « 1/a is reached with 
infinite rapidity in the outermost layers of all, so that the lenticular figure can 
never be reached, and the shedding of matter from the equator of a lenticular 
figure (which, incidentally, formed the basic conception of Laplace’s nebular 
hypothesis) cannot occur in an actual star. 


Thus if a star acquires an ever-increasing amount of rotation, its outer 
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surface must always remain smooth. It can never acquire a sharp edge, but 
may acquire a more and more drawn out equatorial cross-section. Apart from 
this, the star is in most respects similar to the modified Roche’s model 
discussed in § 284, which consisted of an approximately incompressible core 
surrounded by a tenuous envelope. A star with a sufficiently incompressible 
core may behave in the way in which we found the modified Roche’s model to 
behave. With increasing angular momentum the core may depart from the 
spheroidal configuration; it may become first ellipsoidal, then pear-shaped, 
and may end by fission into two detached masses rotating about one another. 

During this process the envelope, owing to its small mass, exerts only 
a negligible influence on the dynamics of the core. The réle of the envelope 
is merely that of adjusting itself to the changes going on in the core; it will 
arrange itself so that its outer surface always forms an equipotential in the field 
formed jointly by its own rotation and the ever-changing gravitational field of 
the core. When the core finally breaks into two detached masses, the envelope 
may either form a continuous surface surrounding both masses, or may itself 
divide into two envelopes, one surrounding each of the two masses. Or, to put 
the matter in a slightly different form, the final result will be two detached 
masses surrounded by two envelopes which may or may not overlap. 


The Sequence of Configurations of a Shrinking Star. 


254. Our discussion has so far supposed that the rotating mass continually 
acquires more and more angular momentum. The separate stars in the sky 
are so widely spaced that their mutual gravitational influence on one another 
is quite negligible under normal circumstances, and no agency is known by 
which the angular momentum of a star can increase under normal circumstances. 
The emission of radiation from a rotating star, by carrying away angular 
momentum, will cause a decrease in the total angular momentum residing in 
the star, but apart from this the angular momentum must remain constant. 


On the other hand, our discussion has also supposed that the density of 
the rotating mass remains constant, and this supposition also is equally un- 
fulfilled in nature. In discussing the evolution of the stars in Chapter v1, we 
saw how a star on any one series (M-ring, Z-ring, or K-ring) might at any 
instant reach the limit of stable configurations, and start to contract with 
comparative rapidity until it reached the next lower series as a star of far 
higher density. 


During such a contraction the angular momentum of the whole star will 
remain approximately constant, so that its average angular velocity must 
increase. Since the effect of viscosity is negligible in the core, the motion of 
the core will conform to the well-known hydrodynamical equation* 


oe d. = 
ae (uda + vdy+wdz)= | aie 24400404 w)| 

A 
* Lamb, Hydrodynamics, Equation (2), p. 34. 
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On taking the integration round a circle of constant angular velocity 4, 
this takes the form 


De a 
pie P) =% 


so that of remains constant as the star shrinks. If the shrmkage is uniform, 


¢@ changes uniformly, and is always proportional to w~ or to pt. Thus the 


average rotation w of the core will remain proportional to pt throughout the 
shrinkage of the star, and the value of w*/27yp will be proportional to pt. 
Although it has been convenient to regard our different configurations as 
belonging to masses of a given density p, we have seen that each separate shape 
of configuration corresponds to a given value of w?/27yp, so that there are an 
infinite set of configurations of any specified shape corresponding to the 
different values of w and p which are consistent with w?/27yp having an 
assigned value. The angular momenta of the various configurations of any 
given shape are proportional to Mr*w, where r is any linear dimension of the 
mass, or, since If is proportional to pr? and w?/27yp is assigned, the angular 


momenta are proportional to M a Thus if M is kept constant and p is 
allowed to increase, while the angular momentum remains constant, the mass 
will pass through the same sequence of configurations as though M and p were 
both kept constant while the angular momentum increased. This is precisely 
the series of configurations we have had under review. 


255. We now see that the shrinkage which accompanies the passage of an 
actual star from one region ‘of stable configurations to another—or if we so 
prefer to put it, the shrinkage which accompanies the ionisation of one ring of 
electrons—may result in fission of the star into two distinct masses. 


As we have seen, the final stages of the process of fission are probably 
cataclysmic, with the result that it is difficult to follow them out dynamically. 
Had the pear-shaped figure proved to be stable, the final stages of the fissional 
process would have consisted merely in a gradual deepening of the furrow 
round the pear until we were left with two detached masses in contact rotating 
as one single rigid body, the periods of rotation of the two masses and their 
period of reyolution about one another all three coinciding. There is no longer 
the same justification for this supposition when it is recognised that fission 
occurs only after cataclysmic motion. 


We may, however, notice that only one vibration is unstable at the point 
of bifurcation at which cataclysmic motion begins, this vibration being one in 
which neither half of the mass gains upon the other, either in rotation or 
revolution. When the elongation of the pear-shaped figure first takes place, 
the pointed end of the pear must lag somewhat behind the rotation of the 
blunter end, as a consequence of conservation of angular momentum, but any 
such difference of rotation produces a distortion which corresponds to a stable 
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vibration : forces of restitution at once come into play and equalise the angular 
velocities. Similar forces of restitution will be in operation right up to the 
instant of fission, so that in the final system the rotations may be expected to 
agree with the revolution, both in period and in phase. The two constituents 
will accordingly rotate about one another in a motion which must at least 
approximate to a rigid body motion, the periods of rotation and revolution 
being approximately identical and the eccentricity of the orbits being very 
small. 

These are precisely the conditions found in binary stars which have, 
according to all available criteria, just broken up by fission. The primary 
criterion for recent fission is the nearness of the two components, since we shall 
find that as a binary ages its two components move further apart. A class of 
stars exists, commonly described as stars of the 8 Lyrae type, in which the 
light curve varies continuously as the components undergo successive eclipses, 
this indicating that the two constituent masses must be either in actual contact 
or very close to actual contact. 

This class of star seems to fulfil all the conditions which our theoretical 
investigation has shewn ought to be expected in stars which have just broken 
up by fission. The periods of rotation and revolution appear to be identical ; 
any difference in these periods would shew itself in non-periodicity of the light 
curve; of this there is no evidence whatever. The eccentricity of orbit is 
invariably small, being almost zero for X Carinae and RR Centauri, in which 
the separation, calculated from the light curve, is zero or negative (correspond- 
ing to imperfect fission), and ranging from 0 to 0-02 for stars such as 8 Lyrae 
H.D. 1337 and W Crucis in which the separation is excessively small. 


CHAPTER XI 


THE EVOLUTION OF BINARY SYSTEMS 


256. In the last chapter we found that binary systems of the @ Lyrae type 
shew all the characteristics to be expected in stars which have just broken up 
by fission. 


These stars form one end of a continuous chain of binary systems. As we 
proceed along this chain the physical characteristics of the systems vary 
widely, substantial departures occurring from the characteristics shewn by 
systems of the @ Lyrae type. In the present chapter we shall investigate 
what changes are likely to be produced in binary systems by the passage of 
time and the play of natural forces, with a view to examining to what extent 
the observed chain of binary formations can be interpreted as an evolutionary 
chain. 


OBSERVATIONAL MATERIAL. 


257. The following table gives particulars of a few typical binary systems 
which shew the small separation, short period, low eccentricity of orbit and 
other features which must be regarded as the primary indication that a system 
has recently been formed by fission. 


The last column but one gives the radii of the two stars in terms of the 


radius of their relative orbit, and the final column gives the sums of these radii. 
If this sum were equal to unity the stars would be in contact. 


Table XIX. Newly-formed Binaries. 


Spectral Eccentricit Period | Radiiinterms | Sum of 

— ea Mose of Orbit : in Days of Orbit Radii 
HED 1337 0 8% 36°3, 33°8 0) 3°52 0:59; 0739 0-98 
V Puppis Bl LO Wicd 0:08 1:45 0°46, 0:42 0°88 
uw Herculis B3 7°66, 2°93 0:05 2°05 0°31, 0°37 0°68 
TX Cassiop. | B3, BS — — 2°93 0:57, .0°30 0°87 
B Lyrae Bd — 0-018 12°92 0°68, 0°27 0:95 
RZCentauri | A — a 0) 1:88 0:49, 0°24 0-73 
WZ Cygni A = 0 0°58 | 0:46, 0°38 0°84 
S Antliae FO — — 0°65 0°50, 0°39 0°89 
RR Centauri F — 0 0°30* | 0°50, 0°50 1:00 
W Ursae Maj.| #8 0°74, 0°52 0 0:33 0°37, 0°37 0°74 
SW Lacertae G2 — — 0°32 0°42, 0-46 0:88 
W Crucis GO — 0 198°5 061, 0°34 0:95 


* J. Voute, Annalen v.d. Bosscha-Sterrenwacht, Lemberg (Java), 11. (1927), 2e gedeelte. The 
elements of orbit are those calculated by Shapley from an earlier light curve by Roberts, but in 
any case the light curve shews that the two components must be nearly or quite in contact. 
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On plotting spectral type against absolute magnitude, practically all of 
these and similar stars are found to lie on the main sequence. W Crucis forms 
an exception; the mean densities of its two components are given by Shapley * 
as 1:3 x 10-* and 31 x 10-*, and both components are of giant type. Its origin 
may well be of the kind suggested at the end of § 165. 


258. Aitken+ has analysed the orbits of 119 spectroscopic binaries, 
classified by period and eccentricity, with results shewn in the following 
table : 


Table XX. Spectroscopic Binaries classified by 
Period and Eccentricity (Aitken). 


Period of Orbit in Days Total 


ee 
0-5 | 5-10 | 10-20 | 20-50 | 50-150 | Over 150| Number 


| [S| 


Eccentricity 
0 to 0-1 40 
0-1 to 0°2 5 
0:2 to 0°3 1 
0°3 to 0°4 0 
0°4 to 0°5 0) 
0°5 to 06 0 
0°6 to 0°7 0 
0'7 to 0°8 0 
0°8 to 09 0 
0°9 to 1:0 0 


ee ee ee, ee ed 


Average 
eccentricity | 0°047 | 0:147 | 0:202 | 0-437 | 0°371 | 0°328 


He has analysed the orbits of 68 visual binaries in the same way, obtaining 


the result shewn in Table XXI opposite, in which the periods are now measured 
in years instead of days. 


Both tables shew a marked increase of eccentricity with period, and the 
phenomenon runs on from one table to the other, the eccentricities of the 
visual binaries which have long periods being far higher than those of 
the spectroscopic binaries whose periods are far shorter. The general uni- 
formity of this progression is clearly shewn in Table XXII, in which the 
whole 187 orbits are divided, according to their periods, into seven groups 


of approximately equal size by adding together suitable groups of columns of 
the two preceding tables. 


* Contributions from the Princeton University Observatory, No. 3 (1915). 
+ The Binary Stars, New York, 1918. 
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Table XXI. Visual Binaries classified by Period and Eccentricity (Aitken). 


Period of Orbit in Years Total 


Number 


~ 0-50 | 50-100 ; 100-150 | Over 150 


Eccentricity 


0 to O'1 0 0 0 0 
0-1 to 02 5 1 0 1 
0:2 to 0°3 4 0 6) 0) 
0°3 to 0°4 di 4 2 1 
0°4 to 0°5 5 6 1 2 
0°5 to 0°6 4 4 1 5 
0°6 to 0°7 1 1 1 1 
0°7 to 0°8 3 3 0 1 
0°8 to 0°9 il 1 0 1 
0°9 to 1:0 0 0 1 0 


Total number 30 20 6 12 


Average period | 31°3 | 74:4 | 124°5 243 


Average ~ 
eccentricity | 0°423 | 0°514 | 0°558 | 0°529 


Table XXII. Eecentricities of Binaries of various Periods (Aitken). 


. Mean 

Type of Star Number Mean Period Eccentricity 
46 2°75 days 0-047 
Spectroscopic 19 EO Om aes 0°147 
Binary 25 23:00 ,, 0-324 
29 1°5 years 0°350 
30 31°3 years 0°423 
Visual Binary 20 744 5, 0-514 
18 0:0, 0-539 


This makes it abundantly clear that statistically period and eccentricity 
progress together, although of course this is not necessarily true for individual 
stars. This line of progress characterises the chain of binary configurations 
already mentioned, binaries which have been newly formed by fission occupying 
the extreme end of the chain at which the periods and eccentricities are 
both very small. 


259. Aitken has also studied the distribution of spectral type in binary 
systems. His results are shewn in the following table, which gives the average 
periods and the average eccentricities of binaries, both spectroscopic and 
visual, of different spectral classes : 
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Table XXIII. Binary Systems classified by Spectral Type (Aitken). 


Mean Mean 


Type of Star | Spectral Class | Number Poviod Eccentricity 


0 to B8 48 26°76 days 
; B9to A3 36 13°35 ,, 
Spectroscopic | J 45 to #9 10 32°76 > 
Binary F'5 to GO 13 2674 
G5 to M4 8 1529 | 


0 to B8 0 — 
\29 to A3 13 98°9 years 
Visual Abd5to F2 9 100: 
Binary F'5 to GO 30 RSet es. 
G5 to K2 12 86-0 ,, 
K5to M4 4 A2Gs7 8 as 


In the spectroscopic binaries it is impossible to say whether the eccen- 
tricity increases or decreases with advancing spectral type; it is at any rate 
safe to conclude that there is no marked correlation between spectral type 
and eccentficity. As regards periods, the later type spectroscopic binaries 
have periods which are distinctly longer than those of earlier type, but there 
is no very marked correlation extending throughout the table. 


Visual binaries shew a complete absence of correlation between period 
and spectral type, but an appreciable correlation between eccentricity and 
spectral type in the sense of a decrease in eccentricity accompanying an advance 
in spectral type. 


Aitken’s classifications, given above, include only those binary orbits for 
which the data are thoroughly well determined. We must be very cautious in 
assuming that these orbits are representative of binary orbits in general, or in 
supposing that the characteristics we have noticed would prevail in a random 
selection of binaries. 


The spectral lines of early type stars are singularly ill-defined, so that the 
velocities in early type spectroscopic binaries can ouly be measured accurately 
when they are very large, the Doppler effect now becoming so marked that 
the breadth and fuzziness of the lines is of little account. Asa consequence, 
early type binaries in which the periods are long, and the velocities con- 
sequently small, are apt to be excluded from the table. This results in a 
tendency for the periods of early type binaries entered in the table to be 
short in comparison with the periods of late type binaries which are unaffected 
by this restriction. This consideration may account for some or all of the 
correlation between period and spectral type shewn in the table for spectro- 
scopic binaries. 

Visual binary systems of classes O, B and A are in general bright but 
remote from us, so that the two components must be remote from one another 


259, 260] Tidal Friction 293 


also if the limited power of our telescopes is to disclose their binary nature. 
There is thus a tendency for the table to include no binaries of early type 
except those whose orbits. are large and so of long period. In view of the 
correlation we have already discovered between period and eccentricity, this 
also gives a preference to orbits of high eccentricity. This consideration may 
account for some or all of the correlation between eccentricity and spectral 
type shewn in the second half of the table. 


Aitken’s own conclusion is that, even after allowing for these factors, 
“the evidence is definitely in favour of an increase of the period of binary 
stars with advancing spectral class.” He reaches this conclusion, however, by 
taking into account the difference in spectral class between spectroscopic and 
visual binaries, the spectroscopic binaries being mainly of early class, and the 
visual binaries of late class. When we regard these two sets of binaries as 
-distinct types of object, as we shall find reason to do, the correlation between 
spectral type and period is seen to amount to very little. As regards the 
correlations, if any, between eccentricity and spectral type in the two classes of 
binaries separately, Aitken expresses the opinion that “it is doubtful whether 
any significance attaches to either.” 


Thus the only correlation which is firmly established is that of advancing 
period with advancing eccentricity of orbit, as shewn in Table XXII. 


TIDAL FRICTION. 


260. We turn now to a theoretical discussion of the changes which are 
likely to occur in the orbit: of a binary star after fission has occurred. 


In Chapter vu (§ 218), we saw that two stars rotating about one another, 
with the three periods of rotation and revolution all equal, are secularly unstable 
until their distance apart reaches a certain limit, and that even after this critical 
distance is exceeded, secular stability exists only in a partial sense. Our 
investigation, however, dealt only with incompressible masses. In an actual 
star, there may be no secular stability until the two components into which 
the core has divided are at a considerable distance apart, and yet the atmo- 
spheric envelopes surrounding these two components may form a continuous 
surface, or may so increase the radii of the complete stars as to cause them to 
appear to be almost in contact. 


After this point has been passed, and the configurations possess partial 
secular stability, it becomes important to investigate in what sense they 
remain secularly unstable. 

Fission has been supposed to occur as a consequence of shrinkage of the 
star, and there is no reason why this shrinkage should suddenly cease at the 
moment at which fission takes place. If the two components continue to 
shrink further after fission, the rate of rotation of each will increase in accord- 
ance with the conservation of angular momentum, so that the rotations of the 
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separate masses will gain on their revolution about one another, with the 
result that after a time the arrangement of the masses will be of the general 
nature shewn in fig. 50. In a configuration such as this, each mass exerts a 
couple on the other in such a direction as to augment the orbital motion of 
revolution already taking place. These couples are the direct successors of the 
forces of restitution, mentioned in § 255, which tend to equalise the periods of 
rotation and of revolution. The effect of these couples on the orbits of the 
masses has been very fully investigated by Darwin under the designation of 


“Tidal Friction.” 


Fig. 50. 


261. Suppose that a star originally of mass M+ M’ has divided into two 
components of masses M, M’, each of which describes an approximately 
elliptic orbit about the centre of gravity of the two. Let e be the eccen- 
tricity and a the semi-major-axis of the orbit described by either mass 
relative to the other. 

If the tidal friction couples were non-existent, there would be the usual 
two first integrals of the motion, 


soe Be tn. oe eee eee (261-1), 
where Wa Ss G1) — Cee ae eee (261°2), 
Energy = Z, where H=—yMM"'/2a ............ (261°3). 


Let the couples produced by tidal friction be supposed to act for a short 
interval dt, each component of the system exerting a couple G on the other 
in the direction of the orbital motion. As a consequence, the orbit will be 
disturbed and at the end of the interval dt a new orbit will be described. 
The eccentricity and semi-major-axis of this may be denoted by e+ édt, 
a +adt, in which é and a are regarded as rates of increase during the action 
of the couple G. These rates of change are readily found. Differentiating 
equation (261°3), we find 

lda 2 dE 2 
aidt yMM’ dt yMM’ 

Since @ acts in the direction of @ increasing, G@ must be positive. Thus 
da/dt is positive, so that tidal friction increases a. 


CMRI oi ee: (261°4). 


By logarithmic differentiation of equation (2612), 


le oe 2dh 1da 
(261°5) 
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The angular momentum h increases at a rate G, so that dh/dt=G. On 
further using the value for da/dt provided by equation (261°4), and sub- 
stituting for @ from equation (261°1), this becomes 


leat eras Fe 

aagd-9= 5 [1 — le), 

whence, using the polar equation of the orbit in the form 

a(1—e)=(1+¢ecos )7, 

de_ 
dis 
Since @ acts in the direction of 0 increasing, G/h is positive, while 
e (1+ cos? @) is necessarily positive. Tida] friction acts mainly when the 
masses are closest together—i.e. when cos @ is nearest to +1. Hence it is 


readily found that G cos @/h is preponderatingly positive and de/dt integrated 
through a whole orbit must be positive. 


oie cos 8 +e(1 + cos?)]  ....... eee. (261°6). 


Thus tidal friction increases both a and e, and as the evolution of a 
binary star progresses, tidal friction must produce—(i) increasing separation, 
(11) increasing period, (iii) increasing eccentricity. 


262. So far, then, tidal friction has been seen to be capable of producing, 
at least in a general qualitative way, exactly those phenomena which appear 
in actual fact to occur as the evolution of a binary system progresses. 
But tidal friction falls off very rapidly as the distance between the com- 
ponents increases. When the two components are at a distance r apart, the 
tides raised by either on the other are proportional to 1/7, and the tidal 
couple, which arises from the gravitational pull of tides on tides, falls off 
approximately as 1/r®. Equation (2614) shews that the change in 1/a which 
occurs in a whole revolution is proportional to G and so to 1/a®, so that 1/a® 
will decrease by approximately the same amount at each revolution of the 
star. Clearly the changes become inappreciable when a is at all large. 


263. A still more clearly-defined limitation to the scope of tidal friction 
has been indicated by Russell* and others. Any increase in the separation 
of the two components of a binary star, whether under tidal friction or 
otherwise, involves an increase in the orbital momentum of the system. So 
long as the system remains free from external disturbance, the total angular 
momentum of the system remains constant, so that the increase in orbital 
momentum is necessarily gained at the expense of the rotational momenta 
of the constituent stars. When the masses of the two components are very 
unequal, there is a large store of angular momentum in the rotation of the 
more massive one, and separation can proceed very far before this has all 
been transferred to angular momentum. But conditions are very different 


* Astrophys. Journal, xxx1.(1910), p. 185. 
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when the components are of approximately equal mass, as is the case with 
the majority of binary stars. 


264. In § 217 we obtained the total angular momentum M of a newly- 
formed binary system in which the components revolved in a circular orbit 
of radius R, in the form 

M= aie seal Wiehe acer re | 21+ 62(M+M’) R-?... (264-1), 

= (M 3 1’) fy: eee ° 

Consider first the extreme case in which the masses are supposed homo- 
geneous and incompressible. With a view to obtaining some idea of the 
ratio of division of M into its rotational and orbital parts, I have calculated 
the ratios of the separate terms in M for Darwin’s figures of closest 
approach from the data already tabulated in § 218, with the following results: 


M’ 
Tia 0 0-4 0°5 10 

Rotational momentum of M’ 0 039 046 ‘O77 

» M 1 160 "135 077 

Orbital momentum 0 ‘801 819 "846 


Total 1000 =1:000 = 1:000 1-000 


With very few exceptions all known binary stars have values of M’/M 
which lie between 0°4 and 1:0. Excluding the few systems for which M’/M 
is less than 0°4, it appears that the orbital momentum must initially be at 
least 80 per cent. of the whole if the components move in circular orbits; 
if they moved in stable elliptical orbits, it would of course be greater still. 

Thus no matter for how long tidal friction or other similar tendencies 
act, the orbital momentum cannot increase to more than 1°25 times its 
initial value throughout the whole course of a binary star’s history. In the 
subsequent motion of the star, the orbital momentum is 


ck COE So tal Lane arcet! Usa (264-2), 


(M+ mM" 
where J is the semi-latus-rectum of the elliptical orbit. It follows that, 
throughout the whole life of the star, (1+ ¢)/ cannot increase to more than 
(1°25)? or 1°56 times its initial value. For bodies at a considerable distance 
apart €=0; for two similar ellipsoids in contact €=0°22, which is the 
maximum value of ¢. Thus in the whole course of evolution the value of 
1+ cannot decrease more than in the ratio 1°22:1. It follows that J cannot 
at the very most increase in a ratio greater than 1°56 x 1:22 or 1:90. 


These calculations have referred to a perfectly homogeneous mass. To 
study the effect of heterogeneity, let us pass to the extreme case of matter 
so compressible that Roche’s model (§ 228) may be supposed to give an 
approximation to the arrangement of density. We may now put k?=k?=0 
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and £=0. The whole momentum is orbital, and in this extreme case the 
constancy of M requires that / shall remain absolutely constant. We may 
reasonably suppose that all compressibility lessens the possible range of in- 
crease in J, so that the increase of 90 per cent. just calculated for an incom- 
pressible mass is the maximum possible, always provided the mass ratio does 
not exceed 24:1, and that the system remains free from external disturbance. 


265. Under these same assumptions there is a simple relation between 
the dimensions of the present orbit of a binary star generated by fission and 
those of the parent star out of which the system originated. 

Let r and p-denote the mean radius and mean density of the parent star 
at the instant at which the pseudo-spheroidal form first becomes unstable, so 
that M+ M'=4mpr', and let 6 denote the value of w*/27yp at the same 
instant. Then the angular momentum at this haat iS 


M =(M+ WM’) ko = (M+ MS “7b (96). 


When fission has taken place and the components have become thoroughly 
separated, the orbital momentum is 


MM 
(Mem ph+ ORD. 


Since this must always be less than M, it follows that at any stage of 
the star’s orbital motion 
(ll (M + M')* ks x 96. 
= MM? r4 
If the parent star was wholly incompressible, the critical figure is a 
Maclaurin spheroid at its point of bifurcation, for which k*/r? =0°3838 and 
@ = 0'18712, so that the inequality becomes 


aT ee ee waa aria 

For a compressible mass the value of k*/r? is less, but @ is greater. 

Calculation makes it clear that compressibility decreases k?/r? much more 

rapidly than it increases @, so that compressibility lessens the numerical 

factor ‘(04135—for instance, for Roche’s model it reduces to zero. Thus the 

inequality (265°1) remains true independently of the compressibility of the 
mass. 


(265'1). 


If the two components are of very unequal mass 
(M+ M’)/eM" 
is very large, so that / may be very large compared with r—the components 
can separate to a distance large compared with the dimensions of the parent 
star. But for the normal binary in which M/M’ < 23, the value of 
(M+ M’)*/M?M”" is less than 24°01 and inequality (265°1) takes the form 
L< *9928r, 
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so that under no circumstances can the semi-latus-rectum of a binary system 
in which M/M' < 2k exceed the mean radius of the parent star at the 
instant at which the spheroidal or pseudo-spheroidal form first became 
unstable. 


266. For a Centauri the present value of J is 2°5 x 10% cms., subtending 
an angle of 12°75”. If the system was generated by rotational fission and has 
been under no influence beyond that of tidal friction, the mean radius of the 
pseudo-spheroid just before elongation commenced must have been at least 
2°5 x 10“ cms., so that the major-axis must have been at least 6 x 10¥ cms., 
subtending (at its present distance) an angle of at least 30’. The mass of the 
system being 3°8 x 10* grms., the mean density must have been less than 
osc10= 

These figures are so remote from possibility as to dispel at once the 
supposition that the present long periods and large orbits of binaries can’ be 
ascribed to the workings of tidal friction on systems evolved by rotational 
fission, and we are compelled to turn elsewhere for a solution of the problem. 


SEcULAR DECREASE OF Mass. 

267. The foregoing discussion has supposed the masses of the two com- 
ponents of the binary to remain constant; we have seen that in actual fact 
they must undergo a slow secular decrease as a consequence of the emission 
of radiation from the star. In 1924* I investigated whether this secular 
change could produce the lengthening of the period and increase in the 
eccentricity which are observed to occur in binary systems. 

When a force F acts upon a body of mass m which is losing mass by 
radiation at a rate —dm/dt per unit time, the momentum of the mass mv 
experiences an increase at a rate F/ from the action of the force, and a loss 


d 
at a rate ( _ a v) from the momentum carried away by the emitted radiation. 
Thus the change of momentum is governed by the equation 
d dm 
oF (mv) =F + “a? 
or, simplifying, m = AR as. Ssqadiar ee atvaanstioas aoe (267°1). 


The ordinary Newtonian equations are accordingly applicable without 
modification to a body whose mass is changing as a result of the emission 
of radiation. 


Motton of Particle about a Body of Decreasing Mass. 

268. Consider first the abstract problem of the motion of a particle of 
small mass about a gravitating body whose mass is decreasing as a result of 
the emission of radiation. 

* M.N. uxxxtv. (1924), pp. 2 and 912. 
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Taking polar co-ordinates with the centre of force as origin, it follows 
from equation (267'1) that the motion of the particle will be governed by 
the usual equations 

fey Sg Ne rec ein ee (268:1), 


Be B89]? seceronesdcnnne nerds (268°2), 


in which h remains constant throughout the motion, but m varies with the 
time. From these we readily deduce 
Cage ate Ys yam ‘ 
raLSG a) ss he eee eee eaees (268°3). 
The quantity in square brackets on the left is the total energy of the 
particle in its orbit. This is equal to — ym/2a, where a is the semi-major-axis 
of the elliptic orbit being described at the instant, so that equation (268°3) 
may be put in the form 


5 (oz) == ae 
di \9a) =p dp ceo 


The average value of 1/r taken over a complete revolution is 1/a, so that 
on averaging equation (268°4) over a complete revolution we obtain 


2 (=) 7 : Le BE et ete (268°5), 
in which d/dt of course only refers to secular changes. Integrating we obtain 
NUL == CONSLANL, fs caplet sores anes sdenaigs (268°6). 
The eccentricity of the orbit described at any instant is given by 
2 
honk nm : 7 aa j 


and since ma remains constant, it follows that e must remain constant. 


The period P is given by 


and since ma remains constant, P varies as 1/m?. 


Motion of a Binary System, in which both Components decrease in Mass. 


269. In an actual astronomical binary system, both components are losing 
mass at the same time, and usually at different rates. This case is best treated 
in terms of Cartesian co-ordinates. 


Let 2, y, z and &, y, 2 denote the positions of the two components of a 
binary system at any instant, their masses being M and M’ respectively. 
As in equation (2671), the equations of motion of the components will be 
.  yM' (2’-—2 
i= a SOUR eerste ak (269°1). 


19-2 
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From these equations we readily deduce that 
us : Pee ee yan 
— 1AM (e+ y7+2)4+4M OA A 2) ee 


yM 
ab (a + y+ 2) U4 ls (regres 


The truth of this equation can be seen without detailed analysis, for the 
terms other than those in dM/dt and dM’/dt must necessarily vanish in order 
that the conservation of energy may be satisfied when M and M’ do not vary 
with the time. 

The motion of the mass Y is that of a particle describing a gravitational 


orbit under a force 
yM’? 1 


(M + M’y S? 
to the centre of gravity of the two masses, where S is the distance to this 
centre of gravity, so that 
yu’ 
Wow" 
If a is the semi-major-axis of the relative orbit of the two particles, the semi- 
major-axis of the orbit of M is similarly 
M’ 
M+M'™ 
Thus the equation expressing that the energy of an elliptic orbit is 
— yM/2a assumes the form 


S= 


ees yM'* yM”? 
ut 2 2) Se eS SS 
(2+ 9 +27) (Me Meo i (GEM Oa. otra 
and from this and the corresponding equation for the orbit of the mass M’, 
2) th M’__ MM’ 
2a 
eats (269°4). 


Since the average value of 1/r throughout the description of an elliptic 
orbit is 1/a, we obtain, on averaging equation (269°3), 


average value of }(#+ 97+ 2)= ara " 


(269'3), 


$M (+7 + 2)4+4M (#7? +72 +2 


On averaging equation (269'2) through a complete revolution of the orbit, 
we now obtain 


d (-3.)-4 | M” M’ dM’ M? 
dt Qee), sn Abin CM a) Sere oo + at Eesaraee 
which, after some simplification, becomes 


@pr 1 
Ble )- are ary se gill +H. 
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This has the integral 
“(M+ MM’) = constant, .....cc00...0cereecs (269°5). 


From equations (269°1) we readily obtain 
(#-#)(Y¥-y-Y -N@—«2)=9, 
whence, on integration, 
(@ — «)(y' —y) -—(y¥ — ¥) (# — &) =h, a constant. 

The eccentricity of orbit being described at any instant is given by 
bie gel aM irons 
a we ya (mM ae M’) Coe eee eee eeeeeene 
where / is the semi-latus rectum of the relative orbit. Since both h and 
a(M + M’) have been seen to remain constant throughout the whole motion, 
it follows that e also remains constant. The period P is given by 

8 3 
Pg 2m ara) 
“\y t+ i) 

so that, by equation (269°5), P varies as (M+ M’)~. 

Summing up, we see that as a binary system of total mass M+ M’ 
dissolves into radiation : 


l-@= (2696), 


The eccentricity of orbit remains constant. 

The linear dimensions of the orbit increase, varying as (M+ MM’). 
The period of the orbit increases, varying as (M+ M’)-*. 

The velocity of the orbit decreases, varying as (M + M’). 


270. If a binary system of mass M+M’ emits F ergs of radiation 
per second, the resulting loss of mass is determined by the equation 


PB ain. guthsagpyone. sii deve (2701). 


Differentiation of equation (269°5) with respect to the time now gives 
1 da 1 d ; E G 
Pie Mi GM Cs 
where @ is the average rate of generation of energy in ergs per gramme 
per second of the combined mass. For instance, regarding sun and earth as a 
binary system, G =1-90, and we readily calculate that the radius of the earth’s 
orbit is increasing at the rate of 0°31 x 10~’ centimetres a second, or a metre 
per century. The orbits of the other planets are of course expanding at 
proportionate rates. The year, defined as the periodic time of the earth’s 
orbit round the sun, is increasing at the rate of 0:00042 seconds a century, 
while the periodic times of the other planets are increasing at proportionate 
rates, 


(270°2), 


It is, however, clear that changes of the type just considered cannot 
change the orbits of binaries which have been formed by fission into the orbits 
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of binaries as actually observed. Throughout such changes the eccentricity 
would retain always the exceedingly small value it had immediately after 
fission, while the expansion of orbit determined by equation (269°5) is far too 
slow to reconcile with the observed orbits of binary systems in general. We 
must travel still further to understand the evolution of binary systems. 


DISTURBANCES FROM PASSING STARS. 


271. Having found that the forces acting from within the system itself 
cannot explain the observed evolution of binary systems, it is natural to 
proceed to a study of the forces originating from outside; in other words, we 
proceed to examine the effect of other stars. 

The problem before us has a close analogy with the problems of the 
Kinetic Theory of Gases. The stars may be compared to the molecules of a 
gas, single stars being represented by monatomic molecules, binary systems 
by diatomic molecules, and so on. So far we have merely been considering 
the dynamics of molecules in a gas in which no collisions occur; we must 
now, so to speak, consider the dynamics of collisions. It will, however, be 
best to state and discuss our problem in a form which does not borrow any- 
thing from, or presuppose any analogy with, the Kinetic Theory of Gases. 


272. With the notation already in use, let the velocity of the com- 
ponent M’ of a binary system relative to M be &, , &, so that 


E= #' — &, ete. 
The energy of the orbit is readily found to be 


1 MM’ MM’ 
E=\ 4 CtT+)= stent wads (272-1). 


r 
The forces acting on the components M, M’ consist of those arising from 
inside the system itself, and those arising from other stars. In each case the 
equations of motion are (cf. § 267) of strictly Newtonian form, whence it 
follows, from the general principles of statistical mechanics, that the co- 
ordinates and components of velocity in a great number of stars, which have 
attained a final steady state through being subjected to one another's gravi- 
tational force for a sufficiently great time, will approximate to the statistical 
distribution specified by Maxwell's law. In the special case of binary systems 
this law takes the form 
Ae dédndl4rrid® cities whee (2722), 
where & is the energy of the system, as given by equation (272'1), A is a 
constant which is proportional to the total number of systems under discus- 
sion, and H is another constant, determined by the total energy of all the 
systems, or, what is the same thing, by their average energy. 


In the final state specified by Maxwell’s law (272-2), equipartition of 


/ 


energy obtains, so that the average value of each squared term ( Ror & ete.) 
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in expression (272°1) for the energy is the same. Its actual value is readily 
found to be 1/2H. 


The components of velocity u, v, w of the centres of gravity of the binary 
systems in space will also, in this final state, conform statistically to a law of 
distribution of Maxwell’s type, the actual law being 

Be Sat (us te=te) da dvd, 
where H is the same as in the law of distribution (272°2). The average 
values of (M+ M’) u?, etc., are again each equal to 1/2H, so that for systems 
of a given total mass (M+ M’) the average value of (u’?+ v?+w’), which we 
shall denote by C?, will be given by 


or (272°3). 


—} 2H (M+ M’) Cee w reer ccc ceeceeccces 


Halm*, Searest and others have found that to a rough approximation, 
the value of C?(M+ M’) is the same for binary stars of different masses. 
We shall discuss the full significance of this fact later; for the present we 
merely note that formula (272°3) provides a means of determining H by direct 
observational methods. 


When H is known, formula (272°2) gives the law of distribution of the 
velocity components &, y, &, and of the separation in space 7, which would 
prevail in a system of binary orbits after a sufficiently great time had elapsed. 
But the observational material on the orbits of binaries is not in a form 
convenient for comparison with this theoretical statistical distribution of 
£, n, € and r, orbits of binary stars being generally tabulated in terms of 
their periods and eccentricities. We accordingly proceed to transform the 
theoretical law of statistical distribution (272°2) into a form which will 
express the statistical distribution of periods and eccentricities ft. 


273. The law of distribution (272°2) depends only on &? + ?+ €? and r. 
Since the values of &?+7?+ €? and 7, and hence also the whole law of distri- 
bution, are invariant as regards different directions of the axes of reference 
in space, we may select any directions we please for these axes. Let us 
choose the z-axis in the direction of r increasing, so that & becomes identical 
with 7, the radial velocity. When this is done »?+ ¢? must be the square of 
the tangential velocity 7. Let @ be the azimuth of the direction of + in any 
plane we please perpendicular to the axis of «. Then we may replace 7? + ¢? 
by 7’, and dnd by trdrdd. Making these substitutions, and integrating with 
respect to ¢, the law of distribution (272°2) transforms into 


Sede TEE dr gilts ana Tene. A. Oe (273:1), 
PO OME yy gh 
where = 9 Mim’ (7? eo ) = “ae Sele eg > obser eisie (273 2). 


* M.N. uxxr. (1911), p. 634. 
+ Astrophys. Journ. uy. (1922), p. 165, or Mount Wilson Contributions, No. 226. See § 276 below. 
+ A somewhat fuller discussion of this problem will be found in M.N. uxxrx. (1919), p. 408. 
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The relative orbit is the same, and has the same total energy H’, as that 


Ve 


of a particle of mass a moving about a centre of force ay where 


p=y(M+M’). Let us put 


ai at (2733), 


herr; c=r—=; EB" =4(P47)-7 


so that h is the rate of description of double areas in this relative orbit, and 
E" is the energy for a particle of unit mass. 


Solving these equations for r, T and 7, we find 


tT=0+ - ST eT ee (273°4), 
h 

A AS Di Rasesha ch Soca A fa Se 273'5), 

Fide (273'5) 

QO ® cagptiaiein i. wal eatas (2736). 


The first two equations shew that the range of values from r=0 to 
r=oo and from r=0 to t= Is exactly covered by letting both o+ p/h 
and h vary from 0 too. In permanent binary systems, L’” is always negative, 
and since 7” is necessarily positive, this limits o and h to values such that 
—o°+ wh? is positive. If a definite negative value is assigned to #” and a 
definite positive value to h, the value of o can range within the limits 
+ (28 + p/h? Pp. 

We first transform variables in formula (273:1) from 7, 7, r to E”, h, oc. 
The Jacobian of transformation is found, after slight simplification, to be 


a(B", ho) _ 
7 (F; 4; 7) > 
so that d¢rdrrdr = a dE" dhdc. 


Let us next write 
2H" + w/h=p? and o=pcos8, 
so that the limits for o are from @=0to@=7. Transforming to the variables 
h, E” and @, the law of distribution (273°1) becomes 


2HMM’ __,, 
-~ara’ &” —o'dhd Ed 


2 M+M’" (We 
omide k4( pcos 6+ p/h)’ 
On integrating from 6=0 to = this becomes 


2HMM" yy yy, 
~ Mem” dE"hdh 


(28) 


This is easily transformed so as to give the law of distribution of values 


8m Ay(M+ M’)e 
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of the eccentricity and the period. Temporarily denoting the eccentricity by 
e (to avoid confusion with e = 2°7182), we have 


6) EY he 
nt ne e == ? 
so that, keeping #” constant, 
ede= ore a : 


Using this and the further relation 
» [mus 
-= fF} 
the law of distribution (273°7) takes the form 
HMM’ (2ny\3 
3 ( P ) 


22AeM +) Pe dea antisense: (2738), 


which gives the law of distribution of orbits classified according to periods 
and eccentricities. 


274. This law of distribution falls naturally into two parts, one of which, 
2ede, involves only the eccentricity e, while the other involves only the period 
P. This shews that in the final steady state which is obtained after a suffi- 
cient amount of interaction between different systems, there will be no 
correlation between the periods and eccentricities of binary systems. 

A very different state of things is disclosed by the tables given in § 258, 
which reveal a pronounced correlation between these two quantities, the 
periods and eccentricities of orbits increasing together in a very marked way. 
We must conclude that the orbits of binary stars are still far from having at- 
tained a statistical steady state. 

This result is not altogether disadvantageous to the progress of cosmogony. 
If the theoretical law of steady-state distributions had been exactly obeyed 
by actual stellar orbits, we should have obtained a result which, while strik- 
ing and concise, would have closed the door against all further progress 
in the direction in which we are now working. As it proves, the law is far 
from being obeyed, and the deviations from the law, which come from the 
stars not having interacted for a sufficient time, must represent surviving 
vestiges of the initial conditions of the stars: they provide material, then, for 
discussing the origins and early histories of binary systems. If the present 
distribution of eccentricities and periods had agreed with the theoretical 
steady-state law, the problem of discussing these origins and early histories 
would have been comparable only to that of trying to decipher the writing 
on a slate after a wet sponge had been rubbed over it. Our discussion has 
shewn that the sponge was not thoroughly wet; the writing, although doubt- 
less smudged, is not wholly obliterated. The eccentricities and periods have 
not yet been levelled to the extent required by the theoretical steady-state 
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law, and from the outstanding irregularities we may hope to read something 
of the course of events which has led to the present state of things. 


Distribution of Eccentricities. 


275. In the final steady-state law, the eccentricities are distributed 
according to the law 2ede, so that all values of e? are equally probable. 
Observation shews that actually small values of e? predominate to an enormous 
extent. 

Taking spectroscopic binaries first, we may compare the eccentricity of 
orbits of the 119 spectroscopic binaries given in Table XX (p. 290) with those 
required by the steady-state law. The second column of the following table 
gives the observed eccentricities, while the third column shews the distribu- 
tion to be expected if the steady-state law 2ede were in operation: 


Observed Theoretical 


é from 00 to. (2) 2.3... 78 5 
Gs ie 505% 40. Odea 18 14 
@. . 104 20,06 16 24 
Cs SOG tO 08 eee 6 33 
C= 92 208 ute 10 ea 1 43 

119 119 


The theoretical law is nothing like obeyed, so that clearly spectroscopic 
binaries have not existed long enough for even an approximation to a final 
steady state to have become established. The predominance of low values of e 
suggests that spectroscopic binaries as a class started with low values of e, 


which interaction with other stars has nothing like raised to the steady-state 
values. 


The eccentricities of the 68 visual binaries tabulated on p. 291 may be 
treated in a similar way and give the results shewn in the following table : 


Observed Theoretical 


622 0'0* toL02 ne. 7 6 
CAD ste Os ein ce 18 18 
e=04 to 06 ...... 28 30 
é=.0°6, to 08 cx... 11 42 
e208 .to.80 secs 4 54 

68 ae 


The agreement between the observed and theoretical number of stars is 
seen to be good up to e=0°6 but fails entirely beyond. The 68 binaries in 
question seem likely to provide a fair sample of all visual binaries as regards 
distribution of eccentricities, since there is no reason which makes binaries 
of abnormally high or low eccentricity specially liable to discovery. Of course 
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the 68 binaries do not form anything like a fair sample as regards distribu- 
tion of periods, since special reasons make binaries both of long and of short 
periods difficult of detection, but the correlation between eccentricity and 
period, which is very marked in the spectroscopic binaries, is almost entirely 
absent in the visual binaries (see Table XXII on p. 291). 


The observed agreement up to about e=0°6, and deficiency for higher 
values of e, is naturally explained by the supposition that visual binaries as a 
class start with low values of e; that encounters with other stars tend to 
adjust these to the law 2ede; and that there has not yet been time for 
complete adjustment, but only for adjustment as far as to about e=0°6. 


We can perhaps best survey the whole situation by thinking in terms of 
average eccentricities. In the final steady-state law 2ede, the average value 
of eis 0667. If any class of binaries starts life with nearly circular orbits 
(e=0), the effect of encounters with other stars must be to increase the 
average value of e progressively until it approximates asymptotically to 0°667, 
so that the average value of ¢ observed in any class gives a rough measure of 
the age of the class as binaries. The tables at the beginning of the present 
chapter now become full of meaning. Table XXIII suggests that spectro- 
scopic binaries of types O, B and A are not substantially younger than those 
of the so-called later types, F, G, K, M, while Table XX suggests that spectro- 
scopic binaries of short period are younger than those of long period, and 
Table XXII suggests that spectroscopic binaries as a class are younger than 
visual binaries, but these conclusions would need some modification if the 
process of adjustment were quicker in some classes of stars than in others, a 
possibility to which we shall return later. 


Distribution of Periods. 


276. The law of distribution of periods in the theoretical steady state is 
given by (cf. formula (273°8)) 


HMM’ (= 


_ [2ry\8 
pep) \ F ) Te ae ee (276'1), 


where D is a constant which depends on how many stars are under discussion. 

Formula (272°3) provides a means of determining the constant H from 
the observed velocities of the stars in space. From a very thorough study of 
the question, Seares* has concluded that stars of different masses all give 
approximately the same value for H, thus shewing that the translational 
motions of the stars very nearly conform to the steady-state law. 

In the following table, taken from his papert, the second column gives the 
values of the mean masses of stars of different spectral types, the mass of the 
sun being taken as unity, while the second column gives the mean values of 
C?, the square of the velocity in space, the unit being one kilometre a second. 


* Astrophys. Journ, ty. (1922), p. 165. fT Le. p. 190. 
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The third and fourth columns give values of MC?, which would be precisely 
constant if the steady-state law were exactly obeyed. 


TABLE XXIV. Stellar Equipartition of Energy (Seares). 


Spectral Type log M log C? log MC? MC? 


B3 0°95 2°34 (3°29) (1950) 
B85 0°81 2°40 (3°21) (1620) 
AO 0°78 2°78 3°56 3630 
A2 0°70 2°87 3°57 3720 
Ad 0°60 2°95 3°55 3550 
FO 0°40 311 3°51 3240 
F'5 0°19 3°36 3°55 3550 
Go 1:99 3°62 3°61 4070 
G5 1°88 3°78 3°66 4570 
KO 1°83 3°80 3°63 4270 
K5 1°79 3°74 3°53 3390 
Ma irre 3°78 3°55 3550 
Means, excluding B type stars ... 3°57 3754 


Excluding B-type stars, which are not included in the mean, we see that 
MC? is fairly uniform for all types of stars, its average value being 3754 in 
the units used by Seares, or 7°50 x 10“ ergs. Putting the mean value of MC? 
equal to 3/2H as in formula (272°3) we find 

ED 2 NOTE es, eos eee erate (276:2). 

If P is measured in years, and M, M’ in terms of the sun’s mass as unity, 

the law of distribution (2761) becomes 
0-28 ae rs p-3 
De LE ee ee (276°). 

The exponential factor becomes very large when P is very small. For 
instance, if M, M’, the masses of the two components, are each equal to that 
of the sun, the exponential factor is found to have the following values : 

When P=1 year the factor = 1:25, 
x = month = ow Sal, 
» P=4 days . » =86. 

For large values of P the factor approximates to unity, so that the law 
approximates to DdP, shewing that in binaries of long period the steady- 
state distribution is one in which the periods are evenly distributed over all 


values up to P=. In binaries of short period the exponential factor gives 
an enormous preponderance of orbits having the shortest periods of all. 


Binaries which have been newly formed by fission have periods of only 
a few days (cf. Table XIX, p. 289). It now appears that the ultimate effect 
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of encounters with other systems must be to spread these periods out over 
all possible lengths of period up to P= oo, the periods being fairly uniformly 
distributed except that a certain preponderance of short periods remains. 


277. The whole kinetic energy of a binary system can be expressed in 
the form 


M+WM’)(wt+v+w’) +4 ae (72 + 726? + 7? sin? Og?) (277'1) 
M+M $ 


or A+ M84} oy (M42. 


In the final steady state, the average value of each of the squared terms 
in formula (277°1) must be the same, namely, 1/2, so that the average value 
of 7? will be 


(277-2). 


Since r =r, the mean value of 7? taken through the whole description of 
a single orbit is 
Te Lite eam. f2mu\! 
al 7 dt = ap r°6de@ = Ps = (FF) eu — ef, 

For any value of P, formula (273°6) has shewn that the law of distribution 
of values of e is 2ede. On averaging over all values of e, the mean value of 
tT? for all orbits of given period P is 

-, 2 /27p\3 
a3 (Fr). 

Corresponding to the value of 7? given by equation (277'2), the period is 
found to be 


P= 


pa2my (HMM’)? 

(M+ M’)? 
When a binary system has this period, the tangential velocity r has pre- 
cisely the value appropriate to the final steady state, so that on the average 


encounters with other stars tend neither to increase nor to decrease this 
tangential velocity, and so tend on the average to leave the period as it is. 


Suppose, however, that a binary system has a period far greater than this. 
The tangential velocity 7 then has a value far below the average steady-state 
value given by equation (277:2), so that encounters with other stars are likely 
on the whole to increase this value and so to lessen the period. Similarly 
if a binary system has a period less than that given by equation (277°3), 
encounters with other systems are likely to increase the period. The law of 
distribution (276°3) may in a sense be regarded as a distribution ranged about 
the period given by equation (277°3) as median, but with infinite dispersion. 


On inserting the value H =2 x 10-" already found, and measuring MW 
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and M’ in terms of the sun’s mass, the critical period P, given by formula 
(277°3) takes the form 


Pee 
pape a ee (277-4), 
(M+mM 
and in terms of this critical period the law of distribution (276°3) becomes 
Dee iEd IP va gunna (277°5). 


When each constituent is of mass equal to the sun, the critical period is 
found to be about 55 days. For more massive stars it is longer in proportion 


to the mass. 


278. Known binary stars fall into the almost distinct classes of spectro- 
scopic and visual binaries. The majority of spectroscopic binaries have periods 
of less than the critical period, while the visual binaries, without exception, 
have periods greater than the critical period. 

The known binaries cannot, however, be assumed to form a fair sample of 
binaries as a whole. They represent the fruits of two distinct methods of 
search, and the apparent division between the visual and spectroscopic 
binaries may merely represent a no-man’s-land in which neither method of 
search is effective, rather than a region in which no binaries exist. 

The best way of obtaining a fair sample of binaries as a whole is by fixing 
our attention on regions of space so near to the sun that few binaries are 
likely to have remained undiscovered. 

We have seen that six binaries are known to exist within four parsecs 
of the sun; four of their periods are known with tolerable accuracy and are 
approximately 39, 50, 55 and 80 years, while the other two have much longer 
periods. Every one of these six is a visual binary, and it is reasonably certain 
that there is not a spectroscopic binary within four parsecs of the sun. 


Table III (p. 22) contains Hertzsprung’s list of 21 binaries of known 
periods lying within ten parsecs of the sun. Here we found two spectro- 
scopic binaries with periods of 9 and 22 months, the remainder being visual 
binaries with periods ranging from about 25 to 10,000 years. Even the spectro- 
scopic binaries had periods well above the critical period. 


Now if the binaries in the sky had reached a final steady state, or even 
approximated to such a state, there ought to be about as many binaries whose 
‘periods are being lengthened by encounters, and so are now less than the 
critical period, as there are binaries whose periods were being shortened by 
encounters, and so are over the critical period. Actual observation shews an 
enormous predominance of binaries of long periods. Every binary within four 
parsecs of the sun, and probably every binary within ten parsecs of the sun, has 
a period greater than the critical period of about 55 days, so that, speaking 
statistically, every binary within these regions is at present having its period 
reduced by encounters with other systems. Since the periods are decreasing 
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they must originally (still speaking statistically) have been greater than they 
now are. 

The average periods of binaries are so large in comparison with the criti- 
cal period of 55 days, that the argument can be put in a very simple form. 
In a binary of period 100 years, which is about the average period of observed 
binaries, the velocity of each component relative to the centre of gravity of 
the system is about four kilometres a second. This system is disturbed by 
stars and other binary systems moving with velocities relative to it of the 
order of forty kilometres a second, and it is excessively improbable that such 
disturbance can either leave the relative velocity at the low figure of four 
kilometres a second or decrease it still further. ‘he normal event is for the 
relative velocity to be increased, and this may either break up the system by 
causing its components to describe hyperbolic orbits or may lessen the 
period if they continue to describe elliptic orbits. Either event results in a 
decrease of the average period of the whole system of binaries. 


279. We accordingly conclude that the average period of the binaries in 
the sky is at present being reduced by their encounters with other stars. 
Hence the average of these periods in the past must have been greater than 
the present average of about 100 years, and we must suppose that they had 
some other origin than fission of the kind we have had under consideration. 


The most probable account of the long-period binaries would seem to be 
that they represent the remains of independent condensations in the parent 
nebula which failed to get clear of one another’s gravitational fields and have 
been describing orbits about one another ever since, their periods being on the 
average continually lessened by encounters with other stars. 


On this view binary systems fall into two distinct classes— 


(1) Systems formed by rotational fission, whose periods are short but 
lengthening. 


(ii) Systems formed out of independent condensations in the parent 
nebula, whose periods are long but shortening. 


The former class have, on the average, periods of less than 55 days, and the 
latter class periods of more than 55 days. The two classes correspond broadly 
to the two observational classes of spectroscopic and visual binaries. 


THE GENESIS OF TRIPLE AND MULTIPLE SYSTEMS. 


280. After a binary system has been formed by fission, each of its two 
components may undergo a further shrinkage, under the same conditions of 
approximate constancy of angular momentum as produced fission in the parent 
star, and these conditions may produce fission in the components, thus gene- 
rating triple or multiple systems. Actually the angular momenta of the two 
components will not remain absolutely constant, but will be diminished to a 
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certain extent by tidal friction, and this diminution will certainly delay, and 
may entirely prevent, the fission of the two constituents separately. 

Let us first disregard the action of tidal friction and treat the angular 
momentum of each component after fission has once occurred as a constant 
quantity. Let us further treat the masses as incompressible or nearly so. 

Let M be the mass of the parent star and M its angular momentum at 
the moment of fission, and after fission let one component have mass f,M and 
angular momentum f,M. When the rotations of two masses result in their 
having configurations of similar shape, although of different dimensions, 
w?/2myp is the same for both, so that their angular momenta are proportional 
to M*p-*. Let the angular momentum M be supposed to be 

M=aMtp-*, 
where a depends only on the shape of the mass. 

Apply this equation first to the parent star at the moment of fission, and 
next to the constituent star when, if ever, fission overtakes it. If pp, pg are 
the densities of the parent and constituent at their moments of respective 
fission, we find 


M= aM* ppt, 
aM =a (FmM )* po *. 
From these two equations 
Po _Sm* 
Pp fa’ 


Values of f, corresponding to different values of f,, have already been 
calculated in § 264. From the table there given we deduce 


Value of fin 0> 0:29 033° 050-066 71st 
eA 0 0039 0-046 0077 0135 0160 1 
pee) aie, ae , 1040 1740 4760 2590 2460 1 
: Po ) a I | RRS, 
( a 16 ee | 


We see that a second fission cannot take place until the density has 
increased to some thousands of times the density at the first fission. The last 
line gives the values of (pg/fmpp)*, this being the ratio of the dimensions of 
the orbit produced by the first fission to that produced by the second fission. 

The last line shews that when a triple system is formed in the way we 
have imagined, the separation of the two components of the main system 
will be from 10 to 20 times that of the components of the subsidiary system 
and if still further subdivision takes place, a similar ratio must prevail. 


The relation P=2r Se ae 
(M+ My 


now shews that the period as the main system must be at least about 
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30 times that of the first subsidiary system, while the period in this must be 
about 30 times that of the second subsidiary systems if such exist, and so on. 


This general result was first obtained by Russell*, but his method was 
different from the foregoing, and the detailed figures he gave were somewhat 
different from those just obtained. 


281. A rather extreme example of the type of multiple system predicted 
by the foregoing theory is to be found in Polaris. This shews spectroscopically 
periods of 4 days and about 20 years, while Courvoisier finds that the spectro- 
scopic triple system is in orbital motion with a fourth visible star, the period 
being 20,000 years. 

A typical visual system of the kind predicted by theory is illustrated in 
fig. 51, this being the star 1502 in Jonckheere’s Catalogue +. B 
The figure is drawn to scale to represent the projection of an 
the system on the celestial sphere, except that the distance 
Cc has been somewhat increased. The actual separations 
(epoch 1908-9) are 

Cc = 3°10”, CD = 22°67", AB=24:17", AC =235°72”. 


282. Generally speaking, all that can be observed of a 
multiple system is its projection on the celestial sphere at a 
single instant of time. Even if the orbital elements of the 
close pair can be determined, it is generally impossible to 
determine those of the wide pair. Thus effects of fore- 


shortening and ellipticity of orbit make it impossible to Cc 
decide whether any observed individual system conforms to ° @ 
the demands of theory or not. Fig. 51. 


If a large number of orbits are discussed statistically, allowance can of 
course be made for foreshortening and ellipticity. A group of triple systems 
having the same ratio of their semi-parameters /,/1,, and oriented at random 
in space, would shew projections on the celestial sphere such that the ratio 
s,/s, of their observed separations obeyed a definite statistical law of distribu- 
tion. The summarised results of a statistical discussion by Russellt+ are shewn 


in Table XXV (p. 314). 


The material for discussion consisted of 74 triple or multiple systems 
given in Burnham’s Catalogue; since multiple systems appear two or even 
three times in the list, the total number of entries is 83. These systems are 
divided into two classes according to the ratio of the separation of the wide pair 
to the annual motion of the system in the sky; Class I consists of 64 systems in 
which the separation of the wide pair is less than 1000 years’ proper motion, while 
Class II consists of 19 systems in which the separation of the wide pair is 


4 ; 
* L.c. p. 196. + Memoirs R.A.S, ux1. (1917). 
t Astrophys. Journ. xxx1, (1910), p. 200. 
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greater than this. This gives a rough classification according to the actual 
dimensions of the system. The last column gives the theoretical distribution 
8,/8, to be expected for 45 systems for which J,/l, has the uniform value 0:09. 


TABLE XXV. Separations in Triple Systems (Russell). 


Number of systems 


Observed ratio of 
separations (s,/81) 


Theory 
Class I Class II (lofty bs 0°09) 


>0°40 
0 to 0°30 


0 
0 to O 
5 


I 
MOD O ® Whe 
Pn 


0 to 0°05 


0-4 
0°3 
0-2 
O01 
Oat 
0:05 to 0°:025 


Dopo! 
“Ibo bo ce | | | ox 


ad 
wWhAIWDWOWNre 


The table shews that the systems in Class II do not conform at all to the 
theoretical law of distribution. Down to a separation ratio of about 0°05, the 
systems in Class I conform closely to the distribution to be expected in 
systems with an actual separation ratio 0°09 oriented at random in space. 
Below an apparent separation ratio of 0°05 there are too many systems to be 
accounted for in this way, but the excess could be attributed to a further 
group of systems having a separation ratio of less than 0°09—somewhere 
about 0:04. 


Apart from these precise figures, it is clear that, so far as Class I is con- 
cerned, the law of distribution of s,/s, is just such as might statistically be 
expected for a number of systems in which J,/l, had values ranging from 
about 0°09 downwards. This distribution fully conforms to the theoretical 
requirements for systems generated by successive processes of fission. 


The systems in Class ITI fall into two sharply defined groups. A group of 
14 for which s,/s, is less than 0°15 may very possibly be interpreted as systems 
with a separation ratio ranging from about 0°06 downwards arranged at 
random in space, and so may possibly have been formed by fission; but a 
group of 5 with a separation ratio greater than 0°40, cannot possibly be so ex- 
plained. Russell, following an earlier suggestion of Moulton’s, supposes that 
these may have evolved out of separate condensations in the nebula from 
which the stars were originally formed. 


283. Russell interprets his investigation as shewing that the majority of 
binary systems whose separation is less than 1000 years’ proper motion, have 
been evolved by fission. The investigation shews that they may have been 
so evolved, but not that they must; it shews that a group of systems which 
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had evolved by fission would shew the observed arrangement, but the argu- 
ment is not reversible and the investigation does not prove that no other 
origin could result in close and wide pairs. 


Considerations of another kind make it unlikely that the normal triple or 
multiple system can have been formed by repeated fission of the type we 
have had under consideration. The table on p. 312 shews that with the 
mass ratios normally observed in binaries, there would have to be a thou- 
sand-fold increase in density between the first and second fission, and if a 
third fission should occur, a further thousand-fold increase between the second 
and third fission, making a million-fold increase in all. The observed range 
of stellar densities, wide though it may be, does not encourage us to postulate 
increases of this order in the densities of ordinary stars. Further, we have seen 
that rotational fission can only occur in masses which approximate to the 
liquid state; in a gaseous mass in equilibrium the central condensation of 
density is too great for fission to occur at all, and it is difficult to imagine two 
liquid stars with their liquid densities in the ratio of a million to one. 

Let us imagine two adjacent condensations in a nebula, which are destined 
ultimately to form separate stars, failing to get clear of one another’s gravi- 
tational fields, and so describing elliptic orbits about one another. After a 
time it seems likely that their periods of rotation and revolution will approxi- 
mately coincide. As soon as this happens, the system becomes dynamically 
indistinguishable from one which has originated by fission. The dynamical 
investigation just given may be supposed to begin at this stage, and we see 
that one further fission will result in the production of a normal triple 
system. 

Even this fails to explain the existence of systems in which three separa- 
tions have occurred in succession, or of triple systems in which the close pair 
has too long a period for it to have originated by fission. 

To explain these we probably have to consider the shrinkage of a condensa- 
tion which has been formed out of a tenuous nebula and is contracting until 
its density is great enough to ensure stability. Although the details require 
working out, it may be that during the process of shrinkage the density 
remains far more uniform than would be the case if the mass were in 
equilibrium throughout, and the central condensation of mass may be so 
slight that fission can occur in the manner in which it occurs in a liquid 
of uniform density. A succession of fissions of this kind, all occurring during 
the actual act of shrinkage, before equilibrium had been attained, would 
account for all observed varieties of triple and multiple systems. 


20-2 


CHAPTER XII 
THE AGES OF THE STARS 


284. THE discussion of the last chapter shewed that the orbits of binary 
stars, both spectroscopic and visual, are still far from conforming to the 
statistical laws which must finally prevail after the stars have interacted with 
one another for an unlimited length of time. The same is true of the components 
of the velocities of the stars in space. After a sufficiently long time of interaction 
between stars, these ought to conform to the well-known Maxwell law of distri- 
bution of velocities. The investigation of Seares already given has shewn that 
the resultant velocities conform well enough, at least to the extent of obeying 
the law of equipartition of energy, but the distribution of their directions is 
far from conforming to this law. After a sufficiently long time of interaction, 
stellar velocities must be distributed in all directions equally, their motion 
not favouring any one special direction. As Kapteyn shewed in 1904, the 
actual velocities of the stars shew a very marked favouritism for a definite 
direction in space, so that the law of distribution appropriate to the final state 
is far from being obeyed. 

If the statistical laws which specify the final steady state had proved 
to be exactly obeyed, we could have concluded that the stars had been 
interacting with one another for a very long time, but we could not have 
estimated the length of this time except possibly in terms of a lower limit. As 
we find that these laws are only partially obeyed, we conclude that the stars 
have not been interacting with one another for an indefinitely long time, and 
the extent to which the laws are obeyed makes it possible to form estimates, 
although necessarily vague ones, of the actual ages of different types of stars. 


We shall find (§ 291 below) that a star’s motion is determined mainly by 
the gravitational forces from distant stars, and only to a very minor degree 
by the forces from near stars, so that to a first approximation each star 
describes an orbit under the gravitational field of the universe as a whole. 
Although the amount and direction of the star’s velocity continually change, 
the description of this orbit does nothing towards bringing about the final 
statistical steady state. For the stars in any region have velocities whose 
amounts are determined by their equations of energy, and whose directions 
are determined by their orbits as a whole, and there is no reason why these 
should conform to the final steady state law. 


The tendency to obey this law is produced by the smaller forces which arise 
out of the interactions with the nearer stars, and we can estimate the ages 


of the stars by calculating the length of time necessary for these forces to 
produce the observed approximation to the steady state laws. 
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In forming such estimates our unit of time is virtually the interval 
between one stellar encounter and the next, so that we begin our investigation 
by considering the frequency of stellar encounters. 


THE DYNAMICS OF STELLAR ENCOUNTERS. 


285. When two stars come so close as to exert appreciable forces on one 
another each describes a hyperbolic orbit about the centre of gravity of the 
two. In fig. 52 let S be the centre of gravity of two stars of masses m, m’, 
which are pulling each other appreciably out of their courses, let V, be the 
velocity of m’ before the encounter began, and let V be its velocity at the 
moment of closest approach, both velocities being measured relative to the 
centre of gravity S. Let p be the perpendicular distance of the undeflected 
path from S, and let a be the distance at the instant of closest approach. 


Vo 


S 
Fig. 52. 


The orbit described by m’ is that which would be described under a 
gravitational force ym?/(m +m’) r? directed towards S. Thus the principles 
of conservation of energy and momentum supply the relations 


3 
Tena dee een Gtiegt Sodibeteae (285:1), 


POY oe Vhe net nee kur UG cefaeea aad (285°2). 
The elimination of V between these equations gives 
at 2yma 
PEE eg Aa te at 
The eccentricity of the orbit, e, is given by 


p=a (285°3). 


et+1 de =]+ 2ym 
SES Vie (m+m'? Vea’ 
and as total angle of deflection Y of either orbit is equal to 2 cosec—e, we 
obtain 
sinfy _ ym 4 
[asin bV *Gwkm' Vag (285°4). 

This gives the relation between a and y; to find the relation between p 

and yy we eliminate a between this and equation (285°3) and obtain 


(285°5). 
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286. Consider a group of stars all moving parallel to one another with 
the same velocity V, relative to S. In unit time the number of stars which 
approach the star of mass m in orbits such that the perpendicular distance is 
less than a given length p, is 


mv Vp, 


where py is the density of these stars in space. Using the relation between 
p and w, as given by equation (285°5), we find that the number of encounters 
per unit time which result in a deflection greater than yf is 


set BYE cats 2861 
(mimyV» COMBA le ietendnsteecae eee) ( ) 
The direction of a star’s motion may be said to be completely changed 
when yf is equal to a right angle or more, so that cot 4 is less than unity. 
Taking cot $y =1 in formula (286:1), we find that the number of encounters 
per unit time which completely change the direction of a star’s motion is 


arvy?ms 
Tae 286:2). 
(m+m') Ve Ce 
Since the star-density v occurs linearly in this formula, we can add to- 
gether the effects produced by different types of stars, or, more briefly still, 
we can take pv to be the whole star-density in the sky and assign average 
values to m, m’ and V. 


Inverting, we find as the average interval of time between two such 


encounters, 
(m+m’) V3 


2a 


BECONGS WIG OSA (286°3). 


TVy 


To represent present conditions in the neighbourhood of the sun, let us 
take v= 4x 10-" and m=m’=2 x 10*. The effect of an encounter depends 
on V, through the factor V,~’, so that encounters with small values of V, are 
far more effective than those for which V, is large. For this reason, on 
averaging we must take a rather small value for V,, and shall select 
V,=10 kms. a second = 10%. With these values, the interval of time given 
by formula (286°3) is found to be 7 x 10” seconds or about 2 x 10¥ years. 


The distance of closest approach in an encounter in which the paths of 
the two stars are each turned through a right angle is obtained on putting 
wy = 90° in formula (285'4), This gives for a, the closest approach to the 
common centre of gravity, 

E (/2 -—1) ym 

= Gin me V2 
and on inserting the numerical values just used, a is found to be 1°4x 10" ems, 
which is approximately the radius of the earth’s orbit. As this is far larger 
than the radius of the normal star, we see that in general a star’s direction 
of motion can be entirely changed long before an actual collision occurs. 


286, 287 | Stellar Encounters 319 


To study the frequency of actual collisions, let us examine how often stars 
of radius equal to the sun’s radius 7 x 10” cms. will approach so near as to 
touch or to collide. Putting a=7 x 10” in formula (285°3), and using the 
values for m, m’ and V, already mentioned, we find that the value of p below 
which collisions occur is 2°2 x 10" cms., so that the time-interval between 


collisions is 
1 
== = 17 
mV op 6 x 10” years. 


Thus collisions between stars are so rare that they may be disregarded. 


287. A star’s course may not only be turned by violent encounters of the 
kind we have been considering, but also by a succession of feeble encounters, 
none of which is of much effect by itself but which have a cumulative effect 
equal to one big encounter. 


By differentiation of formula (286'1), we find that there are 
TOOT ss PERV 
(m+m') V3 sink dp Ng 
encounters in unit time which produce a deflection of path between yy and 
y+dyy. For small deflections, this may be put in the form 
8rrvy?m> dy 
(m ete mys Vé ap? 
The cumulative effect of encounters which produce small deflections 
Vr, We, ... 18 to produce a deflection of which the expectation V is given by 
AY Ee Ali PN 2 Eto. ius Barciwcsavmd stele does (287°2). 


Let ,, W2,... be all the deflections of amount between two limits a and 8 
which occur within a time ¢. Then, from formula (287°1), we find that 
B 8arvy?m> df 


b) eee eee 
bi a(m+m)VE 


saat ia atl hs (6) ere tae (287°3). 


Cheecia bi eieertcsnks (287°1). 


Let us take the upper limit of deflection to be 8 = 47, thus considering 
the cumulative effect of deflections less than those considered in § 286. It 
might at first be thought that to take account of all deflections of amount 
less than $7, we ought to take a=0, but such a procedure would be erroneous 
for the following reason. 

Formula (287:2) is only accurate if the deflections y,, Wr, ... are inde- 
pendent, and this requires that they should originate in distinct encounters. 
If y is allowed to become very small, the corresponding distance a of closest 
approach, as given by equation (285°4), becomes very large, so that there are 
several stars within a distance a at the same instant, and their effects tend 
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to neutralise one another. To obtain correct results we must stop off the 
integration before it brings us to values of a as large as this. 


We must accordingly choose the lower limit a so as to correspond to 
a distance of closest approach which is about equal to the distance between 


adjacent stars, and so to v~*. By equation (285°4), this value of a is given by 
Qym? v3 
= (m+ m VP 
Assigning this value to a and putting @ =47,, equation (287°3) becomes 
ci TUE ppg, (7 TEA a) ies Me (287-4, 
(m+m') Ve Arymi y® 


or, inserting the numerical values already mentioned, 


8arvy?m® 
~ (m+ my V5 

The time necessary for deflections less than a right angle to produce a 
resultant deflection equal to a right angle is obtained by putting V = 37, and 
is found to be 


vy x 11°98. 


t = 0:026 ants SIS seCOnds Ialisie. 32s 70 (287°5). 


Tym 

Comparing with formula (2863) we see that this time is only about one- 

fortieth of that needed for a single encounter to deflect the path by a right 
angle. With the values already used it is equal to about 5 x 10% years. 


Estimate of Stellar Ages. 


288. It is now clear that changes in the direction of a star’s path, and 
hence also exchanges of energy and momentum, are produced far more through 
the cumulative effect of a large number of small encounters, than by the 
occurrence of single big effects. With conditions such as now prevail in the 
neighbourhood of the sun, it appears that after 5 x 10" years only about one 
star in eighty will have had its course turned through a right angle by a single 
close encounter with another star, but one star in every two will have had its 
course turned through a right angle by an accumulation of small effects. 


We are not free to imagine a period of 5 x 10°* years with present condi- 
tions prevailing uniformly throughout, for we have already seen that in a 
period of this length, the stars would have lost the greater part of their 
masses by radiation. If the observed approach to equipartition of energy is to 
be explained as the effect of stellar encounters in past ages, we have to go 
back to times when stellar masses were greater than now and other conditions 
were consequently different from now. 

The whole galactic system must be experiencing a decrease ‘of mass at a 
rate comparable with that of the average star. If, as was at one time sug- 
gested by Poincaré, the Milky Way may be treated as an encircling band of 
stars held in relative equilibrium by slow rotation, then the radius of this belt 
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must increase as the mass of the encircled matter decreases, the relation 
between the radius a and the mass M of the galaxy being the relation 
Ma=constant found in § 268. If, as is more probable, the galaxy must be 
treated as a system of independently-moving stars, Ma must still remain 
constant, where a is the radius of the orbit of a single star surrounding the 
galaxy. Whichever way we regard the matter, the radius of the galaxy must 
be expanding approximately in accordance with the relation Ma = constant. 


Thus when, if ever, the galaxy had four times its present mass, its radius 
must have been only a quarter of its present radius, the star density must 
have been 64 times as great as now, and the density of matter 256 times 
as great as now. Formula (287°5) shews that if stellar velocities were the 
same as now, progress towards equipartition would have proceeded at 1024 
times the present rate, and division by a factor of 1024 reduces the time- 
interval just calculated from 5 x 10" years to 5 x 10” years. 


289. We are probably not entitled to assume that in these earlier epochs 
stellar velocities were the same as now, for the investigation of § 269 has 
suggested that loss of mass by radiation must in general be accompanied by a 
slowing down of stellar motion. 

Poincaré’s Theorem (§ 62) shews that, when a system of stars is in steady 
motion, the mean square of their velocity is proportional to the mean gravi- 
tational potential throughout the mass, and therefore approximately to M/a. 
If a varies inversely as M, the average stellar velocity must be proportional 
to the average stellar mass, a general result of which § 269 has already pro- 
vided an illustration. Thus if the galaxy was then, and is now, in a state of 
steady motion, the velocities when the masses were four times as great as now 
must have been four times as great as the present velocities. 


Let M denote the present mass of a single star which we take to be 
typical of the galactic system as a whole. From formula (1184) we may 
suppose that at a time ¢ back, its mass M’ was given by 


(289'1), 


where a= 5'2 x 10-*. If, as we have supposed, V, varies as M’, while v varies 
as M’%, equation (287'4) shews that the rate of change of VY? varies approxi- 
mately as M’?, the logarithmic function varying by so little that its changes 
may be disregarded. 

Thus if C denotes the present rate of change of W, the rate of change at 


a time ¢ back is given by 
d (2) = O crssy 
ai) = Tom 
and the change 5? produced in V? in the whole time ¢ is 


sy = [an at= OY ae olay 
T Paleocene waleaedle es is ). 
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The time necessary to produce any specified change 6¥? in is 
accordingly 


saanenryoylss, weiilo, 20, 2AM (2892). 


1 
daraes it ia be 

No matter how great SW? may be, this time can never exceed 1/2aM?, 
which, as formula (2891) shews, is the time since the typical star was 
of infinite mass. 

If we take M=2 x 10%, the value of a already given makes this time’ 
equal to 8 x 10” years, while the value of C is found to be 2 x 10” years, 
from formula (287°4). With these numerical values, formula (289:2) be- 
comes 

t=(1 — e~*#*) x 8 x 10” years, 
from which we may calculate the following values for ¢ (in years) : 
VY =30° 60° 90° 180°, 
t=2 x10” 3 x 10” Oe hes 8 x 10”. 


290. It is by no means clear what value of WV will best represent the 
degree of approach to the final steady state which is shewn by the velocities 
of the stars, the more so as the actual velocities seem to conform much 
better to the steady state law than the distribution of their directions. The 
final steady state is of course only given by V=o, but VY=180° ought to 
give a very good approximation to it, and possibly something of the order of 
‘V = 90° would represent the observed degree of approach. Without specifying 
the actual angle, we may say that the calculations just given indicate that 
a time of the general order of 5 x 10” years would suffice to bring about the 
observed degree of approach. This time must probably be extended sub- 
stantially to allow for the fact that the stars spend part of their lives in 
regions in which the star-density is far less than that we have assumed. 


Such calculations as the foregoing can lay but little claim to accuracy, 
but are important as providing positive information as to the actual ages of 
the stars. In § 118 we calculated the time needed for a star to radiate away 
a specified amount of its mass, and this gave the age of the star if we 
assumed that it had originally been far more massive than now. But we are 
now in possession of a means of estimating the time, at least as regards 
order of magnitude, throughout which the stars have actually existed. 


For, unless the observed approach to equipartition of energy is a pure 
accident, which is almost incredible, it can only have been produced by 
gravitational encounters between the stars themselves. If the kinetic energy 
of the stars is interpreted as a physical temperature, the value of H already 
calculated shews that this temperature must be of the order of 1:8 x 10® 
degrees centigrade, and this figure amply rules out all possibility of the 
approach to equipartition having resulted from the action of physical agencies. 
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For equipartition of energy in the stars to be produced by any physical 
agency whatever, pressure of radiation, high speed electrons, molecular 
bombardment, or other physical agency of any kind whatever, the agency 
in question must have been in thermodynamical equilibrium with matter at 
a temperature of 1°8 x 10° degrees. No such physical temperature is known, 
or can be imagined, in the universe, so that we must conclude that the 
observed equipartition arises from the gravitational interaction of the stars 
themselves, and this inevitably leads to ages of the order of those just 
calculated. 


THE DYNAMICS OF BINARY SYSTEMS. 


291. In terms of the analogy with the Kinetic Theory of Gases (§ 271) 
we have treated the stars as molecules of a gas, and have investigated the 
time necessary for their velocities to approximate to the distribution specified 
by Maxwell’s law; we have in fact calculated what Maxwell describes as the 
“Time of Relaxation.” 

In terms of the same analogy, binary systems may be treated as diatomic 
molecules. We have already found the distribution of orbits in the final 
steady state (§ 273), and have examined to what extent observed binary 
systems conform to this distribution. We can form a second estimate of 
stellar ages by calculating the time necessary to establish this approximation 
to the final steady state law of distribution. 

Let us first examine the effect of the forces from passing or distant stars 
on the eccentricity and period of a single binary system. 

The gravitational forces which an outside star of mass M, at a, Yo, 2 
exerts at a point #, y, z of a binary system can be derived from a potential V, 
or yM,/r, which can be expanded in the form 


Vie yM, 
[(a— 2) + (YH —y) + (@ — 28 
M, M 


+ ted [3 (way + YYo + 22,°—(e@+y?+ 23) (42+ Yor + 22)] ce (291:1), 


where & stands for (a? + y° + a2). The forces are of the type 


° ay + oe C (Lar? — yo? — 2”) + ByayYo + 824%] + ... (291°2), 


and the total force at w, y, z will be the sum of a number of such forces, one 
from every star whose gravitational field of force is perceptible. 

The first term YyM,2,/R* in the total force is constant over the whole 
system, and so merely gives rise to an acceleration of the system as a whole, 
without affecting the orbit of its components. The remaining terms represent 
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forces which vary from point to point of the system, and so change the 
period and eccentricity of its orbit. 

The number of distant stars which lie within a small cone of solid angle 
dw and at a distance between R and R+dR is vR*dRdao, where v is the 
star-density in this element of volume. If these stars have an average mass 
M, their contribution to the force X is 
ea alt 
RtR 

In this expression 2, Y, 2) are each comparable with R. In summing over 
stars at all distances, the various contributions to the first term have the 


yM vdodR | [ar (Qar? — Yo? — 2,2) + BY Xoo + 3222] + ea (291°3). 


same relative importance as in the integral | dR, so that the important con- 


tributions come from distant stars. Thus the motion in space of the binary 
system, as of course of any other star or system, is determined mainly by the 
distant stars. 


In the next term, different distances have the same relative importance 
as the corresponding terms in the integral | dR/R. The important contri- 


butions to this integral come from large and from small values of R, the 
intermediate values being relatively unimportant. 


Although the contributions from large and from small values of R 
appear to be of approximately equal importance, they are effective to very 
different degrees in altering the period and eccentricity of the orbit of the 
binary system. The forces arising from very distant stars alter but little 
during the description of a complete orbit by the binary system, whence it 
is readily seen that the effects they produce at different points of the orbit 
tend to neutralise one another, and their total effect is very slight. The 
forces from near stars do not neutralise themselves in any such way, with the 
result that near stars are mainly effective in altering the orbit of the 
binary. 

The same remains true when we pass to the consideration of terms 


beyond those written down in formula (291°3), and we reach the general 
conclusions that 


(1) Distant stars are mainly effective in determining the motion in 
space of a binary system or of a single star. 


(2) Near stars are mainly effective in producing changes in the period 
and eccentricity of a binary system. 


292. The period P and angular momentum h of an elliptic orbit are 
given in terms of the energy Z of the orbit by the equations 


Qa mm’ \* min’ ime ak 
pve yi ( ) fh Se Say: ( ) Na 
(m +m’) —2E/ ’ i (m +m')t —2E ql e*) 3 
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Differentiating with respect to the time, keeping m and m’ constant, 
we obtain 


1dP_ 3 dk 
P dt ~ 28 it’ 

1 dh 59 e€ de 1 dH 
hdt G@—é)di' 2E dt’ 


Thus to obtain the rates at which the period and eccentricity change 
during an encounter with another star we must calculate dH/dt and dh/dt. 


We may calculate dH#/dt as the rate at which the forces already evaluated 
do work on the two components of the binary system. Thus 
‘a da dy dz 
aE = Sn (xG+vG+zG) a 
where X, Y, Z are the components of the force already evaluated, and the 
summation is with respect to the two components of the binary system. 
Inserting the value of X from equation (291'2) and integrating (by parts) 


throughout a complete encounter, we find that the increment of energy dH 
resulting from the encounter is 


d (yM d d 
aE =— Sn Ee eo (2a¢ — yt — 26)} pS [J+ Gl) 
d (yM d d 
+ Byz 5 on suas} + Bae 5, [on0} + 80y F(-} on (292:1). 


In this formula, all terms of the type ' {...} depend solely on the motion 


of the passing star ; the orbit of the binary enters only through the quadratic 
terms in $2’, 3yz, etc. Thus if all other factors were the same, the change of 
energy dH produced by an encounter would be proportional to the square of 
the linear dimensions of the orbit of the binary. It is readily seen that the 
same is true as regards dh, and so also as regards dP and de. These various 
formulae are only valid if the passing star keeps outside the orbit of the binary. 


293. The orbits of the spectroscopic binaries have dimensions of the 
order of 10" or 10” cms., whereas the analysis of § 286 shews that during 
a star’s whole life it is unlikely that there will be a single approach of 
another star to within a distance of 10% cms. Thus formula (292'1) is entirely 
appropriate to encounters with spectroscopic binaries. 


On the other hand the orbit of the average visual binary has linear 
dimensions of the order of 10" cms. (representing a period of 390 years 
when each component is of mass equal to the sun). Thus within a lifetime 
of the order of 5 x 10” years, a number of stars are likely to pass so near to 
either component of a binary as to be momentarily nearer than the other 
component. In such a case formula (2921) does not apply, but the two 
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components of the binary may momentarily be considered as separate systems, 
and the interaction between the passing star and the near component will be 
approximately the same as though the other component were non-existent. 
It follows that the time necessary to change completely the orbit of a 
visual binary is about the same as that necessary to set up an approxi- 
mation to equipartition in the motions of translation of the stars. Thus the 
observed law of distribution of eccentricities in visual binaries suggests that 
their age, as binary systems, is about equal to that we have estimated for 
the stars in general, namely an age of millions of millions of years. 


For spectroscopic binaries formula (29271) shews that the effect of the 
encounters which occur within a specified time must be reduced at least by 
a factor of the order of r?/R?, where r is the linear dimension of the binary 
orbit, of the order of 10" or 10" cms., and R is the distance of effective 
encounters, of the order of 10 or 10% cms. The factor r*/R? is roughly of 
the order of 10-*,and we see that, within the ages we have found it necessary 
to allot to the stars, the effect of encounters on the periods and eccentricities 
of binary systems must be almost negligible. Thus the eccentricities and 
periods of spectroscopic binaries can be increased for a short time after their 
birth by tidal friction; subsequent diminution of mass will increase their 
periods, but not their eccentricities, while encounters with other stars produce 
effects which are so small as to be almost negligible. 


These conclusions are entirely in accord with the results of observation 
as shewn in Tables XIX—XXIII of the last chapter. Tables XX and XXIII 
shew that the spectroscopic binaries, regardless of their periods and spectral 
class, and so presumably of their ages, reach a limiting average eccentricity 
of 0-2 or 0°3; this must be the average eccentricity attained when tidal 
friction ceases to have any appreciable further action. The periods of spectro- 
scopic binaries increase with advancing spectral type to just about the extent 
that might be expected as a result of decrease of mass. 

On the other hand, visual binaries shew a partial approach to the final 
steady-state law in their distribution of eccentricities and, in so far as it is 
possible to form a judgment, in their periods also. This can be attributed to 
the effect of encounters with other stars, and enables us to assign to them an 
age of the order of millions of millions of years. 


MASS-RATIO IN BINARY SYSTEMS. 


294. Another quantity associated with a binary system has been reserved 
for separate discussion, namely the ratio of the masses of the two components. 
Aitken * has tabulated the mass-ratio of 67 binary systems, taken from the 
Lick “Third Catalogue of Spectroscopic Binary Stars,” with results shewn 
in the following table: 


* Lick Obs. Bull. No. 365 (1925), p. 46. + Ibid. No. 141 (1924). 
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TABLE XXVI. Mass-ratios in Spectroscopic Binaries (Aitken). 


Number Spectral Average Average Range of 
of Stars Class Period (days) m{m’ mm’ 


Owing to the emission of radiation, the masses m, m’ of the components 
of a binary system will change in accordance with the equation 
dm 


dt =— CE. 


Simple differentiation gives 


ad m hdm «didm Oy OR) Oda e/a ti 
Slo (=) —07(— =) =- 1G -@)... (294). 


m m 


~m dtm dt — 

Here G and @’ are the rates of generation of energy, in ergs per gramme, 

of the two components. In spectroscopic binaries the more massive com- 

ponent has almost invariably the larger value of G, so that equation (2941) 

shews that, as a spectroscopic binary ages, the ratio m/m’ of its masses ought 

continually to approximate to unity. Table XX VI reveals a definite, although 
not very marked, tendency in this direction in actual binaries. 


If we like to introduce definite assumptions, we can calculate the ages of 
stars of different spectral classes from the extent to which their two com- 
ponents have approached equality of mass. Let us, for instance, assume that 
the emission of radiation is given by our approximate law IZ = M?, so that, 
as in § 118, the mass M at any time ¢ is given in terms of the mass M, at 
time t= 0, by the relation 

M= WM, (1 + 2atM,?)-3. 


The ratio of the masses of the two constituents of a binary is now 


given by 
(2) es (y 1 + 2atm,” 
m')~ \m// 14 2atm,?° 
Solving for ¢ we find that the time-interval between mass-ratios m,/m) 
and m/m’ is given by 


2at =< (=) 6 (=) | / E a (3) | eure (294°2), 


As an illustration let us calculate the time necessary for an A or B type 
binary of mass ratio 0°70, whose smaller component has five times the mass of 
the sun, to change into an F or G type binary with a mass ratio 0°90. Putting 
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m = 10%, mo/m)/ = 0°70 and m/m’ = 0°90, formula (2942) gives 2at = 1:7 x 10%, 
whence, inserting the value a = 5'2 x 10-*, we find 
= 1:7 x 10” secs. = 5°4 x 10” years. 


This gives us an entirely independent estimate of the time interval 
between types B and F or G. It is of the same order of magnitude as the 
previous estimates, and to this extent is entirely satisfactory, but it must be 
admitted that it is based on rather slender evidence, and for this reason can- 
not claim great precision. 

More detailed calculations have been given by Vogt*, Shajnt+ and Smartt, 
who have discussed the question from different aspects. Vogt and Smart have 
reached conclusions agreeing in the main, although different in detail, from 
those we have just reached. 

THE BIRTH OF THE STARS. 

295. If its exact age could be assigned to every star, the present distri- 
bution of stars would enable us to study the rates at which stars had come 
into being at different epochs in the past. We have nothing like sufficient 
information for a detailed study of this question to be profitable, but we may 
examine the broader question of whether the galactic system of stars was 
born in a continuous steady stream or by an approximately instantaneous 
creation. 

Let f(m) denote the luminosity-function in any system of stars, so that 
f(m)dm is the number of stars of absolute magnitudes between m and 
m-+dm. Consider the hypothetical case in which exactly similar stars are 
born in a continuous steady stream so that the distribution of stars by 
luminosity does not change, at least in respect of its brighter members. The 
analytical condition that the distribution by luminosity shall not change is 
readily found to be 


d 
FT (m) fe =‘constant®?s 2720, 27 Baas: (2951), 


where dm/dt denotes the rate at which m changes for a star of absolute 
magnitude m. 

Let a star’s luminosity L be supposed connected with its mass M by the 
relation L= M®* of § 118 (p. 130). Combining this with the fundamental 
equation for the loss of mass by radiation 

aM 
L=-(C?— 
i dt’ 


: d i 
we readily find that aie varies as M?, and so as 10-°”™, From equation 


(295'1) it follows that the luminosity-function in a steady distribution must 
be of the form 
F (An) = O LOY osiel pesloace ogd oarted (295:2), 


* Zeitschrift fiir Physik, 2 (1924), p. 142. t+ M,N, uxxxy. (1925), p. 245. } Ibid. p. 423. 
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where C is a constant; thus the luminosity-function changes by a factor of 
4°64 for each change of 2°5 magnitudes. 

This theoretical relation is comparatively insensitive to the exact relation 
which is assumed to hold between Zand M. If this is taken to be L= M*4 
instead of L = M? (cf. § 118) the factor 4°64 is replaced by 5:08. 

The luminosity-function which expresses the observed distribution of 
luminosities in the galactic system has already been given in Table V (p. 34). 
The entries for intervals of 2°5 magnitudes are repeated in the table below, 
together with values calculated from the theoretical law (295°2). In calculating 
these values the constant has been selected so as to make the theoretical and 
observed numbers agree for stars of the luminosity of the sun (m= 5). 


Abs. Mag Observed no. of | Calculated no. in 


stars per mag. steady state 

—5 1 430 
—2°5 90 2,000 
0) 3,300 9,290 
2°5 42,000 43,000 

5 200,000 200,000 
75 350,000 929,000 
10 500,000 4,300,000 
125 600,000 20,000,000 


By comparison with the theoretical steady-state distribution, observation 
reveals a great deficiency of both very bright and very faint stars, which we 
may, for the moment, identify with very old and very young stars. This 
indicates that the galactic system is not the outcome of a continuous 
steady creation of stars. The process must have started long enough back 
for the faintest stars in the system to have attained their present small 
masses, but seems to have reached a very marked maximum of intensity at 
the time of birth of the stars which are now of absolute magnitudes from 2 
to 5, subsequently declining so as to become almost negligible. If this 
maximum rate of creation had been maintained there would be 430 times as 
many very young stars of absolute magnitude — 5 as actually exist. 


Recapitulation. 

296. Let us attempt to sum up the results obtained in this and the 
preceding chapter. 

We have examined the various agencies which can produce changes in the 
periods and eccentricities of binary systems, and have found that only one, 
namely encounters with other stars, 1s capable of producing effects compar- 
able with those put in evidence by the observed periods and eccentricities. 

It is possible to calculate the rate at which the periods and eccentricities 
of binary systems are being changed by encounters, and hence we can 
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calculate the time during which encounters must have acted to produce the 
observed distribution of periods and eccentricities. 

In the case of visual binaries we have found that both periods and 
eccentricities shew a certain degree of conformity to the final steady state law 
which would be attained after encounters had been in progress for an eternity 
of time. The observed partial conformity to this law is found to indicate an 
age of the order of 5 million million years. 

In the case of spectroscopic binaries, the orbits are so small that encounters 
with other stars can get almost no grip on the system, and so leave its period 
and eccentricity almost unchanged, at any rate through periods of millions of 
millions of years. This is in agreement with the observed fact that spectro- 
scopic binaries shew very little progressive increase, either of period or of 
eccentricity, with advancing age, and what progressive changes are observed 
can properly be attributed to tidal friction and loss of mass by radiation. Thus 
we cannot estimate the ages of spectroscopic binaries from their orbits. 


The ratio of the masses of the two components of a binary system ought 
to tend towards unity with the passage of time, as a consequence of the more 
massive star changing its mass more rapidly than the less massive. Observation 
reveals such a tendency, and its amount provides a means of estimating the ages 
of binaries. The ages of spectroscopic binaries are in this way found to be 
millions of millions of years, and of the same order as those of visual binaries. 


Observation has disclosed a very marked tendency towards equipartition 
of energy in the translational velocities of the stars. This provides material for 
an alternative estimate of the ages of the stars, which is again found to indicate 
ages of the order of millions of millions of years. 


In Chapter XIV below (§ 349) we shall obtain yet another estimate of the 
ages of the stars by considering the time necessary to break up and scatter 
moving star clusters, and this will be found to confirm the estimates of 
stellar ages made in the present chapter. 


The ages suggested by these various modes of investigation are all in 
substantial agreement, and are such as to indicate that a star lives long enough 
to lose the main part of its original mass by transformation into radiation, as 
has been suggested by various other observational facts. This rules out as in- 
adequate all sources of energy except the complete annihilation of matter or 
some subatomic equivalent ; nothing else can provide sufficient total radiation 
for the calculated lives of the stars. 


A detailed discussion of the stars of the galactic system has suggested 
that the majority of these were born many millions of millions of years ago, 
that the process of creation was specially active at the time of birth of the 
stars which are now of absolute magnitudes 2 to 5, a period from 2 to 8 
million million years ago, and that since then it has almost ceased. 
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CHAPTER XIII 
THE GREAT NEBULAE 


297. IT has already been noticed how the “great nebulae” form what 
Herschel described as a system of “island-universes,” distinct and detached 
both from one another and from the galactic system of stars. Hubble has found 
that these nebulae are all of comparable size, being, as fig. 2 (p. 15) has shewn, 
of size comparable with, although smaller than, the galactic system. 


This of itself would encourage the conjecture that the great nebulae may ’ 
be star-clouds, of the same general nature as the cloud of stars surrounding 
the sun. This view of the nature of the great nebulae has been very prevalent 
since the time of the Herschels, and various items of recently gained know- 
. ledge appear to give it support rather than the reverse. 

Viewed from a fairly remote nebula, our galactic system of stars would 
appear as a cloud of faint light, which telescopes of terrestrial power would 
be unable to resolve into separate stars. Since the average light from these 
stars gives a spectrum of F or G type, the composite spectrum of this cloud of 
stars would closely resemble a stellar spectrum of F or G type, and this is 
precisely the type of spectrum shewn by the great nebulae, their spectra 
even being crossed by dark lines of the same general character as the 
Fraunhofer lines in the solar spectrum. 

Viewed from a near nebula, through a telescope of terrestrial power, the 
galactic system would be fairly easily resolved into separate stars, so that if 
the near nebulae are clouds of stars similar to the galactic system, they ought 
to admit of resolution in our telescopes. In actual fact some of them have 
been so resolved, at least in their outermost regions. Plate VII shews a small 
area of the outer region of the Andromeda nebula M 31, photographed with 
the 100-inch telescope, and the resolution into distinct stars can be easily 
seen *. In M 33 (Plate XI) the resolution into separate stars is even easier. 
By resolving such regions into distinct stars, and detecting Cepheid variables 
in them, Hubble has been able to estimate the distances of these nebulae. 
He has further found the nearer nebulae to be of the same general size and 
luminosity as the two Magellanic clouds, and as these latter are quite obviously 
and unmistakably clouds of stars, it would appear reasonable to conjecture that 
the nebulae also may be. Finally, those who maintain that the nebulae are 
merely remote clouds of stars, island universes like our own, can point to the 
fact that they are of the same general shape and build as the galactic system, 
namely, flattened discs with high central condensation. 

Against this, all spiral nebulae, so far as can be judged from those we see 


* Iam indebted to Dr Hubble for preparing and sending me this and many other photographs. 
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edge on, shew a far greater degree of flattening than the galactic system. 
Moreover, although the outer regions of the nearer spiral nebulae can be 
resolved into stars, the central regions, although of course at the same distance 
and submitted to the same telescopic power, obstinately defy resolution, as do. 
all spherical and elliptical nebulae. Plate VIII shews the central regions of the 
Andromeda nebula, and there is no suspicion of resolution into separate stars 
here. Finally, although a study of the superficial appearance of the great nebulae 
may suggest that they are star-clouds, and nothing but star-clouds, we shall find 
that a theoretical study gives no support to this view. 


The Classification of the Great Nebulae. 


298. The great nebulae exhibit an enormous difference of structural 
detail, but Hubble, who has devoted much skill and care to their classification *, 
finds that most of the observed forms can be reduced to law and order. They 
fall primarily into the two great classes of nebulae of regular shape which 
exhibit no spiral arms, and true “spirals,” consisting of a rather vaguely- 
defined central region from which two spiral arms emerge. Hubble finds that 
the true spiral forms, as regards their main features at least, can be specified 
in terms of three distinct quantities, which he describes as (1) the relative size 
of the unresolved nuclear region, (2) the extent to which the arms are un- 
wound (the openness or angle of the spiral), (3) the degree of condensation in 
the arms. When these quantities are estimated or evaluated observationally for 
different nebulae, they are found to vary very approximately in unison, with 
the result that practically all observed nebular configurations can be arranged 
to form linear series. 

Hubble finds that it is not possible to place all observed nebulae in one 
continuous sequence; their proper representation 
demands a Y-shaped diagram such as is shewn in 
Fig. 53. 

The lower half of the Y is formed by nebulae of 
approximately elliptical or circular shape. These 
are subdivided into eight classes, designated £0, 
El, £2,...H7, the numerical index being the 


integer nearest to 10 (=) , where a and b are the 


greatest and least diameters of the nebulae as pro- 
jected on the sky. Thus £0 consists of nearly 
circular nebulae, (b> 0°95), while H7 consists of 
nebulae for which 6 is about 0°3a, this being the 
Fig. 53. Diagrammatic repre- SEeatost inequality of axes observed in the “ellip- 

peneece one tical” nebulae. Examples of typical nebulae are 


Nebulae. shewn in the upper half of Plate IX (p. 834). 
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* Astrophys. Journ. uxtv. (1926), p. 321 and The Observatory, u. (1927), p. 276. 


PLATE VIII 


Mt Wilson Observatory 


The Central region of the Andromeda Nebula M 31. (Cf. Plate 1) 


ERE . nashpol oan: . < 


iogoid toatterh awa 1a aera mary aib hsqvdls-¥ sit Yo Vad oat qh sil 
ard ttard salidenr jo wimomt 4 arash wat & nisdnoo of fiewet et foicion 4c 
no roid sbloded le ie” benareott and ences disnurtd incr perrag ri | 
anoteaooy yo) owd sotemg doihw sot anslorie talon egos 
vate oun enitmkes, Taorger ayene louie viadumrxongyps te ae wT 
cio seth aide bebreskdas on sslirdan sxolT 3X odelt to ual 
Spain wi 10 ViAsomMienoD feantle TR Hes zeAlo ae Je. we fe 
as yt od beaeradoeetedio. alee io Seale laste mye i BIT Oe donard ronan 
6. ebay od ati oT susanre.ot Ieqqe Bara ris = jada @ 
- balias aointiemie ot. sel eke Deysde-oi beni ie. o beqail 
; aslodsni® dundiidls. .hede nfensiemeds thane to jechoi ao 
ont io av vila, im al eeteae lasiary’? noneemienh <otied a 6d oF oegea te 
ey poche Yo Atod J adel oF tne ered Bad ateid te Vet’ bn 
snttidedt bam erld aid weds eoicpieRne alt Anqag inairyrto eoltdy Hined 
eolodun artery oil? aise o¢ seneoliar BOT aR atootss elddo Hl 
aif) Mal IA? boosh ets saiurdsn lag xo nwoss le saeo18q ve 
Soon dali te sie. amso ey i ssgensdtiai aT wean 
niatlays Ye nad hd) oboloe saad) ata da totisotreesie add ojar aa a) # 
to eed int sniirder ee atest nlddal Hots dw shyeloaade retito | af 
sodeeiges ae oo yreinenra deip Gm AR al Goan qu fesgereeh onl’ 
; nae slatier nce yor Yo sarsed & oid 2 ants, baa wungit Ye 
>. EP walt jo moticl wilt te vrais sa Rapeiies os: 
‘is ahead! wea 6 too nit eadate alddel opladant Tapert edd. ; 
oe, Cen esate, ¥ adbooans ov beeing wasob & edz eal Jrsitnas UH rds 
"ka iinotesd chew eagee Sat to 2595 19g Of vem cool Hr slide: hs 
a me A doit. wks uf nlueen 6 io noitiaog 139° us saa oF ey iaake ul 
gies spo lsitenine yidgist a ey abivirng puta haa adh 
= . a 
. awkpoerngtel \woile * 
Mim sto ja aa oe ai v (Hohl mtany sett tenia dy remqosg Stiegl a vil 
. : titrant 17 SOUR Sognte: tetnh ia 1. Ai 
: a KeCirtin ui dy jolt will ad ee eae nest rhs 
7 2 fe nity eteteel: FloW SE ok snouladgn nhad 
; Pigg se Rey ina. ht dp abet La ay dhe 
: 7 1 ft bons. We, onde ta e6eh- SL “eatn 


, 


a 
a wie tine alt secede total acon phan = 

i] 

oo oe 7 Abeer iriGoohh 14 Stet wy sy gales bay ott 
3 wv d 


7 ey 7 th ‘aed Toney say eons, Gs bute, 3 ‘adi Tenalucah his 
7 qitigan Oh Pe rygue Adel bas Ress, eh is wis x 
- aid ; at (EDGE ep i) 


Tia an IL py Se aoe, Bs rece , 


~~ 
{ E — 
- 7 ™— 
= n eee 
a 
' - = 
= 
_ ——— a @ 
re : ’ i 
4% — ee. : 
s 4 ——~ x 


297-299 | Classification 333 


The upper half of the Y-shaped diagram consists of two distinct branches, 
one of which is found to contain a far larger number of nebulae than the 
other. The principal branch contains the normal “spiral” nebulae, which are 
characterised by a circular nucleus from which emerge two (or occasionally 
more) arms of approximately spiral shape. Typical examples are shewn in the 
left-hand half of Plate X. These nebulae are subdivided into three classes, 
designated Sa, Sb, Sc, class Sa fitting almost continuously on to class #7. 

The minor branch contains a special class of spirals characterised by the 
circumstance that the spiral arms appear to emerge from the two ends of a 
straight bar-shaped or spindle-shaped mass. These are sometimes called 
g-nebulae, on account of their characteristic shape, although @-nebulae 
would appear to be a better designation. Typical examples are shewn on the 
right-hand half of Plate X. Both here and in Plate IX, both of which are 
taken from Hubble’s original paper, the examples shewn are the actual nebulae 
which Hubble selects as the milestones to mark the various sub-classes. 

About 97 per cent. of known extra-galactic nebulae are found to fit into this 
Y-shaped classification. The remaining 3 per cent. are of irregular shape, 
and refuse to fit into the classification at all. These include the two Magellanic 
clouds and other star-clouds which Hubble treats as nebulae for purposes of 
classification. The irregular nebulae are distinguished by a complete absence 
of symmetry of figure and also by the absence of any central nucleus. Typical 
examples of “irregular nebulae” are shewn at the bottom of Plate IX. 

Apart from the irregular nebulae, Hubble states that, out of more than a 
thousand nebulae examined, less than a dozen refused to fit into the Y-shaped 
diagram at all, while in less than 10 per cent. of the cases was there any 
considerable doubt as to the proper position of a nebula in the diagram. 
Clearly then, the Y-shaped diagram provides a highly satisfactory working 
classification. 

Physical Interpretation. 

299. Obviously the proper physical interpretation of the classification just 
described is of the utmost importance to cosmogony. 

A first and most important clue is provided by the fact that numbers of the 
great nebulae are known to be in rotation. In 1914 Wolf* detected rotation 
in the spiral M 81 (see Plate XII, p. 351), and in the same year Slipher+ 
discovered it in the type nebulae N.G.C. 4594 of class Sa (see Plate IX). 
Pease measured spectroscopically the velocity of rotation along the major axis 
of this latter nebulae in 1916} and along the major axis of the Andromeda 
nebula M 31 in 19188. 

The symmetry of figure shewn by nebulae of the # and Sa types is precisely 
such as rotation might be expected to produce, and thus suggests an inquiry 

* Vierteljahrsschrift der Astron. Gesell. Lx1x. (1914), p. 162. 


+ Lowell, Obs. Bull. No. 60 (1914). ¢ Proc. Nat. Acad. Sci. 11. (1916), p. 517. 
§ Ibid. 1v. (1918), p. 31. 
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as to how far the observed figures of the regular nebulae can be explained as 
the figures assumed by masses rotating under their own gravitation. The 
theoretical material necessary for such an inquiry has already been assembled 
in Chapters vill and Ix. 

In Chapter 1x we examined the configurations assumed under rotation by 
amass of matter of a type which we described as the extended Roche’s model, 
this consisting of a central nucleus of homogeneous incompressible matter 
surrounded by a light atmosphere of negligibie density. The possible con- 
figurations for a given mass rotating with a given uniform angular velocity are 
of the general type of those shewn in fig. 54. Here the shaded part represents 
the central mass, which assumes the shape of the Maclaurin spheroid appro- 
priate to the given rotation, while the outer curves are the external closed 

equipotentials of this mass in rotation. 

eee The rotating mass may have any one of 

these external equipotentials as its boun- 

dary, and selects that particular one whose 

volume is just adequate to contain its own 

atmosphere. If even the outermost of the 

closed equipotentials is inadequate to con- 

eee tain the whole atmosphere, the mass fills 

the outermost lenticular shaped equipotential, and the remainder spills over 
into the equatorial plane. 

We notice at once that this series of equipotentials have very much the 
shape of the “elliptic” nebulae which occupy the lower half of the Y-diagram. 
A mass. rotating with given angular velocity assumes these various forms 
according to the extent of the atmosphere which surrounds it. We adda bit 
more atmosphere to an #3 figure and it becomes #4; subtract a bit and it 
becomes #2. But the sequence of figures possible for a given velocity of 
rotation is limited at both ends; it is limited at one end by the bare Maclaurin 
spheroid and at the other by the last closed (sharp-edged) equipotential of the 
Maclaurin spheroid. 

The limits in both directions can be extended by varying the angular 
velocity of rotation; an increase of speed changes an #3 mass into £ 4, while 
a decrease of speed changes an #3 mass into #2. With zero rotation every 
mass, no matter how great or how small its atmosphere, becomes #0, so that 
this fixes the limit in one direction. The limit in the other direction is that of 
the sharp-edged equipotential surrounding the critical Maclaurin spheroid 
which is just about to elongate itself into a Jacobian ellipsoid. This is not, 
however, of shape #7 but of shape £ 5:3. 

The same general sequence of configurations is exhibited by almost any 
model in which the mass is well concentrated towards the centre, as for 
instance the adiabatic model discussed in § 235. The limits here are again 
#0 at one end, and at the other end the sharp-edged equipotential of the 


PLATE IX 


ELLIPTICAL NEBULAE 


E0 (N.G.C. 3379) E2 (M32) 


E7 (N.G.C. 3115) 


IRREGULAR NEBULAE 


M 82 N.G.C. 4449 
Mt Wilson Observatory (Dr E. Hubble) 


Elliptical and Irregular Nebulae 
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critical figure (« = 2°2) at which the pseudo-spheroid is just about to elongate 
into a pseudo-ellipsoid. This critical figure is that shewn in fig. 43 (p. 263), 
and its shape is about # 6:1, but it is extraordinarily difficult to calculate and 
draw the figure with any accuracy. 

When «=00, the corresponding figure is the Maclaurin spheroid of shape 
E42, while when «=1:2, the figure is the limiting Roche’s equipotential 
shewn in fig. 41 (p. 253); the shape of this is # 3°3. 


300. The S and SB branches, as well as the E branch, of the Y-shaped 
diagram, permit of interpretation as the configurations of rotating masses. 

Imagine that we gradually increase the rotation of a mass arranged 
according to the simple Roche’s model in which the dense central nucleus is 
so small that it may be treated as a point. Its configuration passes through 
a sequence of figures of increasing ellipticity until it reaches the lenticular 
figure of shape # 3°3 shewn in fig. 41 (p. 253); at this w*/2ayp=0°36075. Further 
rotation does not increase the ellipticity of figure beyond this, but, as we have 
seen, Causes an ejection of matter from the sharp edge which forms the equator 
of the lens. The matter so ejected describes orbits in the equatorial plane and 
as there are no forces to move it out of this plane, it forms a thin annular 
layer of matter in this plane. While this ejection of matter is in progress, the 
remaining central mass retains the shape of the critical lens-shaped figure, 
while w?/2myp retains the constant value 0°36075, the increase in w? being met 
by a proportionate increase in p, caused by light matter being removed from 
the atmosphere while the whole of the dense central mass remains. 

In its essentials, the series of configurations so obtained consists of a central 
lenticular figure of shape H 3:3, extended in its equatorial plane by an annular 
layer which revolves around it much as Saturn’s rings revolve around Saturn. 
Apart from details of structure, this gives the general characteristics of the 
nebular configurations which Hubble classifies as S, the normal spirals. 

The generalised Roche’s model gives a similar series of configurations, as 
has already been indicated in fig. 54. An additional series is however possible 
for this model, since the central mass may possess so much angular momentum 
that the Maclaurin spheroids give place to Jacobian ellipsoids. The figure then 
becomes a pseudo-ellipsoid with three unequal axes, and may, if its atmosphere 
is of sufficient extent, proceed to shed matter in two streams from the ends of 
its major axis. The general type of configuration obtained in this way is 
shewn in fig. 55 (p.336), which represents a cross-section in the equatorial plane. 
These configurations reproduce the general features of the nebular configura- 
tions which Hubble classifies as SB (barred spirals). In the limiting case in 
which there is no atmosphere at all, these configurations reduce to ordinary 
Jacobian ellipsoids. 


301. We have already noticed (§ 235) that the gap between the simple 
Roche’s model and the incompressible model can be bridged in other ways than 
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through the generalised Roche’s model. An alternative way, which lends itself 
to convenient discussion is through the series of adiabatic models discussed in 
§ 235. Roche’s model is represented by taking «=1°2, the incompressible 
model is obtained by taking «= 2%, and the bridge is formed by allowing « 
to vary continuously from 1°2 to «. 


Fig. 55. 


Again we obtain a series of elliptical figures, which gives place when 
x <2°2 to a series of pseudo-spheroids with rings of matter in the equatorial 
plane, and gives place when « > 2:2 to a series of pseudo-ellipsoids, with two 
streams of matter shed from the ends of the longest diameter. 

The general series of configurations which have been obtained, as the fruit 
of the theoretical research summarised in Chapter Ix, may be represented 


Spheroid 
Maclaurin 
Spheroid 


Maclaurin 


EO EO 
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Fig. 56. Roche’s Model. Fig. 57. Adiabatic Model. 


Figs. 56 and 57. Diagrams representing theoretical configurations of Rotating Masses, 


diagrammatically as in figs. 56 and 57. Fig. 56 refers to the generalised 
Roche’s model, vy/v4 denoting the ratio of the volume of the nucleus to that 
of the atmosphere. Fig. 57 refers to the adiabatic model, « denoting the index 
which occurs in the law p  p*. 

The general arrangement of series of configurations presented by these two 
models is seen to be very similar. Perhaps, however, this is hardly surprising 
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NORMAL SPIRALS (s) BARRED SPIRALS (SB) 


SBa (N.G.C. 2859) 


Sb (N.G.C. 2841) SBb (N.G.C. 5850) 
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Mt Wulson Observatory (Dr E. Hubble) 


Normal and Barred Spiral Nebulae 
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in view of the fact that both the outermost series are identical in the two 
diagrams. Both models are seen to be equally capable of explaining the 
observed sequences of nebular configurations. 


302. Remembering that rotation has actually been observed in a number 
of nebulae, there seem to be strong reasons for conjecturing that the observed 
configurations of the nebulae may be explained in general terms as the con- 
figurations of rotating masses. There is of course no need to tie our explana- 
tion down to either of the two models discussed. If either of these can provide 
an explanation, no doubt hundreds of other models could do the same. 


General dynamical theory has shewn that the boundary of any uniformly 
rotating mass which is acted on solely by its own gravitational field must have 
an equation of the form 

V +407 (a7 + y*)=constant ...........0.00008 (30271) 
where V is the gravitational potential of the mass. The only supposition 
necessary to arrive at this equation is that there must be a definite pressure p, 
of the usual hydrostatic type, at each point of the rotating mass. When such 
a pressure exists, the equations of equilibrium relative to the rotating axes 
are of the type 


Zs = = + wpa, etc., 


and it follows at once that any surface over which p is constant, including the 
boundary over which p=0, must have an equation of the form of (302°1). 
We have discussed the surfaces specified by this equation for certain definite 
models, but any other model of the same general nature would have given similar 
results. Indeed the general argument of § 226 has shewn that the only possible 
types of configuration, for any rotating mass whatever, are those we have 
designated as pseudo-spheroids and pseudo-ellipsoids. The pseudo-spheroids 
give Hubble’s sequence # of configurations before equatorial ejection begins 
and the sequence S afterwards. The pseudo-ellipsoids give the sequence SB. 


Theory has, however, shewn throughout that pseudo-ellipsoids are possible 
figures of equilibrium only for rotating bodies in which there is no great 
central condensation of mass. It is extremely difficult to see how this con- 
dition could be satisfied in a nebula rotating in equilibrium, and the proposed 
interpretation of the SB nebulae, the barred spirals, must be correspondingly 
under suspicion. The remainder of our discussion accordingly deals almost 
exclusively with # and S—elliptical and ordinary spiral—nebulae. 


303. To a quite rough approximation we may suppose that the potential 
V at the surface of any gravitating mass is equal to yM/r, where y is the 
gravitation constant, M is the total mass, and r is the distance of the point from 
the centre of the mass. Equation (30271) shews that the values of 


V+ po? (2? + y’) 
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at the ends of the major and minor axes of any figure of equilibrium must be 
the same, so that, if 2a and 2b are the major and minor axes respectively of 


the rotating mass, 


yM 4s Pysiy) bs 
ere SY ia 


Putting (a —b)/a =e as before, this equation becomes 
ota’ = yf (1 - :) ten | dR a (308'1). 


If the figure is symmetrical about its axis of rotation, we may, again to a 
quite rough approximation, put 


M = 4ripatbin 2. avid ae ES -26s (303:2) 
where p is the mean density of the mass, and equation (303'1) assumes the form 
oO te hoe ee 3033). 
e=a cape ( 


Thus for any rotating mass whatever, the shape of figure is determined 
approximately by the value of w*/27yp, and depends on nothing else. 

It follows that if the nebulae are gravitating masses in rotation, we can 
determine the values of w?/2ayp from their observed ellipticities of figure. 
When the figure is of type S, relation (303°2) is only true as regards the central 
mass, the equatorially ejected matter being disregarded. For this central mass, 
e is generally observed to be about 0°5, so that, as regards order of magnitude 
at least, we must have 


Oi Bag i ee (303°4). 


304. According to Pease*, the line of sight (spectroscopic) velocity of the 
Andromeda nebula M 31 at a distance of # seconds of arc from the centre is 
given by 
v= — 0482 —316 kms. a Se. .........2.ee eee (3041). 

This, in conjunction with Hubble’s estimate of 285,000 parsecs for the 
distance of the nebula, fixes its period of rotation at about 16 million years. 
This represents an angular velocity w = 1:2 x 10-%, and the linearity of formula 
(304'1) shews that the angular velocity has this uniform value throughout the 
range within which this formula is valid. Equation (303°4) now shews that 
the mean density 9 of the lenticular-shaped central mass is 

p=5x10—™, 

Pease + similarly found the spectroscopic velocity of the nebula N.G.C. 4594 

in Virgo (Plate X) to be given by the formula 
v=—2°78¢ +1180 kms. asec. ............00. (3042). 


The distance of this nebula is not known from direct observation. The 
average absolute magnitude of nebulae whose distances are known is however 


* Proc. Nat. Acad. Sci. tv. (1918), p. 21. t Ibid. 11. (1916), p. 517. 
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— 15-2, and if we suppose the absolute magnitude of this nebula to be — 15:2, 
its observed apparent magnitude of 9:1 would assign to it a distance of 
700,000 parsecs. 

Further, Hubble’s statistical investigation shews that nebulae of the Sa 
class, to which this nebula belongs, have an average diameter of 1450 parsecs. 
The apparent diameter of this nebula is 7-1 minutes of arc, and a comparison 
of these figures would again assign to the nebula a distance of precisely the 
700,000 parsecs previously calculated. 

Adopting 700,000 parsecs as the distance of the nebula, one second of arc 
represents 3°5 parsecs, and as a distance of 3°5 parsecs represents a velocity 
difference of 2°78 kilometres a second, the period of rotation is found to be 
2°52 x 10" secs. or about 8 million years. This gives as the mean density of 
the lenticular-shaped central mass, 

p=2x10* 

Generalising from these two instances, we may suppose the mean density 

of the lenticular centres of nebulae of this type to be of the order of 10. 


STATISTICAL STUDY OF NEBULAE. 
Surface brightness. 

305. Hubble * has divided four hundred nebulae into the various classes 
just described and tabulated m,, the integrated total apparent magnitude, and 
d, the diameter in minutes of arc, using observational data provided by 
Holetschek +, Hardcastle}, Hopman§ and Curtis||, as well as about 300 original 
photographs taken at Mount Wilson. 

In any one class, there is found to be a marked correlation between m, and 
log d, as might of course be expected; it merely means that the nebulae 
which look largest in the sky, and so are presumably the nearest, send us most 
light., On attempting to give mathematical expression to this correlation, it 
is found that it can be represented very closely by an equation of the form 

Wig ees INOS Mens terete rts (305'1) 
where C is different for each type of nebula, but # is the same for all, being 
very approximately equal to 5. Thus m,+ 5 log d is approximately the same 
for all nebulae of any given class, but varies from class to class. 

If a nebula or other astronomical body has area a? and emission HW 
per unit area, its apparent luminosity when at a distance R is proportional to 
Ea?/R?. Since a/R is proportional to d, the angular diameter, this is propor- 
tional to Hd?. Hence the apparent magnitude is given by 


—04m=log H+ 2logd + a constant, 


whence m + 5 log d= constant — 2°5 log £. 
* Astrophys. Journ. uxtv. (1926), p. 328. + Ann. d. Wienen Sternwarte, xx. (1907). 
ft M.N. uxxiv. (1914), p. 699. § Ast. Nach. coxtv. (1921), p. 425. 


|| Publications of Lick Obs, x11. (1918). 
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Thus Hubble’s investigation proves that all nebulae of a given class have 
approximately the same value of H, and consequently the same surface 
brightness, independently of their sizes. The nebulae are, however, so nearly 
transparent that the surface brightness at any point represents the integrated 
light from the whole thickness of the nebula. Thus all nebulae of the same 
class have approximately the same value for this integrated light, and as they 
are all of the same shape, it is probable, although not proved, that they are 
all similar structures. 


306. The mean values of m+ 5 logd vary substantially from one class of 
nebula to another, the average values being shewn in the following table : 


TABLE XXVII. Relative Surface Brightness of Nebulae (Hubble). 


Type m+65 logd m+ 2°5 log (ab) Type m+5logd 
£0 10°38 10°38 Sa 13°35 
El 10°54 10°43 Sb 13°90 
£2 11:08 10°84 Se 14°44 
£3 11°33 10°94 SBa 13-00 
4 11°90 11°45 ; 

: SBob 13°16 
E5 11°42 10°67 SBe 14°41 
E6 12°03 11°03 
ET 12°82 11°51 Irreg. 13°68 


The third column gives the values of m+ 2°5 log (ab) for elliptical 
nebulae, the term log (ab) giving a better approximation to the logarithm of 
the area than 2 log d. 


It will be noticed that the surface brightness increases fairly steadily as we 
advance up the Y-shaped diagram, and this of itself would have suggested a 
Y-shaped classification. 


307. There is of course considerable dispersion about the mean surface 
brightness in each class, The amount of this is shewn in fig. 58. The points 
represent nebulae of all classes, but their surface brightnesses are corrected 
for differences of type before plotting, by reducing them to a fictitious standard 
type SO which is imagined to occur at the fork of the Y at which #7, Sa and 
SBa coalesce, and at which m+5logd is supposed to have the standard 
value 13-0. Thus the distance of any point from the median line represents 
the divergence of the value of m+5logd from the median value for the 
particular class to which the corresponding nebula belongs. The two top 
points represent the two Magellanic Clouds, which Hubble treats as irregular 
nebulae for purposes of classification, the next point (m =5°0) represents the 
Andromeda nebula M 31, the next point (m=7-0) the nebula M 33 in 


Triangulum, and so on. 


In the elliptical nebulae, there is found to be no appreciable connection 
between the deviation from the mean and the orientation of the nebula, but 
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PLATE XI 


The Spiral Nebula J/ 33 in Triangulum 


Mt Wilson Obsercatory 


The Greater Magellanic Cloud 


Franklin Adams Chart 
Nebulae of late type 
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there is a marked connection in the spiral nebulae, those which are seen 
nearly edge-on being appreciably less luminous than the average for their class. 
This may no doubt be attributed to the dark bands of absorbing matter 
which generally lie along the equators of spiral nebulae. 


a 


agnitude 


~ Total M 


15 
0-0 Log Diameter 1-0 
Fig. 58. The relation between Nebular Diameters and Total Magnitudes. 
(The slant line represents constant surface brightness.) 


Distances and Absolute Magnitudes. 


308. There are seven nebulae and star-clouds whose distances are known 
and of which it is consequently possible to estimate the absolute total lumi- 
nosity M,. These are shewn in the first five columns of the following 
table : 


TABLE XXVIII. Systems whose distances are known (Hubble). 


System Class fae 2) aa My My 
Galax AG ALE — — —— 
G. Magellanic Cloud | Irreg. 34,500 0°5 —17-0 
S. a Bh Irreg. 31,600 15 -—16°0 
M 31 (Andromeda) Sb 285,000 5:0 —17°2 
M 32 , E2 | 285,000 8°8 —~13°4 
¥ 33 (Triangulum) Se 263,000 7°0 -15°1 
M101 Sc 450,000 9°8 —13°5 
N.G.C. 6822 ... | Irreg. | 300,000 8°5 —13°7 


Mean... aes a wes ADA nies -15'1 
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The mean of the seven absolute magnitudes is — 15:1, and the dispersion 
about this mean is comparatively slight. 

The last column but one gives the absolute magnitude M, of the brightest 
known star in the system. No stars can be detected in elliptical nebulae, so 
that no entry is possible for M 32, but the corresponding entry for the galaxy 
may take its place. The mean of the seven entries so obtained is — 6°3, which 
is 88 magnitudes fainter than the mean of M,. The difference in magnitude 
between a star system and its brightest star can be estimated without know- 
ing the distance of the star system, and so can be estimated for a large number 
of systems beyond those shewn in Table XXVIII. From a comprehensive 
study of 32 systems, Hubble concludes that the average value of M,;— Mz is 
9-0, which, as it happens, is also the average for the six systems in the table 
for which values of M,— M> can be given. This would give a hypothetical value 
of Mp=—14°5 for the galaxy. If this is included in averaging M, instead of 
the value of M, for M 32, the average M, is found to be — 15°3, this referring 
only to systems in which stars can be actually observed. 

Hubble adopts — 15°2 as a mean value for M7 for all systems. It will be 
clear that the average M, for spirals, star-clouds and the galaxy is near to 
— 15:2, and that there is no great dispersion (about + 1) about this mean, but 
the evidence that the mean M> for elliptic nebulae is near to — 15:2 is rather 
less strong. It might be thought that evidence on this point could be 
obtained from a consideration of the mean values of M,, the apparent total 
magnitudes of the different classes of systems, since distance effects would be 
likely to affect all classes of systems equally. This would be true if we had at 
our disposal a test of all the nebulae in a given region of space, but the tests 
used by Hubble are limited not to a given region of space but to a given range 
of apparent magnitudes, namely up to about 12°5. The faint nebulae in each 
class naturally outnumber the bright to a very great extent, so that the average 
apparent magnitude in each case is just below 12°5, ranging from 10:98 for 
HZ to 11:99 for #3, and the approximate equality of the averages for the 
different classes proves nothing very definitely, except that there is no 
enormously great difference in the mean values of M, for the various classes. 


Absolute Dimensions. 

309. On the supposition that the total absolute magnitude M> is equal to 
— 15:2 for all classes of nebulae, it is possible to calculate the actual dimensions 
of a typical nebula of each class from the observed values of M,+5 log d. 
Table XXIX gives the greatest diameters, as calculated by Hubble, after 
allowing statistically for foreshortening effects in the elliptical nebulae on the 
supposition that their directions are oriented at random in space. 

The minor axes are calculated from these values of the greatest diameter, 
by use of the relation that in class Ez, 

a—-b «@ 


a Og 
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TABLE XXIX. Dimensions of systems of different 
types (Hubble). 


Greatest Least 6 : 

diameter diameter Type iameter 

(parsecs) | (parsecs) (parsecs) 
360 Sa 1450 
390 Sb 1900 
400 Se 2500 
oh SBa 1280 
400 SBb 1320 
380 SBe 2250 


340 


It will be noticed that the minor axes are all approximately equal, so that 
the sequence of elliptical configurations can be obtained by a process of equa- 
torial expansion of a sphere of about 360 parsecs diameter, the polar axis 
remaining unaltered. 


THE PHYSICAL STRUCTURE OF THE NEBULAE. 


310. We have seen that the density of matter in the central lenticular 
masses of nebulae is of the order of 10-* grammes per cubic centimetre. The 
free path in a gas at this density is of the order of 10“ centimetres. The 
central mass of the Andromeda nebula, with an apparent diameter of about 12 
minutes of arc must have an actual diameter of about 1°6 x 10” cms. or 500 
parsecs. Table XXIX shews that the elliptical nebulae have diameters which 
are at least of the same order of magnitude. Thus if nebular matter is 
gaseous its free path is quite insignificant in comparison with the dimensions 
of the nebula, with the result that the concept of gas-pressure may be legiti- 
mately introduced into the discussion of nebular dynamics. It follows that 
the various nebular configurations may legitimately be interpreted as con- 
figurations of masses of rotating gas. 


If matter of the same density exists in the form of particles larger than 
molecules the free path is correspondingly longer; if each particle has n times 
the dimensions of a molecule, the free path is n times as long as ina gas. If 
we make » equal to 10’, so that the matter exists in the form of particles about 
a millimetre in diameter, the free path becomes of the order of 107 cms. and 
so is comparable with the dimensions of the nebula itself. When this condition 
is attained, there can be no definite hydrostatic pressure at each point, so that 
the configurations of a mass in this state will differ from those of a gas ora 
liquid such as we have so far had under discussion. It follows that the various 
nebular configurations cannot legitimately be interpreted as those of rotating 
masses formed of particles of one millimetre or more in diameter. 
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This result would dispel all possibility of interpreting the observed 
nebular configurations as those of clouds of stars, were it not for the circum- 
stance, already noticed in § 285, that the gravitational field of a star endows it, 
as regards its meeting with other stars, with an effective radius which is far 
greater than the radius of its material structure. 


311. To examine whether the elliptical nebulae and the lenticular centres 
of the spiral nebulae can be interpreted as clouds of stars, let us consider an 
elliptical or lenticular nebula of mean density p= 10~", supposed composed 
of stars each of mass equal to the sun’s mass, 2 x 10* grammes. 

The number of stars per cubic centimetre is found to be 5x 10-*. The 
average velocity of these stars can be found from Poincaré’s Theorem (§ 62) 
that 271+ W=0, or =m(v?—-4$V)=0. This shews that the mean value of 
v? is $V, and this is of the order of 4y~M/R, where M is the mass and F# the 
radius of the whole system. For an average nebula this is of the order of 
10", so that v is of the order of 10’, or a hundred kilometres a second. 

In § 287, taking full account of the gravitational field of the stars, we 
found the time necessary for a star's path to be deflected through a night 
angle by encounters with neighbouring stars to be 


t= 0-026 cet oa ela a Lei seconds. 
ym 

Inserting the numerical values m =m’ =2 x10", V= 10" and v=5 x 10-* 
we find a time of the order of 10” seconds. Thus the “ free path” of a star is 
the distance travelled in 10” seconds with a mean velocity of 107 cms, a second. 
This is of the order of 10” cms. or about fifty million diameters of the nebula. 
It is at once clear that the conception of gas-pressure cannot legitimately be 
used in connection with nebular dynamics when the nebula is supposed to 
be a cloud of stars. 

No reason remains why a cloud of stars should assume the special shapes 
of observed nebulae. We shall discuss the actual shapes which can be assumed 
by a cloud of stars in the next chapter, and shall find that, while the shapes 
of actual nebulae are possible shapes for clouds of stars, they are only a few 
possible shapes out of an almost infinite variety. The forces between stars 
could not restrict the cloud to these special shapes, and even if the star-clouds 
were initially forced to assume these shapes, they could not be expected to 
retain them for any length of time. When we discuss the problem in detail, 
we shall find that if the nebulae were pure clouds of stars, they would have 
no clearly defined structure or features, but would extend indefinitely into 
space in the way in which the globular clusters are observed to do and the 
galactic system is believed to do. To restrain the nebulae to their observed 
definite shapes, the concept of a gaseous free path is necessary. 


312. The foregoing considerations make it extremely improbable that 
elliptical nebulae and the central lenticular masses of other nebulae can be 
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formed of stars or of any other type of particle averaging more than about an 
inch in diameter. The calculation has of course no application with respect 
to the outer regions of spiral nebulae. It is still open for these to be of stellar 
structure ; indeed we have seen that the outer regions of many of these have 
actually been resolved into stellar points which to all appearances are normal 
ordinary stars. 


GRAVITATIONAL INSTABILITY. 


313. Imagine for a moment that the outer regions of a spiral nebula 
(the equatorial extensions outside the lenticular central mass) were composed 
of small particles similar to those which constitute the central mass; to make 
the picture perfectly definite let us imagine that they are purely gaseous. So 
long as we disregard the gravitational attraction of the gas-particles on one 
another, a small disturbance set up at any point will travel through the gas 
with the velocity of sound until it becomes dissipated by viscosity. Any slight 
condensation of the gas at a point P, accompanied by a compensating rare- 
faction at a near point Q, results in a gain in the total energy of the medium, 
and this additional energy travels about until it is dissipated by viscosity, 
when it remains scattered through the medium in the form of heat energy. 


The matter assumes a different aspect when the mutual gravitational 
attractions of the gas-particles are taken into account. A condensation at P 
with an equivalent rarefaction at @ causes, as before, an increase in the 
thermodynamical energy of the gas, but it also causes a decrease in the gravi- 
tational energy. And if P is sufficiently distant from Q, the decrease of 
gravitational energy is numerically greater than the increase of thermo- 
dynamical energy, so that the total energy is decreased. In this case there is 
no excess of energy to travel in the form of wave-motion through the gas 
until it becomes dissipated by viscosity; instead, the medium has found a way 
of acquiring kinetic energy of unlimited amount at no expense to itself, and so 
will go on acquiring energy in this way indefinitely. In other words it has 
become unstable, the instability entering through displacements in which 
condensations and rarefactions occur in pairs at sufficiently distant points. 


314. We shall refer to the type of instability just explained as “ gravita- 
tional instability.” We have no laboratory experience of it, because it can only 
become operative in masses of matter far larger than any at our disposal in 
terrestrial laboratories. On the other hand it proves to be of the utmost 
importance to cosmogony, for it provides simple, adequate and natural explana- 
tions of the creation of four generations of astronomical bodies, namely the 
great nebulae, the stars, the planets and the satellites of the planets. 

The simplest picture of the mode of operation of gravitational instability 
is provided by the following analysis, which is an extension and modification 
of analysis I originally gave in 1902 *. 

* Phil. Trans. 199 a (1902), p. 49. 
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Consider any motion of a continuous mass of gas or other compressible 


matter, this being determined by the usual hydrodynamical equations 

Jae A — = CLC... Su densen ten doigeaeeded (3141) 
where fy, fy, fz are the components of acceleration of the particle which is 
momentarily at x,y,z. Let us assume that the pressure is a function of the 


density only, and put 


dp _ 
| aaa CER 
so that the equations of motion become 
fax — foe as arte ait poh (3142). 


Let us compare the motion with a slightly varied motion such that the 
particle which is at #,y,z at the time ¢ in the original motion is at 
2+é&y+n,2+€ at time ¢ in the varied motion. The acceleration of this 
particle in the varied motion has components 


az& 
de a= dt? y etc. 
so that the particle which is at a, y,z at time ¢ in the varied motion has 


components of ss 


Dfgnor ote: Tate 
fer gfe E- gree 


As the result of varying the motion let the density and the components 
of force at x, y, z be changed to 


p+do OXY oY, 2 ee 


Then the aaa which govern the varied motion are 


OO Ree Mir ee a 
Sat = a bar=X+dX—— $(p +p) ...(3148). 


Subtracting corresponding sides of this and equation (309:2), we obtain 
DE Wari Muenchen 0d s 
dt? ea Fin ema? sci (ss 9) 
ad » lop OE dn  OC\ Op 
dp fae Ae mE Ear 
Equation (3144) and its two companions form a set of three equations 
which are linear in &,7,¢ The condition that these equations shall have a 
solution, other than == =0, is expressed by the vanishing of a quan tity 
which involves only the coefficients of £, », € and their differentials in equa- 
tions (8144), ete. 
When conditions are such that this quantity vanishes, we are at what 
may be described as a dynamical point of bifurcation. Two alternative motions 
are open, both of which satisfy the dynamical equations of motion. In one 


fat (3144) 


where 
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the particle which was at «—dw, y—dy, z—dz at time t — dt moves to a, We 
at time ¢; in the other it moves to 7+ &, y+, z2+6. 

As in the corresponding statical problem, there may or may not be a 
transfer of stabilities at a point of bifurcation. To discuss the question of 
stability we merely have to examine whether small displacements &, n, € 
determined by equations (314-4) will increase beyond limit or not. If they 
are found to increase beyond limit, the original unvaried motion was unstable, 
and the system changes over to the varied motion at the point of bifurcation; 
in the reverse case the original motion was stable and the displacement &, », €, 
if set up, merely behaves as a small oscillation about a stable state of motion. 

Equations (314°4) are too complex to be solved in the most general case, 
but we can obtain a knowledge of the general nature of the solution by 
considering the simple case in which /,, fy, f are approximately constant 
throughout a large extent of the medium, this including the case of a medium 
at rest. 

In this case equations (314-4) assume the form 


@E_sy_ 2 =(s =) er ere oe (314°5) 


where s is written for the “condensation” 8p/p. 
Differentiating this and the two companion equations with respect to 
x,y,z and adding, and using the relations 


0 r) 0 ; Opie 0& on ), 
Bee aio Genie = Amy Sp ; Srags Sar ba * By t Be)” 


; ds _ {op : 
we obtain aa 4aryps + V (s a) Sed ianac ware (314-6). 


This equation involves only the one variable s and so determines the way 
in which s changes throughout the motion. 

315. On omitting the first term on the right, we obtain the equation 
of propagation of rarefactions and condensations of the medium, when the 
gravitational attraction of the medium on itself is neglected. In this case 
the equation reduces to Laplace’s equation, indicating propagation in the 


form of waves of sound, with the usual velocity xf ( a 


To discuss the more general problem in its simplest form, let us confine 
our attention to a region of space within which dp/dp may be treated as 
constant, and consider pure wave-motion along the axis of x, the value of s 
being supposed proportional to 


Qra 
cos (=) 
so that X is the wave-length. Equation (3146) becomes 
d?s dp : 
on =| Ary roe (2 =) | Sia REN (315'1). 
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There is a solution in which s is proportional to e**% where 


2 
ne (=) Le vee aris Seo iclaies, (315°2), 
and it is easily seen that this represents wave-motion along the axis of x, with 
a velocity of propagation ; 
dp xy (315°). 
Ei — 4aryp ( os | ERAS cats saote oensean ( ) 


If we again omit the gravitational term — 47ryp, we have a wave-motion 
which travels with a uniform velocity (dp/dp)? independently of the wave- 
length. The restoration of the gravitational term invariably lessens the 
velocity of propagation, but since the term in question is multiplied by 2’, 
we see that the effect of gravitation is inappreciable for waves of short wave- 
length. For waves of longer wave-length the gravitational term becomes 
more important. Finally a value of \ is reached at which the velocity of 
propagation, as given by formula (315°3), disappears altogether and sub- 
sequently becomes imaginary. For such values of % there can be no proper 
propagation of waves; the value of q?, as given by equation (315°2), becomes 
negative, so that the time factors e*'% assume the form e**, where @ is real. 
This represents unstable motion, the initial condensations and rarefactions 
increasing exponentially with the time. 


316. We have seen that equation (3146) determines possible distributions 
of condensation (s) and rarefaction (—s) which may be superposed on to the 
original motion. It now appears that all distributions which vary harmonically 
are unstable if their wave-length is greater than a critical wave-length ry 


defined by 


Pye (58) ih aunlomcneciaes (316-1). 
yp \dp 
If p and p are connected by a relation of the adiabatic type p « p*, then 
dp _,P 
—_—_ = K — 
dp  p 


If we further put p=}pc’, where c? is the mean of the squared velocity 
of the particles of which the medium is formed, we may express 2,? in the 
equivalent forms 


eo ROS aducrae tenes (316-2). 


A medium of dimensions much greater than 2X would tend to form con- 
densations whose mean distance apart would be comparable with Ay. 


317. It might at first appear that any mass of sufficiently great extent 
must break up into condensations, but this is obviated by the circumstance 
that A, tends to increase part passu with the size of the mass. 


Consider the most general case of a crowd of particles, either gas-molecules 
or otherwise, which form a single mass in equilibrium. Poincaré’s theorem 
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(§ 62) shews that the average value of c* throughout the system is equal to 
the average value of 4 V, and this is of the order of magnitude of yM/R, where 
M is the total mass and RB the radius of the system. 


Using this value for c’, equation (3162) shews that, as regards order of 
magnitude, A,? is given by 


 bimms(yM\ 4 afn\ 
rtm ge (Hr) = 4e (5) i 


so that A, is about equal to 2R, the diameter of the mass. 


Thus a single mass in a state of equilibrium has no tendency to break 
up into condensations at distances apart less than its diameter, and this does 
not leave room for any subordinate condensations: the mass itself constitutes 
the one and only condensation possible. 


In general, X,? is proportional to c?, which in turn is proportional to the 
temperature, so that a sudden cooling reduces the value of A,?. Cooling will 
ultimately result in contraction and by the time the mass has so far contracted 
as to be again in equilibrium, the value of 2A, the diameter, will again be 
equal to d,, and no subsidiary condensations can be formed. But if a mass is 
cooled so rapidly that its linear dimensions cannot keep pace, or for any other 
reason do not keep pace, with its fall of temperature, then ),? becomes less 
than the dimensions of the mass, and subsidiary condensations will form at 
distance apart of the order of Xp. 


318. This suggests that condensations cannot form in elliptical nebulae 
which rotate as systems in a state of steady motion, or in the central masses 
of spiral nebulae, but that they must inevitably form in the equatorial exten- 
sions of the spiral nebulae. As the central mass shrinks, these equatorial 
extensions are left behind, endowed with an angular momentum which pre- 
cludes the possibility of their shrinking, while their temperature must fall to 
a quite low value as the result of their being practically unprotected against 
loss of heat by radiation into space. 

It is difficult to estimate the final temperature likely to be attained 
ultimately by these equatorial extensions, and it is almost as difficult to 
estimate their density. Let us, as a very rough estimate, put c= 10* which is 
the velocity of atoms or molecules of atomic or molecular weight 600 at 
— 30°C., or of weight 200 at 450°C., and p=10-* which is a tenth of the 
mean density of each of the two nebulae whose density it has been possible 
to calculate. Using these values for c and p and putting «=1%, equation 
(316:2) gives %=5 x 10 cms. = 1°6 parsecs. 

This is quite minute in comparison with the linear dimensions of the 
nebula, so that a large number of condensations ought to form throughout 
the matter which has been shed equatorially, and now lies in the equatorial 
plane of the nebula, the mean distance of adjacent condensations being about 
16 parsecs. This is at least of the order of magnitude of the distance between 
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actual adjacent condensations in the nebula. In the Andromeda nebula, 
chains of condensations can be observed at about one second of are apart, and 
at a distance of 285,000 parsecs one second of arc represents an actual distance 
of 1:4 parsecs, or somewhat more if we allow for foreshortening. 

The mass of matter surrounding each of these condensations is of course 
d.’p, and with the figures we have already selected, this comes out at 12°5 x 10® 
grammes or about six times the mass of the sun. 


THE BIRTH OF STARS. 


319. The last calculation would seem to give the clue to the physical 
meaning of the process we have been considering: the nebular matter is 
condensing into stars; and we have been contemplating the birth of the stars. 
Our calculations have, it is true, been based on rather arbitrarily assumed 
values of c and p, so it is well to examine what difference would have resulted 
from a different choice of values of c and p. The following table gives values 
of X% and M (equal to 2,’p) calculated from formula (316-2) for a variety of 
values of c and p. The value of « is kept equal to 13 throughout, because no 
possible change in the value of « could appreciably alter the result. 


TABLE XXX. Distance apart and Masses of Condensations formed in 
nebular matter by Gravitational Instability. 


c=104 cms. a sec. c=10° cms. a sec. 

p Xo M Xo M 
(parsecs) | (grammes) (parsecs) (grammes) 
Ome 160,000 1:3 x 109 1,600,000 1°3 x 10 
Ome 16,000 13 x 1038 160,000 1:3 x 104 
1O- 16 LeSipe 1O32 16 1:3 x 1087 
LOmes 05 4 x 1083 5 4 x 1056 
1Omeo 0-16 1:3 x 1038 16 lkesroi Koes 

(cms. ) (cms.) 

1Oms 5 x 101° 13x 1028 5x 10! 1350 10% 
Ome 5 x 109 1:3 x 10% 5 x 1010 UGS ei KOS 
LOR 5 x 108 eonchess 5 x 10° 1:3 x 10% 
1 5 x 107 1:3 x 10% 5 x 108 Tes se02e 


We see that condensations of stellar mass are only formed in media whose 
density is of the general order of magnitude of that of the great nebulae. 

The observed condensations in the outer regions of such nebulae as M31 
and M 33 are almost certainly stars. A number of them have been found to 
be Cepheids of entirely normal type. Moreover, Hubble’s sequence of nebulae, 
passes through nebulae such as M 31 and M33 directly into pure starelonden 
M 33 being in many respects similar, as Hubble has shewn*, to the Magellanic 


* Astrophys. Journ. ux1 (1926), p. 236. 
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PLATE XII 


roatory 


The Spiral Nebula 1781 
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Clouds (see Plate XI). The masses of the condensations are probably some- 
what greater than that of the sun, for if they are stars they must be at the 
beginnings of their lives and so in their most massive states. The observed 
periods of the Cepheid variables indicate high luminosities and high masses. 


In many nebulae such as M81 (Plate XII) the outer regions appear to be 
resolved into stars, while regions which extend well out beyond the nucleus 
do not. It may be that the stars have not yet formed here, although there is 
the alternative possibility that they are merely obscured by surviving wisps of 
nebular matter. 


320. We have seen that the elliptical nebulae and the central masses of 
the spiral nebulae cannot be clouds of stars, since they could not retain their 
observed shapes if they were; the observed shapes of the elliptical nebulae 
and the central masses of the spiral nebulae can only be explained by the 
supposition that they consist of quite small particles, which it is natural 
to think of as molecules of a gas. On the other hand the outer regions of 
the spiral nebulae almost certainly are clouds of stars. We have further 
found that the whole sequence. of observed nebular configurations can 
be interpreted as the sequence assumed by a single rotating mass whose 
physical conditions are changing. This might in any case have led us to suspect 
that this change was accompanied by the transformation of nebular matter into 
stars. But, to clinch the matter, we have found that such a transformation is 
demanded by the simplest of dynamical principles; when a nebula shrinks 
and its rotation increases, matter is inevitably ejected from the nebular equator 
and spread over the equatorial plane. The temperature of this matter falls, 
but its angular momentum prevents it shrinking to keep pace with its falling 
temperature, and as a consequence the dynamical principle we have described 
as “gravitational instability” compels it to condense into distinct drops, just 
as cooled steam condenses into drops of water, although for a very different 
physical reason. The dynamical principle which compels the matter to con- 
dense into drops enables us to calculate the masses and distances apart of the 
separate drops. We have calculated that if the cooled nebular matter was in 
the gaseous state with a molecular velocity of the order of 10‘ cms. a second, 
the condensations would form at distances apart just about equal to those of 
the condensations observed in actual nebulae, while the masses of these con- 
densations would be about equal to those of the stars. 

These results would seem to leave little room for doubt that the main 
process which occurs in the spiral nebulae is the condensation of nebular gas 
into stars, and that in these nebulae we have found the birthplaces of the stars. 

While the mathematical analysis and the detailed calculations relevant to 
the process of “ gravitational instability ” were first given by myself in 1902 * 
and 1918 f, the general conception of the stars having been formed out of a 


* Phil. Trans. 199 4 (1902), p. 1. + Problems of Cosmogony and Stellar Dynamics, Ch. y111. 
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homogeneous medium by a process of condensation under gravity is of course 
very old, being indeed almost as old as the law of gravitation itself, We find 
Sir Isaac Newton in his first letter to Dr Bentley (Dec. 10, 1692) writing as 
follows : 

“Tt seems to me, that if the matter of our sun and planets, and all the matter of the 
universe, were evenly scattered throughout all the heavens, and every particle had an 
innate gravity towards all the rest, and the whole space throughout which this matter was 
scattered, was finite, the matter on the outside of this space would by its gravity tend 
towards all the matter on the inside, and by consequence fall down into the middle of the 
whole space, and there compose one great spherical mass. But if the matter were evenly 
disposed throughout an infinite space, it could never convene into one mass; but some of 
it would convene into one mass and some into another, so as to make an infinite number 
of great masses, scattered great distances from one to another throughout all that infinite 
space, And thus might the sun and fixed stars be formed, supposing the matter were of a 
lucid nature.” 


NEBULAR EVOLUTION. 


321. As regards their general order of magnitude, the masses of the 
nebulae can be estimated from the densities and linear dimensions already 
given. We can also calculate the mass of a lenticular nebulae, or of the central 
lenticular figure of a spiral nebula, from the circumstance that the particles 
which form the sharp equatorial edge are in orbital motion under the gravi- 
tational attraction of the mass. Thus if » is the angular velocity and a the 
radius of the equatorial sharp edge, 

yM = wa’. 

The only two nebulae whose angular velocities of rotation are known are 
M 31 (Andromeda) and N.G.C. 4594 (Virgo). By a method similar to that 
just explained, Hubble estimates the masses of these to be 

M 31, Mass =7 x 10® grammes = 3°5 x 10° x mass of sun. 
N.G.C. 4594, Mass = 4 x 10° grammes = 2 x 10° x mass of sun. 


The masses are of the same order of magnitude. As M31 is abnormally 
bright it is likely to be abnormally massive, whereas N.G.C. 4594 which is 
normal at least to the extent that M,+5logd represents exactly the mean 
surface brightness of its class, is more likely to be of normal mass. Thus we 
may suppose the normal nebula to have a mass of 4 x 10” grammes or two 
thousand million suns, which is significantly near to the probable total mass 
of the cluster of stars surrounding our sun. 


Hubble estimates the average distance apart of the great nebulae to be 
570,000 parsecs, this representing a density of distribution of 9 x 10-8 nebulae 
per cubic parsec, or 3 x 10-® nebulae per cubic centimetre. Assuming the 
average mass of a nebula to be 4 x 10, the average density of matter in space 
is 1-2 x 10-* grammes per cubic centimetre. Hubble, on grounds which seem 
to me unconvincing, takes the mean mass of a nebula to be only 2°6 x 108 
times that of the sun, and so obtains a mean density of only 1:5 x 10 
stating, however, that both estimates must be regarded as lower limits. 
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322. Let us imagine the matter in each nebula to be spread out until 
it uniformly fills a cube of such size that the cubes of the different nebulae 
just touch. Since the nebulae are all of about equal mass and are approxi- 
mately scattered uniformly in space, these cubes will be all about equal and 
the density of matter in each will be about the same, namely 1:2 x 10-* 
grammes per cubic centimetre. We accordingly have space filled with matter 
of this uniform density. 


This brings us to the picture which the majority of cosmogonists have 
adopted as their conception of the primaeval universe. Kant started from it, 
but made the initial mistake of supposing that such a distribution of matter 
would acquire angular momentum with the mere passage of time. Laplace, 
avoiding Kant’s error, postulated that the initial nebulous mass should be in 
rotation and argued that its inevitable shrinkage would produce solar systems. 
As we have just noticed, Newton thought that “some of it would convene 
into one mass and some into another,...and thus might the sun and fixed 
stars be formed.” 


We have seen that the principle of gravitational instability requires that 
such a continuous distribution of matter should convene into distinct masses, 
but Table XXX (p. 350) suggests that with any reasonable molecular velocity, 
a medium of density 1:2 x 10-* would form condensations whose masses would 
be those of spiral nebulae rather than stars, and the case is still stronger if 
we accept Hubble’s lower estimate of density. With the higher density of 
1:2 x 10-", and with a molecular velocity of 3 kms. a second, the condensa- 
tions would form at average distances of 520,000 parsecs apart, and have 
average masses of 3°6 x 10® grammes. 


It is difficult to imagine that the spiral nebulae were created precisely as 
they now are, and if we try to peer back one stage further into the history of 
the universe, the picture to which we are naturally led is that of matter 
scattered uniformly through space. It is satisfactory to find that if this 
matter were in the gaseous state, its molecules moving with reasonable velocities 
of thermal agitation, then the next stage in the evolution of the universe 
would be the formation of distinct aggregations having masses -comparable 
with those of the spiral nebulae. 


323. Imagine that a condensation of mass M initially forms a sphere of 
radius r, and that it begins to fall in under its own gravitational attraction, 
each particle falling towards the centre under gravity unchecked by any forces 
whatever. The time until the radius of the sphere is reduced to 7” is readily 
found to be 

rt 


(2yM)? 


where r’ =r cos? y. If r’ is only a small fraction of r, y will be very nearly 


(y+sin y cos y), 
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equal to $7, so that the time necessary for a sphere to shrink under gravity to 
any small fraction of its original radius r is approximately 


x (5): 


If we put M=4x 10" and r=285,000 parsecs=9 x 10¥ cms. in this 
formula, we find that the time necessary for a condensation in the primaeval 
medium to shrink to the dimensions of a spiral nebula is of the order of 6 x 10% 
years. This supposes that each particle falls solely under the attraction of the 
condensation to which it belongs. Actually each particle would be under the 
attractions of all the masses in the neighbourhood, and these various attrac- 
tions would to a large extent neutralise one another, while as soon as the 
motion had proceeded to any extent, it would be further retarded by mole- 
cular collisions. Thus the actual time would be many times longer than that 
just calculated. 


324. Any currents or motion in the original medium would contribute angu- 
lar momentum to the nascent nebulae, and as these shrank tonebulardimensions, 
the constancy of angular momentum would result in fairly rapid rotations of 
the shrunken masses; currents of well below a kilometre a second in the 
primaeval gas would be adequate to produce the observed rotations of the two 
nebulae whose rotations have been measured. 

The question arises as to what length of time must elapse before a mass 
whose angular momentum was initially scattered in the form of random currents 
can assume a state of approximately uniform rotation about a definite axis. 
We saw in § 243 that inequalities of rotation would be reduced to half-value 
across a distance r in a time of the order of magnitude of pr?/n, where 7 is the 
coefficient of viscosity. Since a nebula is almost transparent, radiative viscosity 
is non-existent, so that n may be taken to be the coefficient of material viscosity 
tpcl, where c is the mean velocity and / is the mean free path, and the time in 
question becomes 372/cl. 


For a final nebula, let us put r= 4 x 10”, J=10",¢ = 10’, and we find that 
inequalities of rotation are halved over a distance of about a quarter of the 
radius of an average nebula in a period of 1°6 x 10¥ years. 


In an earlier stage of the shrinkage the time for equalisation over a 
corresponding fraction of the radius is less. When the nebula has n times its final 
dimensions, equalisation takes place n times as rapidly. In view of the slowness 
of the earlier stages of nebular contraction, it seems likely that a nebula may 
acquire fairly uniform rotation in the process of shrinkage, but we have seen 
that if this does not happen, the whole of astronomical time will barely suffice 
to smooth out such inequalities of rotation as remain. 


The calculation hardly suggests that a nebula will acquire absolutely 
uniform rotation, and neither does observation suggest that the rotations of 
the nebulae are uniform. Photographs of different lengths of exposure may be 
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PLATE XIII 


I. N.G.C, 3115 II. N.G.C. 5866 
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[View NEGCS5 746 V. N.G.C. 4565 
Mt Wilson Observatory 


The Sequence of Nebular Evolution 
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interpreted as revealing approximately the surfaces of constant density in the 
nebulae, and it is a remarkable fact that short exposures shew an area which 
exhibits the elongated shape of the main nebula but on a smaller scale. If 
the nebula were rotating with a uniform angular velocity, the inner surfaces 
would be less elongated than the outer, and the innermost surfaces of all 
would be nearly spherical. Exposures of different lengths shew that this is 
not the case, suggesting very forcibly that the inner layers are rotating far 
more rapidly than the outer. Incidentally this may explain the circumstance 
that nebulae of types #6 and #7 shew more elongation than is possible in 
a uniformly rotating mass. 


325. In the final stages of its shrinkage, the nebular condensation approxi- 
mates to the shrinking rotating nebula, endowed with a constant amount of 
angular momentum, which formed the starting point of Laplace’s cosmogony, 
and also the subject of the theoretical researches collected in Chapter 1x. As 
such a nebula shrinks, it must pass through the sequence of configurations 
already described. After being at first almost spherical, it will become 
spheroidal, then will develop a sharp edge in its equatorial plane. Matter 
will then be shed off from this sharp edge and left describing orbits in the 
equatorial plane. Individual nebulae may of course stop at any point in the 
sequence from want of angular momentum. 


As the shrinkage proceeds, the central regions become continually more 
dense, and must in time assume a stellar condition in which the matter is opaque 
to radiation. As with the stars discussed in Chapter v, such a nebula cannot 
exist stably with density so low that the gas-laws are obeyed throughout, so 
that the shrinkage must proceed until substantial deviations from the gas-laws 
occur, at any rate in the central regions of the nebula. 


So long as these deviations from the gas-laws are not too great, we 
can use Poincaré’s theorem to calculate the mean molecular velocity in the 
nebula. The calculation is identical with that already given in § 311, and 
predicts a molecular velocity of 107 cms. a second if the average gravitational 
potential throughout the nebula is taken to be yM/R. In view of the high 
central condensation of mass, the average must be far higher than this, so 
that 10° cms. a second is probably an underestimate for the mean molecular 
velocity. 


Velocities of this order of magnitude are impossible for complete atoms or 
molecules, since they correspond to temperatures far above those at which 
atoms or molecules can exist without electronic dissociation. To attain con- 
sistency we must suppose the molecules to be completely broken up into their 
constituent electrons and nuclei; a velocity of 108 cms. a second with an 
effective molecular weight of 2°5 corresponds to a mean temperature of 125 
million degrees, with a central temperature of perhaps double this. 
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Thus the physical conditions at the centre of a nebula must be precisely 
the same as those we have found to prevail at the centres of the white dwarfs, 
and, apart from their rotation and outer structure, the extra-galactic nebulae 
may be regarded as being merely white dwarfs of colossal mass. 


326. If the foregoing calculation had been presented in another order, we 
could have traced the changing physical conditions which succeed one another 
as the nebula shrinks, and would have found that the final “ white dwarf” state 
was reached when the nebula had shrunk to a radius of the order of magnitude 
of 400 parsecs, this being the radius that corresponds to a “ white dwarf” tempe- 
rature. On the hypothesis we are now considering, it is this that determines 
the dimensions of the great nebulae, and accounts for their being all of ap- 
proximately equal size, as shewn in Table XXIX. 


The equilibrium of the nebula along its polar axis is determined by the 
usual hydrostatic equation 


oP =~ IPs 
into which the rotation does not enter at all. Thus when a nebula shrinks 
in the way just imagined, the final length of its polar axis ought to be 
approximately independent of its velocity of rotation. This latter quantity 
determines the ratio of the two axes, but the length of the minor axis must be 
determined almost entirely by the amount of matter in the mass. 

Thus we can imagine the original nebular medium to condense, under 
gravitational instability, into nebulae of approximately equal mass YW, rotating 
with different angular velocities. The minor axes of these masses will be all 
equal, but their major axes will depend on the varying degrees of rotation. 
Or, more precisely, the minor axes will be ranged about a mean with the 
same dispersion no matter what their rotation, while the equatorial extension 
is determined by the rotation. 


This is exactly what Hubble’s measurements reveal in actual nebulae. 


327. If the rotation of the nebulae represents angular momentum arising 
from random currents in the primaeval nebular medium, then the angular 
momenta of the different nebulae about any one axis in space ought to shew 
a Gaussian distribution. The total angular momenta M ought accordingly to 
shew a Maxwellian distribution of the form 


Mite tt). k es ee ee (327-1), 


the axes of rotation being oriented at random. If the nebulae are treated as 
being all of the same mass and dimensions, M is proportional to the angular 


velocity, and so by equation (303'3) to ef, the square root of the ellipticity, 
so that the law of distribution of ellipticities ought to be of the form 


chet der, Satie, 3 ee eee (327°2). 
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PLATE XIV 


N.G.C. 7217 


M 64 


Mt Wilson Observatory 


Spiral Nebulae with nearly circular arms 
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Actually this formula can only be valid up to about e = 0°6, all higher 
values being represented by the spiral nebulae. The fact that the spirals far out- 
number the elliptical nebulae shews that k must be quite small, so that up to 
e=0°6 the effect of the factor e~** is probably inappreciable. If we neglect 
the factor e~* altogether, the law of distribution reduces to etde. The following 
table shews the numbers of actually observed nebulae as given by Hubble 
after allowing for foreshortening on the supposition that the nebulae are 
oriented at random in space, together with a calculated distribution which 
obeys the law ede. 


Observed 
(Hubble) 


Ellipticity 


0 to 0°05 9:9 
0:05 to 0°15 56 
0°15 to 0°25 76 
0:25 to 0°35 9°3 
0°35 to 0°45 10:0 
0°45 to 0°55 1271 
0°55 to 0°65 10°8 
0°65 to 0°75 21°7 


There is good enough agreement except at the two ends of the curve. The 
large observed preponderance of nearly spherical nebulae may arise from the 
outer layers rotating less rapidly than the inner layers, and so not having the 
elongation appropriate to the angular momentum of the nebula, while the 
less marked excess of nebulae of high ellipticity could be easily explained in 
the not improbable event of a few Sa nebulae having been classified as H 7. 


THE SPIRAL ARMS. 


328. Laplace, discussing the sequence of configurations assumed by his 
rotating nebula, supposed that it had a universe to itself, and so was acted 
on by no forces beyond its own gravitation. In this case symmetry required 
that the matter shed in the equatorial plane should form perfect circles. 


An actual nebula must be acted on by tidal forces arising from the general 
gravitational field of the universe as well as from other nebulae. When first 
it assumes the lenticular form, the forces of gravitation and centrifugal force 
do not suddenly become equal at all points of the equator simultaneously. 
Two opposite points of the equator will be distinguished from the others as 
the points at which the tidal forces give the greatest height of tide, and the 
ejection of matter will first commence at these two points. The two points 
are points fixed in space, determined by the tidal field in space, and not 
points rotating with the nebula, although of course their position may gradually 
change as the gravitational forces of the ejected matter modify the general 
tidal field. 
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For these reasons ejection of matter ought to occur symmetrically at two 
antipodal points on the equator of the nebula, and the ejected matter ought 
to form two symmetrical streamers or arms in the equatorial plane of the 
nebula, branching out from two opposite points of the equator *. 

The typical nebula shews precisely such arms. Plate XIV shews two 
nebulae in which the arms are closely coiled around the central mass, while 
Plate XV shews two others in which the arms are much more open. 

329. Van Pahlen+, Groot+ and Reynolds§ have measured the curves 
formed by these spiral arms and find that in normal cases they approximate 


to the equiangular spirals 
pt AGM cuss cepecry anne tees eae (329°1), 


where A and a are constants, the value of a determining the degree of openness 
or closeness of the spiral. 


oS 


N.G.C. 5247. -N.G.C. 2835. 'N.G.C. 4254 


N.G.C. 4321, N.G.C. 1232. 


Fig. 59. The curves formed by the spiral arms of six nebulae (Reynolds). 

The agreement is not at all close. Van Pahlen measured the three spirals 
M 33 (Plate XI), M51 (Plate XV) and M74, and found substantial de- 
partures from the strictly spiral shape in each. Groot found that in eight out 
of nine spirals considered, the curve was tolerably close to a true equiangular 
spiral. Reynolds measured six other spirals which he regarded as typical and 
found substantial deviations from the spiral form in each. Fig. 59 shews the 

* For a fuller and more precise discussion, see M.N. uxxxurt. (1923), p. 453. 


+ Ast. Nach. cuxxxvitt. (1911), No, 4503. t MLN, uxxxy, (1925), p. 535 
g Ibid. p. 1014. , 
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Mt Wilson Observatory 


Spiral Nebulae with open arms 
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curves as measured by Reynolds after allowing for the foreshortening arising 
from the inclination of the nebular planes to the line of sight. If the curves 
were true equiangular spirals they would cut the background of circles always 
at precisely the same angle. 

No satisfactory explanation has so far been advanced as to why the spiral 
arms should have these particular shapes. 

The most obvious conjecture to make would be that the arms are orbits 
described by the ejected matter, but this does not survive examination. The 
orbits under gravitation ought to be very nearly circular or elliptical; even if 
open orbits, such as equiangular spirals, could be obtained, they ought con- 
tinually to increase in length with increasing age, and nebulae of average 
age ought to shew many thousands of convolutions, whereas in fact almost 
all nebulae shew just about two convolutions and no more. 

Van Maanen* and Lundmark+ have attempted to measure the motion 
in the spiral arms by direct comparison of photographs taken at intervals of 
several years, but the results they obtain are not consistent either with one 
another or with Hubble’s determination of nebular distances, 

Even the geometry of the spiral arms raises great difficulties. Some 
nine-tenths at least of the spiral nebulae shew the characteristic equiangular 
spiral shape of arms, so that any motion occurring in these arms must be such 
as to transform one equiangular spiral into another. The most general motion 
which does this is compounded of a motion along the arms and a tangential 
motion proportional to r(a+b log r)t. Any motion along the arms seems 
to be precluded by the circumstance that the length of the arms remains 
permanently equal to about two convolutions; it does not appear to be a case 
of stars fading into invisibility after describing two convolutions, for in a 
number of nebulae (as, for example, M51, Plate XV) the arms terminate in 
definite secondary nebulae. The coefficient b in the tangential motion repre- 
sents secular changes in the angle of the nebula and so must be very small. 
Thus the only remaining possible motion is one of pure rotation. 

It seems almost impossible to explain pure rotation dynamically in terms 
of known forces, and we are led to the disconcerting, but almost inevitable 
conjecture, that the motions in the spiral nebulae must be governed by forces 
unknown to us§. E. W. Brown|| has attempted to escape this conclusion by 
regarding the spiral arms not as orbits but as envelopes of orbits described 
under gravitational forces, the nebular matter being supposed only to shew 
where these orbits are greatly concentrated, as at their points of contact 
with an envelope. The law of force necessary to produce orbits whose envelope 
is an equiangular spiral is, however, found to be very complicated, demanding 
a highly artificial distribution of matter to produce it. 


* See a series of papers in the Astrophysical Journal, xuiv.—Lvit. (1916-1923), or Mount Wilson 
Contributions, Nos. 118-260. 

+ M.N. uxxxy. (1925), p. 865. t M.N, vxxxmt, (1923), p. 61. 

§ Ibid. p. 73. || Astrophys. Journ. uxi. (1925), p. 97. 
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The only result that seems to emerge with some clearness is that the spiral 
arms are permanent features of the nebulae. They appear to have been formed 
in the process of shrinkage, two convolutions or thereabouts being formed 
by each nebula, and to have been perpetuated in static form ever since. Their 
further interpretation forms one of the most puzzling, as well as disconcerting, 
problems of cosmogony. 

Not only so, but until the spiral arms have been satisfactorily explained, 
it is impossible to feel confidence in any conjectures or hypotheses in con- 
nection with other features of the nebulae which seem more amenable to 
treatment. Each failure to explain the spiral arms makes it more and more 
difficult to resist a suspicion that the spiral nebulae are the seat of types of 
forces entirely unknown to us, forces which may possibly express novel and 
unsuspected metric properties of space. The type of conjecture which presents 
itself, somewhat insistently, is that the centres of the nebulae are of the 
nature of “singular points,’ at which matter is poured into our universe from 
some other, and entirely extraneous, spatial dimension, so that, to a denizen 
of our universe, they appear as points at which matter is being continually 
created. 


CHAPTER XIV 


THE GALACTIC SYSTEM OF STARS 


330. As we have seen (§ 13), our sun is a member of a huge system of 
stars whose number must be counted in thousands of millions, In general 
shape this system may be compared to an oblate spheroid with very unequal 
axes, or, less mathematically, to a coin or round biscuit. The stars are not uni- 
formly distributed throughout this system, being much more thickly scattered 
in its central parts than in its outer regions. Probably there is no clearly 
defined boundary, the star-density diminishing indefinitely as we recede from 
the centre, but never becoming quite zero. The sun lies almost exactly in the 
central plane of the system, although not precisely at the centre. Those stars 
which lie near the edge of the coin or biscuit are so remote as to appear very 
faint to us and constitute the Milky Way. The system of stars bounded by 
the Milky Way is commonly called the Galactic System. 

The stars shew so little motion that for a long time astronomers failed to 
detect any motion at all, and they became known as “fixed stars” to dis- 
tinguish them from the planets or “wandering stars” whose motion was 
obvious to everyone. But modern astronomy finds it possible to measure the 
motions of a great number of stars. By measuring a star’s apparent displace- 
ment in the sky over a number of years, it is possible to determine its angular 
motion round the sun, and if the star’s distance is known this can immediately 
be translated into an actual velocity of kilometres per second. By measuring 
the displacement of lines in the star’s spectrum, it is often possible to determine 
the speed with which the star is approaching, or receding from, the sun. The 
combination of both methods makes it possible to determine the star’s motion 
completely, and to announce that it is moving at so many kilometres a 
second in such or such a direction. 


There are two ways of studying the motion of a large collection of in- 
dependently moving bodies, such as stars, the molecules of a gas, or the 
asteroids in the solar system. It may be possible to measure the motion of 
each individual and so acquire a complete knowledge of the motion in question. 
If this is impossible it may still be possible, by the use of statistical methods, 
to discover certain general characteristics of the motion. In the kinetic theory 
of gases, for instance, no attempt is made to follow the motions of individual 
molecules, but a general statistical treatment shews that they must neces- 
sarily move equally in all directions, no preference being shewn for any one 
direction over others, and Maxwell’s well-known law gives the statistical 
distribution between different velocities. By contrast, the motion of the 
asteroids shews very marked preferential motion, being confined very closely 
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to a single plane, namely the plane of the orbits of the outer planets, while in 
the neighbourhood of any one point, the motion of the asteroids is nearly 
confined to one direction in that plane, namely the direction at right angles 
to the direction of the sun. 

The question arises as to whether the motion of the stars is in any sense 
an ordered motion like that of the asteroids, or whether it is purely random 
like the motion of the molecules of a gas. Until 1904 most astronomers would 
probably have conjectured that the motion was of the latter type, but solely 
on the grounds that the motion had not so far been found to be anything but 
characterless. In 1904 the situation was abruptly changed by Kapteyn’s 
discovery of the phenomenon of “star-streaming.” 

Kapteyn found that the motion of the stars in the neighbourhood of the 
sun shewed a distinct preference for one direction in space. The preference 
was not entirely like the preferential motion of the asteroids, since some stars 
moved forwards and some backwards along the same direction, but this dis- 
tinction is one which can be removed by altering the frame of reference to 
which the motions are referred. The stars do not all move along this particular 
direction ; indeed, the preference for this direction is not very highly marked, 
many stars moving absolutely athwart it. 

The direction of the preferential motion is found by Kapteyn and many 
others to be exactly in the galactic plane. Kapteyn attempted a dynamical 
explanation on the general lines that the direction of preferential motion was 
at right angles to the direction pointing towards the centre of the galactic 
system, the motion of the stars about the centre of the galactic system thus 
being supposed similar to that of the asteroids about the sun, except that 
Kapteyn imagined two swarms of “asteroids” intermingled with one another 
and moving in opposite directions. 

An alternative mathematical expression of the observed fact was suggested 
by Schwarzschild. The molecules of a gas obey Maxwell’s law of distribution, 
according to which the number whose components of velocity w, v, w lie within 
a small range dudvdw is‘of the form 

Ae-*h(wi+v'+w) dududw. 

Schwarzschild proposed that the motions of the stars conformed to an 

“ellipsoidal” law of distribution of the type 
Aeh (w+v?) ~ kw? du dudw. 

If h is made equal to k in this formula, the motion reduces to the random 
motion specified by Maxwell’s law. If A is infinite in comparison with &, wu and 
v must be zero for every star, so that the motion reduces to a pure to-and-fro 
motion along the axis of z. If h is larger than k&, the motion shews a 
preference for the two directions along the axis of z, the amount of this pre- 
ference being determined by the value of the ratio h/k. The observed degree 
of preferential motion is represented by assigning to h/k a value of about 2. 
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STEADY MOTION OF A SYSTEM OF STARS. 


331. With a view to searching for an explanation of this and other observed 
phenomena in the galactic system, we proceed to a dynamical discussion of 
the motions of a system of stars, which move under one another's gravitational 
attractions. 

Consider first a spherical space in which stars are scattered with fairly 
uniform density, the mean density of matter being p. The gravitational force 
at a distance r from the centre is a force 47ypr towards the centre, and under 
this force a star will describe an elliptic orbit with a period equal to 


fae =a BECONS -. < ce¥ es spose ofactoeys eas (331°1). 
YP 


It is noteworthy that this period depends only on the density and not on 
the radius r of the system. 

In the neighbourhood of the sun, we have supposed there to be a star 
density of one star per ten cubic parsecs, and if the average star is supposed 
to be of mass equal to the sun, the average density of matter in space is found 
to be 7 x 10-“ grammes per cubic cm. The period of an orbit described in a 
field of matter of this density is found, from formula (331'1), to be about 150 
million years. 

Thus a star moving in the neighbourhood of the sun, or in regions of 
space of equal star density, will have its path turned through an angle of 
360° in about 150 million years by the gravitational forces arising from the 
stars as a whole. Our process of averaging the density through space has not 
allowed for the special deviations of path produced by near encounters with 
individual: stars, but formula (287°4) shews that in 150 million years the 
expectation of the total deflection produced by such near encounters is only 
a few minutes of arc. 

Apart from the precise figures we have used, this makes it clear that the 
motion of a star is determined almost exclusively by the main gravitational 
field of the system to which it belongs, so that, apart from exceptional cases, 
the influence of near stars may be neglected. 


332. This at once explains the continued existence of moving star clusters 
(§ 26). The members of these clusters are so far apart that the encounters 
with near stars must be different for each. These encounters produce only 
very slight effect on the motion, so that the stars continue to describe approxi- 
mately parallel courses under the uniform gravitational field of the stars as a 
whole. Detailed calculations are given in § 349 below. 


333. The problem of tracing the paths of stars now reduces to the problem 
of motion in a steady gravitational field, the field being produced by the stars 
themselves. In brief, the statistical problem of stellar motion is that of the 
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kinetic theory of gases with the collisions left out and a gravitational field 
thrown in. Just as,in the kinetic theory, the gas may be imagined divided up 
into a system of showers of parallel-moving molecules, so in stellar dynamics 
the stars may be imagined divided up into a system of parallel-moving clusters. 
But there is the essential difference that in stellar dynamics these clusters 
retain their identity through long periods of time, whereas in gas-theory they 
do not. 

Confining our attention to a small region dxdydz of space, let us suppose 
that the number of stars within this region, whose velocity-components w,v,w 
lie within prescribed limits dudvdw, is 

f(t, v, W, &, Y, 2, t) dudvdwdadydz.............+. (333'1). 


If V is the gravitational potential of the whole system of stars, the motion 
of each of these stars will be determined by the equations 
du _0V dv_0V dw_oaV 
ah coe (pdb teil ace ae oak 
After a time dé the parallel motion of these stars will take them to 
a position «+ udt, y+vdt, w+zdt, while their gravitational accelerations 


will have increased their velocity components to wu rage! etc. Hence 


Ox 
expression (333'1) must be equal to 
oV ae, oV ) 


f(u+ Zod, 0 +5, a wt F dt, w+udt, y+odt, 2+wdt, t+dt), 


since the stars specified in both groups are identical. We must accordingly 
have 
ct of WV of , eV of 
dt ' dx du dy au * dz dw 
This is the differential equation which must be satisfied by the distri- 
bution-function f throughout any motion whatever of a system of stars. It 
will be seen to be identical with the corresponding equation in the kinetic 
theory of gases, except that the terms arising from collisions are left out. 


F Q 
+u ut soL ew = 0 ...(333°2). 


334. If the stars are in a state of steady motion, f does not change with 
the time, so that the first term df/dt in equation (333-2) must be omitted. 

To solve the resulting equation for f, Lagrange’s rule directs us to find all 
possible integrals H, = cons., £, = cons., etc., of the system of equations 


du dv dw s _dy _ dz 


Me av a Dy tees (3341). 
Ox oy Me 
The solution of the equation is then simply 
hhh as sedbdisseste Ao sapet arses (334'2) 


where ¢ is any arbitrary function. 
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Clearly, however, equations (334:1) are merely the equations of motion 
of the star in the general gravitational field of the whole system, so that 
E,, Ey, ... are the first integrals of the equations of motion. 

One such integral can be written down at once, namely the integral of 


energy 
FE, =4(w?+v?+w’) — V=constant ............ (334'3), 


and it is only in special cases that other integrals exist. 


Systems with Spherical Symmetry. 

335. If the gravitational field of the cluster is spherically symmetrical, 
so that V is a function only of r, the distance from the centre, equations 
(3341) assume the form 

du du dw dx dy dz 


zOV-yoV z0V ou vw w aaje\e,010\6.s} e108 (3351), 
TOP vero. 7 Or 


and there are three integrals 

@, = yw —zv =cons,, 

@,= zu —xw=cons., 

@,= x20 — yu = cons., 
expressing that the moments of momentum a, aw, @; per unit mass about 
the axes of co-ordinates remain constant. 

There are no other integrals except for special values of V. For instance, 
if V=ar*, where a is constant, there are additional integrals of the type 
uw? — 2aa* = cons., etc., the corresponding motion being one in which each 
particle describes a continually repeated elliptic orbit about the centre. 


Apart from special artificial cases such as this, there can be no integrals 
beyond those already mentioned, so that the distribution-function f must be 
of the form 

T(E, Gi, B2, @;) dududwdxdydz............06. (335°2). 

Since V?V =— 4p, it follows that if the gravitational field is spherically 
symmetrical, p can depend only on r, so that the density is arranged in 
spherical shells. The density is obtained by integrating the distribution 
law (335'2) with respect to all values of uw, v and w. For the resulting 
density to depend only on 7, it is necessary (as is most easily shewn by 
rotation of axes) that this law should be of the form 

f (BE, of +024 o,2) dududwdadydz ............0. (835'8). 

If c? is written for u?+ v?+ w?, the law of distribution can be written in 

the form 

SHEE VGC BINIG) Wo aoses otemsannecieter (335°4), 
where a is the angle between the directions of r and c. At any single point 
in space the law of distribution f depends on ¢ and on a. With this law of 
distribution, the velocities of the stars are not uniformly distributed over all 
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directions in space, for this would require that f should depend on c only. 
The velocity-diagram for the motions of the stars near a given point will not 
be spherically symmetrical, but will be a figure of revolution, having the 
radius through the point to the centre of the system as origin. 

H. H. Turner at one time suggested* that the observed star-streaming 
in our own universe might be explained in this manner, supposing it to 
orginate in the backward and forward motions of stars describing orbits 
of high eccentricity about the centre of the whole system. Eddington sub- 
sequently shewedt+ that steady states of the type included in formula (335°4) 
were possible, but failed to notice that (as we shall soon see) they were only 
possible in a strictly spherical universe. It is fairly certain that our system 
of stars is nothing like spherical, being a lenticular or biscuit-shaped structure, 
and the observed star-streaming is almost certainly not along radii but 
nearly at right angles to radii. Thus a formula of the type of (835-4) cannot 
account for the observed stellar motions in the galactic system. 

Finally, we may notice that the total angular momentum of a system of 
stars whose steady motion is determined by this formula is zero, so that this 
state cannot be assumed by a system of stars which has originated out of a 
rotating nebula or other rotating body. 


Systems with Aaial Symmetry. 


336. After the system whose gravitational field is spherically symmetrical, 
the next system in order of simplicity is one in which there is symmetry 
about an axis, so that the surfaces, both of equal potential and of equal 
density, are surfaces of revolution 

Taking the axis of symmetry to be the axis of z, the only integrals of 
equations (3341) are seen to be the energy-integral, and the integral 
#3 = cons., which expresses that the moment of momentum of a star about 
the z-axis remains constant. Hence the only possible state of steady motion 
is one in which the law of distribution is of the form 


Lexan Se ge eee ase. HOCH 


Systems with no symmetry. 


337. The only remaining type of system is that in which there is no 
symmetry at all. Here the only integral is the energy integral, so that the 
law of distribution must be of the form 

SF (FB) =f lh (v8? +0? + w) — VV] once eee es (387°1). 

Integrating over all values of u, v and w, we find that the density at any 

point is a function of V only, so that there must be a relation of the type 


V = ¢$ (p). 


* MLN. uxx1. (1912), pp. 387 and 474. 
t Ibid. uxxty. (1914), p. 5; uxxv. (1915), p. 366; and rxxvz. (1916), p. 37. 
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Now this is precisely the type of relation we obtained in Chapter vIII 
in discussing the configurations of equilibrium of compressible masses. But 
when such a system is acted on by no forces except its own gravitation, the 
only solution of the equation represents a spherically symmetrical con- 
figuration in which both V and p depend only on r. This brings us back 
to the spherically symmetrical configurations discussed in § 335, of which 
the systems now under discussion are seen to form a special class. Thus the 
search for systems in steady motion with no symmetry at all has failed; no 
such motion is possible. 

Stability. 

338. We are left with the result that, apart from spherical systems in 
which the spherical symmetry is complete, the only possible states of steady 
motion are those included in formula (3361), which represents motions and 
configurations possessing symmetry about an axis. The total angular momenta 
of these systems is not necessarily zero, and all systems formed out of rotating 
masses must be of this type. 

Formula (336:1) includes the spherically symmetrical systems discussed in 
§337 as a particular case. It does not include the spherical systems with 
radial star-streaming discussed in § 335, and the mere fact that it does not at 
once suggests that these latter systems are of a special artificial kind. They 
have no angular momentum themselves and possess no counterparts which 
have angular momentum. Thus the slightest amount of angular momentum 
imparted to such a system destroys the state of steady motion. It must then 
pass through a series of states of unsteady motion until it ends up in one of 
the states specified by the law f (Z,, a;). These spherical systems with radial 
star-streaming must accordingly be regarded as unstable, and the only states of 
stable steady motion are included under the law f(£,, a3); their configurations 
possess symmetry about one axis, which may be thought of as a sort of axis 
of rotation. 

Stable States of Steady Motion. 

339. To consider these states of steady motion more fully, let us transform 
to cylindrical co-ordinates a, 0, z and let the components of the velocity c in 
these three directions be denoted by II, 0, Z. Then «,= a9, and the law of 
distribution f(#,, a;) assumes the form 

FR U2 + O? + 22) — Vi OB)... cc eee eee es (339'1). 

The velocities are not distributed uniformly in space but shew preferential 
motion in the directions + ©, i.e. in directions parallel to the central plane 
z=0, and at right angles to the radius to the centre of the system. 

Thus the observed star-streaming in the galactic system exhibits the 
qualities predicted by formula (339:1) and, so far as these qualities go, the 
star-streaming is capable of interpretation as resulting from steady motion of 
the only kind which is dynamically stable. 
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STAR-STREAMING IN THE GALACTIC SYSTEM. 


340. The hypothesis that the observed star-streaming arises from a state 
of steady-motion admits of a quantitative test which is more exacting than 
the qualitative test so far considered. 

As we have already seen ($15), Kapteyn has given a first approximation to 
the density of star-distribution in the regions surrounding the sun, according 
to which the surfaces of equal density are similar ellipsoids. It is easy to 
calculate the gravitational potential arising from such a distribution of stars, 
so that V may be regarded as known at every point. Different forms of the 
function f in formula (339'1) will of course give different distribution of star- 
density, and on excluding all those which do not give the observed distribution 
of stars, we are left with all the states of steady-motion which are possible for 
the observed distribution of stars in the sky. It is of interest to discuss how 
far the star-streaming of such steady motions agrees with the star-streaming 
which is actually observed. 


341. The first attack on the problem was made by Kapteyn in 1922*. 
It was based on the assumption that each star belonged to one or other of two 
streams of stars which were revolving about the galactic axis, and that, relative 
to the general motion of the streams to which they belonged, the motions of 
the individual] stars obeyed a Maxwellian law of distribution, the mean velocity 
being the same throughout the galactic system. Kapteyn was of opinion that 
this last assumption might be “considered doubtful” in its application to the 
stellar system. From a study of radial velocities he took the mean value of 
a single component of velocity to be 10°3 kilometres a second. As we have 
already seen from Poincaré’s theorem, the mean velocity in a system of stars 
moving in steady motion is determined by the mean gravitational potential 
throughout the system. Kapteyn having estimated the star-density through- 
out the system, could estimate the gravitational potential as soon as he 
assigned a definite mass to the average star. He found that this gravitational 
potential would give his assumed stellar velocities if each star had an average 
mass equal to about 1°7 times that of the sun. 


This calculation was based on Kapteyn’s estimate that the distribution of 
stars in the central regions of the galactic system was at the rate of 0:0451 per 
cubic parsec. This figure is too small, since more stars than this are already 
known in the neighbourhood of the sun, and the average mass of a star 
must be correspondingly reduced. Kapteyn’s result shewed, in effect, that to 
produce the observed velocities, the average density of matter in the 
neighbourhood of the sun must be equal to 0°0451 x 1:7 times the mass of the 
sun per cubic parsec. If we take the density of stars to be one per ten cubic 
parsecs (§ 8), we get the same density of matter by supposing the mass of 
the average star to be 0°77 times the mass of the sun. 


* Astrophys. Journ, ty. (1922), p. 302. 
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Kapteyn found that, for his assumed distribution of density to be possible 
for stars moving in a state of steady motion with star-streaming of the kind 
already described, the velocity of star-streaming had to have a certain velocity 
at each point in the system, a result which is of course also clear from the 
general discussion of §339. He calculated that in the galactic plane, the 
necessary velocity of star-streaming would be about 13:0 kilometres a second 
at 1010 parsecs from the centre, and that it would be fairly uniformly equal 
to 19°5 kilometres a second at all distances greater than 2000 parsecs. This 
would give a relative velocity for the two streams of 39 kilometres a second. 


Kapteyn estimated the relative velocity of the observed star-streaming 
near the sun to be about 40 kilometres a second, so that his investigation 
would seem, at first glance, to shew that star-streaming could only be ex- 
plained if the sun was something over 2000 parsecs from the centre of the 
system. This would however be antagonistic to the hypothesis from which the 
investigation started, that the sun is near the centre of the system. Correcting 
for this, Kapteyn found that the relative velocity of star-streaming would be 
39 kilometres a second at a distance of rather over 1000 parsecs, and would 
be 33 kilometres a second at 500 parsecs. Taking 35 kilometres a second to 
be the minimum velocity consistent with observation, Kapteyn concluded that 
the distance of the sun from the centre of the system must be greater than 
600 parsecs. 

As Kapteyn believed that the observed symmetry of brightness of the sky 
precluded a distance greater than 700 parsecs, he adopted 650 parsecs as the 
distance of the sun from the centre of the galactic system. 


342. An investigation of the problem of star-streaming which I published 
in the same year shewed* that Kapteyn’s assumption as to the distribution 
of velocities being Maxwellian was not only unjustified, but was also un- 
necessary. As the discussion of § 339 has shewn, the problem is fully 
determinate when the gravitational field of the stars is given, so that any 
extraneous assumption is superfluous, and can only lead to erroneous results. 

My own investigation amounted in eftect to examining what form of the 
distribution function f in § 339 would give rise to the field of star-densities 
estimated by Kapteyn. The data introduced were the axes of the Schwarzschild 
ellipsoid, at a point which was ultimately to be identified with the position of 
the sun. The corresponding mean velocity of peculiar motion is considerably 
greater than the 10:3 kilometres a second estimated by Kapteyn. As a con- 
sequence the density of matter necessary to produce these velocities was found 
to be greater than Kapteyn’s value. My ultimate figure was 0°0451 x 4°8 x 10® 
grammes per cubic parsec, which with ten stars per cubic parsec gives an 
average mass of 2°16 x 10® grammes per star, or 1:08 times the mass of the 
sun. 

* M.N. uxxxil. (1922), p. 122. 
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Kapteyn’s adjusted figure of 0°77 times the mass of the sun is probably 
nearer to the mass of the average star than my figure of 1:08 times this mass. 
The majority of stars are either dwarfs of types K and WM, or else perhaps white 
dwarfs, and an average of 1:08 times the sun’s mass seems impossibly high. 
From a statistical study of their orbits, Jackson and Furner* estimated the 
mean total mass of the two components of visual binaries to be 1°60 times the 
mass of the sun, giving 0°80 times the sun’s mass for each component. We 
have seen that visual binaries as a class have not been formed by fission, so: 
that 0°80 times the sun’s mass would represent the average mass of a single 
star. This is very near to Kapteyn’s value. On the other hand Kapteyn's 
value leaves no margin for the gravitational field of dark stars, of stars still 
undiscovered in excess of ten to the cubic parsec, of diffuse or nebular matter 
in space, or of aggregations or star-clouds such as are known to exist within 
distances less than those with which we are now concerned (§ 15). When 
these factors are taken into account a distribution of matter equal to 1:08 
times the sun’s mass for each visible star is probably fairly near to the truth. 


From either investigation, and even more so from the two jointly, we 
seem entitled to conclude that the gravitational field of known stars is just 
about adequate to account for the observed velocities of stellar motions and 
of star-streaming. It is, perhaps, rather remarkable that if there had been 
neither planets nor binary systems to reveal the masses of the stars, the 
phenomena of stellar motions would have enabled us to estimate the average 
stellar mass to within a few per cent. of the truth. 

My investigation gave 1090 parsecs as the distance of the sun from the 
centre of the system. The observations summarised in § 15 indicate that the 
system has no true centre, the stars surrounding the sun belonging in part to 
a small local system and in part to the much larger general galactic system. 
When Seares and van Rhijn+ treated these stars as all belonging to a single 
system, they estimated its centre to be 1200 parsecs distant from the sun. 


Final State. 


343. We have seen that a law of distribution of velocities of the type 
Dts atea) (a Bw te walker (343:1) 


will give steady motion except for the disturbing effects of encounters of near 
stars. Further, this formula has been found to include all possible cases of 
stable steady motion. 

The effect of near encounters will be slowly to change the character of the 
motion, and after a sufficiently long time, of the order of magnitude of the 
times considered in Chapter x11, the system of stars will tend to a steady 
state in which even close encounters do not disturb the statistical specifica- 
tion of motion. 


* M.N, uxxxt (1920), p. 4. + Astrophys. Journ. uxu. (1925), p. 320. — 
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During this process the form of the function f must change, and when 
the final steady state is attained, the general principles of statistical mechanics 
indicate* that the form of the function f must be 


FC ENE Re° Tene Hele) to asters. 88 | (343-2) 
where A, h and w are constants. Inserting their values for H, and a;, the 
law of distribution becomes 

f(Er, @;) = Ae~ hm[(u? + v? + w?) — 2V + 2w (xv — yu)] 
endear euaie tes) te Een thelr te] ...(343'3). 


Integrating over all values of u, v, w from — o to + 0, we find that the 
density at x, y, z must be of the form 


rant Oe a as Ge) tees at ca aot (343°4) 


where C is a constant. Thus, just as in a rotating mass of gas, the surfaces 
of equal density have equations of the form 


Vi +40? (a? + 92) =COMS. ..ccceceeceessceeees (343°5). 


These surfaces have already been discussed theoretically in Chapters vII 
and VIII. 


344. Formula (343°3) shews that, when the steady state is attained, the 
stars at any point have a mass-velocity of components -- wy, wx, 0, which is 
the velocity of a pure rotation with angular velocity » about the axis of z. 
Superposed on to this mass-velocity are velocities of individual stars distributed 
according to a Maxwellian distribution. In this motion there is no star- 
streaming. 

Thus the fact of star-streaming being observed is evidence that the stars 
are not yet in the final steady state now under consideration. As we have 
seen, star-streaming can be explained on the'supposition that they are in a 
state of steady motion which is permanent except for the effects of near 
encounters, but they must still be far from the later state in which even near 
encounters do not disturb their motion. The discussions of § 272 and § 276 
have nevertheless suggested that they may be a good distance on towards 
this final state. 


345. The law of density (343-4) which must obtain in the final state gives 
infinite density at an infinite distance from the centre except when w=0. 
Even when w =0, it gives a finite density at all distances from the centre, so 
that the system of stars is of infinite extent in space; it is in fact arranged 
like a mass of gas in isothermal equilibrium without rotation. 

When @ is different from zero, the formula shews that there can be no 
steady state until all the stars have been scattered to infinity. Actually, as 
we have seen (§ 229), the surfaces of equal density (343'5) consist of some 
closed surfaces and some open surfaces. If the density at the last of the 


* Dynamical Theory of Gases (4th ed.), §§ 107, 113. 
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closed surfaces is quite small, then the stars inside it form an apprommately 
permanent system, although there is a continual slow loss of stars across this 
surface. If however the density at the last closed surface, and so also at the 
first open surface, is not quite small, there will be a rapid loss across these 
surfaces, the stars streaming off in all directions in their efforts to establish 
the law of density (343:4), and as the velocity of many of these is, by 
formula (343'3), greater than the velocities of escape /(2V), a great part of 
the loss is permanent. 


The escaping stars are of high velocity and so take away more than their 
due share of angular momentum, so that in time the value of » may become 
so small that the system assumes a nearly spherical shape with only slight 
escape of stars. It seems probable that the globular star clusters may be 
formations of this kind. 


The galactic system may possibly be going through a process of the kind 
just described, but if so it cannot be anywhere near its final state. 


The question naturally suggests itself as to whether the spiral nebulae 
admit of interpretation, in terms of the foregoing conceptions, as clouds of 
stars on their way to a steady state. The elliptical nebulae have, as we have 
seen, surfaces whose equations are of the form of (343°5), so that to this 
extent they admit of interpretation as rotating clouds of stars. But the spiral 
nebulae do not, since such an interpretation fails to explain the concen- 
tration of stars in the equatorial plane of the nebula. If the lenticular 
central part of a spiral nebula consists of stars, then by formula (343°4) the 
star-density will be uniform over the whole surface of this lens, and since the 
velocities are also fairly uniform, stars will stream away in approximately 
equal numbers from all parts of the surface. The stars can in no way be 
restricted either to escaping only in the equatorial plane or to moving only 
in that plane after they have escaped. For this reason we cannot interpret 
the inner parts of the spiral nebulae as clouds of stars, and must fall back on 
the explanation already given in Chapter xu. As the spiral nebulae appear 
from all available evidence to be merely an extension of the series of elliptical 
nebulae, this indicates that the latter also must be interpreted as clouds of gas. 


THE DyNAMICcS OF MOVING CLUSTERS. 


346. We have seen that the general gravitational field of the galactic 
system as a whole can adequately explain both the general random motion of 
the stars and their ordered motion of star-streaming. Apart from these motions, 
groups of stars, the “moving clusters,” are seen pursuing a steady motion 
through the random motion of the surrounding stars, all the stars of a cluster 
moving with approximately parallel and equal velocities so that the cluster 


retains its identity. This phenomenon of course admits of dynamical dis- 
cussion, 
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Any one star of a moving cluster will be acted on by forces of three kinds: 


(a) The forces arising from the general gravitational field of the galactic 
system as a whole. 

(6) The forces arising from other stars of the same cluster. 

(c) The forces from near stars, not belonging to the cluster, which are 
undergoing encounter with the star in question in the sense that the forces 
between the two stars are of appreciable amount. 


We shall only consider motion in the central dense parts of the galactic 
system, and here the star-density may be supposed to be approximately 
uniform, giving rise to a uniform mean density p of matter. If, following 
Kapteyn, the surfaces of equal density in the galactic system as a whole are 
supposed to be similar spheroids, then the gravitational forces in the central 
region of the galactic system will be derived from a potential - 

Viet TEA (8 PPC EE (346:1), 
where A, C, K are constants, the galactic plane being the plane of zy. The 
ratio of C to A depends only on the shape of the spheroids. With Kapteyn’s 
ratio 5102 for their semi-axes, we find that C =6°31A. Poisson’s relation 
V?V =— 4aryp gives the further equation 2A + C= 2zryp, so that 

AE OT boryp 2° Cle SPBY PUT cena cceee (346°2). 

Let the centre of gravity of the moving cluster be sypposed to be at the 
point z, y,z. The components of force here are —2Ax,—2Ay, —2Cz. At an 
adjacent point «+ &, y+7, z+€ the components of force are — 2A (x#+&), 
—2A(y+n), —2C(z+¢). Thus a star whose co-ordinates relative to the 
centre of the cluster are &, 7, & will experience an acceleration relative to the 
centre of the cluster, of components —2A£, —2An, —20¢. Thus if forces (a) 
alone were operative, the equations of motion of a star in the cluster, relative 
to the cluster as a whole, would be 

2 
oe —2A€, Me =—2An, oe Oe A een (346°3). 

Since A and B are both positive, the resulting motion of the star in the 
cluster will be compounded of three harmonic oscillations, two parallel to the 
galactic plane, each of period 27/(2A)%, and one perpendicular to this plane 
of period 27/(20)4. With an average of one star of mass 2 x 10" per ten 
cubic parsecs, the actual period of the oscillation parallel to the galaxy is 
found to be 236,000,000 years, and that of the oscillation perpendicular to the 
galaxy is 91,000,000 years. 

If we wish to include the forces (6) arising from the other cluster stars, we 
may assume the cluster to be of uniform density and of ellipsoidal shape. Its 
gravitational potential at a point whose co-ordinates relative to its centre are 


E, 7, €, is then of the form 
V=k—a&? — bn? —cF?, 
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and we can take account of the resulting forces by replacing equations 
(3463) by 


ae 
Fe AFA) E, CC. ceeosrerceeteerennes (346-4). 


Let us at the same time include the forces (c) which arise from chance 
encounters with passing stars. Suppose that at any instant, as the result 
of such an encounter, a star experiences a force per unit mass of components 
F,, F,,, F,. During such an encounter equations (346°4) must be replaced by 


= acoA pales Poet sete ee (346°5). 
The general solution of this equation is 
t 

&=acos pt + B sin pt +f F,sin p (t—U) dt ......06 (346°6) 
0 


where acos pt + § sin pt represents the oscillation which is being executed by 
the co-ordinate & at the instant ¢=0, and p?=24. 

The period of the term sin p(t—?’) has been seen to be millions of years, 
and this is so long in comparison with the time of a single encounter that 
this term may be removed outside the sign of integration, and equation (346°6) 
may be rewritten in the form 


f= acospt-+ Bsinpt+ ¥ “sin p(t) eclosion (346°7) 


where I, = | F,dt. The integral is taken through a single encounter occurring 


at time t=¢, and the summation refers to all encounters. Following the 
usual procedure of squaring and averaging, we find for the expectation of the 
value of & at time ¢, 


PoHe+R)+2 5 oa weer (346'8) 


where the summation is over all encounters which have occurred up to time f¢. 


From its meaning, the last term in this equation necessarily increases 
steadily with the time, so that a cluster expands in all directions as it ages. 
This of course arises from the scattering effects of encounters with other stars. 
If the cluster was originally small in comparison with its present size, we 
may neglect the first term altogether, and rewrite the equations in the form 


pad ie at Day 

pags Ea tnk iE yea LL Savetet . 
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347. These equations shew that in general a moving cluster will expand 
at different rates in different directions, so that even if it is spherical initially, 

it will not remain so. 

Suppose first that a cluster approximately at rest is bombarded by stars 
reaching it equally from all directions. The values of 2J,2, %J,2 and J, 
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will in this case be approximately equal, so that the value of £&?, ?, £? in the 
expanded cluster will be inversely proportional to A +a, 4+6, Cte. 

If the star-density of the cluster is small in comparison with that of the 
field of stars in which it moves, a, 6 and c may be neglected in comparison 
with A and C. The semi-axes of the cluster are now proportional to 


A ek A 2 C “4 so that, as C is greater than A, the cluster flattens out in 
the galactic plane; its cross section in this plane remaining circular. With 
the relation c = 6°31 A already used, the ratio of the axes of the cluster would 
Deals ol 1, ; 
If the system of the B-stars discussed by Charlier* is treated as a moving 
cluster, or rather as a cluster at rest, we see that it ought to form a spheroidal 
system, flattened in the galactic plane, the ratios of its axes being as just 
stated. This is approximately what Charlier finds, except that he gives the 
ratio of the axes as 2°8: 2:8: 1. 


348. In only one known cluster, the Taurus cluster, is the star-density of 
the cluster itself other than small in comparison with that of the field of 
stars. Rasmusont estimates the star-density in this cluster to be about one 
star per 8 cubic parsecs, which is greater than the density of the galaxy 
itself. The shape of this cluster is accordingly determined more by the values 
of a, b and ¢ arising from the field of the cluster itself, than from the values 
of A, A and C. If 3/,?, J,?, =I? were all equal, then the ratio of the axes 
would be 2°51 to unity if the ratio were determined solely by A, A and C, 
and would be one of equality if the ratio were determined by a, b and c. 
Detailed calculation shews that the actual star-densities require theoretically 
an intermediate ratio of flattening of about 1°5 to unity, and this is almost 
precisely the degree of flattening found by Rasmuson from observation. 


In addition to this flattening in the plane of the galaxy, Rasmuson finds 
the axes in this plane to be slightly unequal; the velocity of the cluster in 
space is ample to account for this. 

Apart from the Taurus cluster, Rasmuson has studied the space distri- 
bution of four other principal moving clusters. Three of these (Perseus, 

-Scorpio-Centaurus and 61 Cygni) exhibit a distinct flattening parallel to the 

galactic plane, the degree of flattening being in each case less than the 
maximum permitted by theory, in which the ratio of the axes is 2°51 to 1. 
The greatest observed ratio is 2°34 to 1 in the Scorpio-Centaurus cluster. 

The fourth cluster, the Ursa Major cluster, does not shew galactic 
flattening, but is flattened at right angles to its direction of motion, as also 
in varying degrees are the three clusters Just mentioned. If a cluster is 
bombarded by stars moving relatively to it in directions mainly along the 
axis of a, it is readily found that 2J,? and 2J,? will be equal, while 2J,? will 


* Lund Meddelanden, Series II, No. 14 (1916). + Ibid. No. 26 (1921). 


376 The Galactic System of Stars [CH. XIV 


be small in comparison, and this will result in a flattening perpendicular to 
the direction of motion of the cluster. Thus clusters ought to shew flattening 
at right angles both to the galactic axis and to their own direction of motion. 
Rasmuson’s investigation indicates that most clusters shew precisely the 


required flattening. 


Expansion and Evolution of Clusters. 


349. The calculations already given in Chapter x11 enable us to estimate 
the rate at which a cluster expands. For simplicity let us consider a cluster 
bombarded in all directions equally, so that 

DW Aeitlg =21f=4202, 
where J denotes the total impulsive force at an encounter. 


From formula (285°5) we find that 
af Pepa ac 
T=} Vp’ 

where the stars are all supposed to have equal mass m. On summing over 
all encounters which occur in unit time, after the manner adopted in § 287, 
we find 

d =I? ay*m?v p 

82) ee a ale ee es 

at © = 19.4 = 48AV, 18 e) 
where 2p, is the mean distance between stars, and 2p, is the distance of 
approach for an encounter which deflects a star’s orbit through a right angle. 
On inserting the numerical values (cf. § 287) 


log, B) = 11-9, A =0-7559p, Vo= 10 am= 2.x10P, 
1 


this becomes 
Tym 


Vy 


For a point at which & = 20 parsecs, the expectation of rate of growth is 
only about a centimetre a second, and a growth of a further 20 parsecs would 
require 3 x 10” years. 


d 
di (€?) = 0°33 = 1:4 x 10”, 


While the cluster is growing in size, the velocities of its members 
will be gradually deviating from their parallel paths, so that the cluster is 
losing its identity both by its members being scattered in space and by their 
motions becoming scattered in direction. The formulae of § 287 shew that 
with the numerical values already used (m= 1m’ =2x 108, y=4x 107", 
V=10 kms. a second) a period of 20,000 million years will see about 
one star in 1000 knocked entirely out of the cluster by a violent encounter, 
while the average angle between the directions of motion of the surviving 
members will be about one degree. After 500,000 million years one- 
fortieth of the original members of the cluster will have been lost by violent 
encounters, while the mean angle of the velocities of the remainder is 
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about 5 degrees. We see that the complete disintegration of the cluster takes 
about 10” years, and results from gradual scattering rather than from single 
violent encounters. 


This calculation has supposed the stars all to be of solar mass. The 
formulae of § 287 shew that the time needed to produce a specified deflection 
in the path of a star of mass m’ is proportional to (m+ m’)', where m is the 
mass of the average star. Thus for a cluster of stars of five times the mass of 
the sun, the times of disintegration just calculated must be increased 81 times, 
so that complete disintegration takes 10“ years rather than 10” years. 

The foregoing rates of disintegration are the speediest possible, for they 
have been calculated for the maximum possible density of stars, namely that 
prevailing at the centre of the galactic system. A cluster can prolong its life 
almost indefinitely if it travels mainly in the outlying regions of the galaxy, 
where disturbing stars are sparsely scattered. Nevertheless, the foregoing 
figures give some indication of the ages of the star-clusters. 

Stars of mass equal to that of the sun would be knocked out of moving 
clusters after a few million million years, so that, with the ages we have 
already calculated for the stars, only stars considerably more massive than 
the sun ought, as a general rule, to be left in the moving clusters. 

In view of this result, it is significant that most recognised clusters consist 
mainly of stars of types B and A, which, as we have seen, are considerably 
more massive than the sun. The stars of a cluster do not range over all 
spectral types; there is generally a clearly defined limit* both in spectral 
type and absolute magnitude, and this limit fixes the age of the cluster. It 
is impossible to give very precise figures, but a limit corresponding to a mass 
double that of the sun would fix the age of the cluster at about five million 
million years. 


The Origin of the Galactic System. 

350. Within a few million million years the clusters we now observe in the 
sky will become inextricably mixed with the general mass of stars in the sky, 
and a few million million years ago a large number of stars which now appear 
to be moving at random must have been recognisable as members of clusters. 
It is interesting to consider whether our whole galactic system may have been 
formed simply out of a collection of moving clusters and the débris of 
disintegrated clusters. We can imagine a great number of such clusters 
thrown together, passing through one another in their motion and gradually 
becoming inextricably mingled. Occasionally a cluster would break free from 
the main mass and form an approximately spherical structure under its own 
gravitation ; such clusters would constitute the “globular clusters” described 
in § 27. 

* See, for instance, Curtis, Publ. Astron. Soc. Pac. 27, p. 248, Rasmuson, Lund Medde- 
landen, Series II, No. 26 (1921), and Trumpler, Lick Obs. Bulletins, 333 (1921) and 361 (1925). 
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When such a mingling of clusters takes place, the dimensions of the 
resulting system may be far greater than those of the component systems. 
Let 7, W, denote the kinetic and potential energies of a single cluster before 
mingling, and let J, denote its energy of translation relative to the centre of 
gravity of all the clusters. Then if 7, and W, denote the kinetic and potential 
energy of the resulting single cluster, the equation of energy is 


T,+W, = =(1,+W,+ Ji). 


If the constituent clusters were each in a state of steady motion before 
the mingling took place, Poincaré’s theorem gives 


27, + W,=0 


for each, while by the time the final cluster has attained to a state of steady 
motion we must have 


: 27, + W,=0. 


By simple algebra we obtain from these equations 
W,=2W,+ D9 BS 


Thus in the act of combination an amount of energy 22J,, which is double 
the total original energy of translation of all the clusters, is changed into 
potential energy, and so is spent in expanding the final cluster against its own 
gravitational attraction. With moderate initial velocities of translation, the 
ultimate expansion may be enormous. If we regard the galactic system as 
having been formed by the commingling of a number of clusters, or of the 
stellar products of a number of spiral nebulae, there is no difficulty in the 
circumstance that its dimensions are far greater than those of the constituent 
nebulae or clusters are likely to have been. 


351. The galactic system is too symmetrical in shape and shews too 
clearly defined a structure to have been formed merely out of a random 
conglomeration of moving clusters; if it was formed by moving clusters, 
something must have guided their motion into an ordered shape. No 
hypothesis as to the origin of the galactic system can be accepted which 
does not account for the very clearly marked galactic plane. 


This receives a simple and natural explanation in the hypothesis that the 
main part at least of the system represents the final stage of development of 
a single huge spiral nebula. Observation shews that the spiral nebulae retain 
their characteristic flattened shape throughout the greater part of their 
evolutionary history; the stars in their outer regions must move almost 
exactly in the plane of the nebula, or they would, after a comparatively short 
time, shew more scattering about this plane than is actually observed. 


The galactic plane accordingly admits of simple explanation as the plane 
of the parent nebula. The persistence of the stellar velocities in this plane 
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combined with the rotational velocity of the original nebula, provides a 
satisfactory explanation of the observed star-streaming in the galactic plane, 
this now being interpreted in terms of the ellipsoidal velocity distribution of 
Schwarzschild, and not in terms of the two intermingled star-streams of 
Kapteyn. On this view the velocities of the stars in any small region may 
be resolved into: 


(1) a uniform motion of rotation about the axis of the galaxy, 


(2) an individual motion, superposed on to the foregoing, with the law 
of distribution given by Schwarzschild’s ellipsoidal law. 


The combined motion gives a velocity distribution of the type included 
in formula (339-1), and so represents a possible state of steady motion. 


The foregoing view of the origin of the galactic system accords with the 
fact that the planes of the orbits of binary stars shew a preference for 
parallelism to the plane of the galaxy. In the past different investigators have 
reached different conclusions on this question*, but a recent investigation 
by Kreikent provides strong evidence that there is a real tendency to 
parallelism. 


It is clear from photographs of spiral nebulae that, when condensation 
of their outer parts first sets in, these do not immediately break into a 
uniformly distributed cloud of stars. Most nebulae in the early stages of 
development, and some in late stages, exhibit condensations which are far 
too large to be single stars, and are probably clusters each containing a great 
number of stars. The theory of gravitational instability makes it easy to 
understand how these large clusters come to exist. For it shews that all 
displacements of a gaseous medium which have a wave-length above a certain 
critical length are unstable, but that those of greatest wave-length are most 
unstable. The result must be that the condensations form on the largest 
possible scale first, and then gradually smaller condensations form inside 
these until the shortest wave-length is reached which gives rise to instability, 
the final condensations being of stellar mass. Nebulae such as M 51 (Plate XV) 
and M 81 (Plate XII) shew this process going on. 


These larger condensations may very possibly be precisely those groups 
of stars whose relics appear as moving clusters or open clusters in the galaxy, 
while the few which succeed in escaping altogether from the main mass, 
before the process of disintegration is far advanced, may be the observed 
globular clusters. This conception reconciles the strong general impression 
which the galaxy produces of being a chaos of moving clusters, with the 
equally strong impression it produces of being the last stage in the develop- 
ment of a spiral nebula. 


* Aitken, The Binary Stars, p. 218. 
+ E. A. Kreiken, M.N. uxxxvit. (1927), p. 101. 
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352. Against this must be noticed the apparent difficulty that the stars 
which constitute the galactic system seem to be of very different ages; at 
first sight it hardly seems probable that the M-type dwarfs can have been 
born out of the same nebula as the huge and vigorous O and B-type stars. 
We have however seen that the atoms at the centres of the spiral nebulae 
(§ 325) and of the white dwarfs must be completely ionised, and that this 
renders them immune from annihilation (§ 120). No limit can be assigned 
to the ages of the atoms.which form the giant M or the giant O and B type 
stars if only we can suppose that they have been shielded from decay in the 
hot central regions either of a spiral nebula or of a white dwarf throughout 
the main part of their lives. 


In a spiral nebula, as in a star, the atoms of highest atomic weight must | 
sink to the centre, so that it is these, broadly speaking, which are preserved 
from decay. As the development of the nebula proceeds, layer after layer is 
shed by the shrinking main mass and condenses, first into clusters and then 
. into stars. The stars which are born first, coming from the outermost layers 
of the nebula, will have the lowest atomic weights, and as they contain the 
highest proportion of atoms of the “permanent” elements, will be least 
luminous per unit mass. Those which are born last will contain the atoms 
of highest atomic weight and so will have the greatest luminosity per 
unit mass. 


At any instant the ages of the stars in existence, as measured from the 
time when their atoms first condensed into stars, will vary greatly, but the 
ages of the atoms of these various stars will all be the same, all dating back 
to the creation of the original parent nebula. We shall find the lowest atomic 
weights and the lowest luminosity in the stars which appear to be oldest, and 
high atomic weights and high luminosity in stars which appear to have been 
recently born. This is in general agreement with what is observed in the 
galactic system, but in addition certain specific facts of observation seem to 
have some bearing on the question. 


Shapley * has found that in various globular clusters, the brightest stars 
are red, and the faintest are blue. If the stars of a globular cluster are 
arranged in a temperature-luminosity diagram (§ 57) the upper half of the 
main sequence is missing. In the open clusters precisely opposite conditions 
prevail. The Pleiadest, Perseus, Ursa Major and other clusterst do not 
possess a single red giant; all the giant stars are main-sequence stars, and 
the giant branch which leads up to the giant M type stars is absent. In 
clusters such as M11, which are of intermediate type, both kinds of giant 
stars appear and the temperature-luminosity diagram is of the usual reversed- 


* Mount Wilson Contributions, Nos. 115-117 (1915), 129 (1917), 133 (1917), 151-157 (1918) 
160, 161 (1919). : 


+ Trumpler, Lick Obs. Bulletin, No, 333 (1921), p. 114. 
¢ Lundmark, Lick Obs, Bulletin, No. 338 (1922), p. 151. 
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y type*. Interpreted with the help of the information obtained in § 167, this 
means that the stars in globular clusters generate more energy per unit mass 
than stars of similar mass in the open clusters. On the view we are now 
considering this would mean that the former were born later than the latter, 
which accords with the formation of the globular clusters remaining intact 
while the open clusters are largely broken up. 

This view of the origin of the stars demands a modification of the simple 
view of stellar evolution which was propounded in Chapter vi. For, on 
the view we are now considering, Kruger 60 can never have been similar to 
Betelgeux, and Betelgeux will probably never be similar to Kruger 60. The 
latter star was born of the feebly-lumimous matter which floated to the 
outside of the parent nebula, while Betelgeux was born out of the richly- 
luminous matter which collected at the centre of the nebula. The former 
calculation of 10 years as the age of Kruger 60 must be abandoned, since it 
was based on the assumption that the star had travelled the whole road from 
being a star similar to Betelgeux. 


Only the dynamical evidence as to the ages of the stars now remains 
valid. The evidence collected in Chapter x11 indicates ages of the general 
order of 10” or 10" years, and this is in very good agreement with the 
evidence obtained from the rates of expansion and disintegration of star- 
clusters given in § 349 of the present chapter. There is no longer any 
evidence that any star is more than about 10” years old, and, indeed, a good 
many lines of evidence converge in indicating ages of the order of from five 
to ten million million years for the main mass of the stars, these ages being 
measured from the time at which the stars first condensed out of the parent 
nebula. The atoms of the parent nebula must have ages which are at least 
of the same order of magnitude, and as all the nebulae in the sky may be of 
the same age, there is no reason against supposing that the whole universe 
may have been created, or come into being, at the same instant. 


* Trumpler, Lick Obs. Bulletin, No. 361 (1925), p. 16. 


CHAPTER XV 
VARIABLE STARS 


353. OvER 2000 stars are known to be variable, and of these about 1000 
are definitely periodic. These periodic variables fall into the two main classes 
of Cepheid and long-period variables. 

It is still uncertain whether Cepheid and long-period variables are 
essentially different objects or varieties of essentially similar objects. If the 
latter, the varieties are quite distinct. Long-period variables have periods 
ranging from about 60 to 500 days, whereas no Cepheid is known whose period 
exceeds 38°7 days (U Carinae), and most have periods substantially shorter than 
this. Apart from their different ranges of period, the two classes of variables 
have many features in common. The light curve of Cepheid variables does 
not shew a regular symmetrical rise and fall, but rather a fairly rapid rise to 
maximum brightness followed by a slow decline to minimum, and many long- 
period variables shew the same features, although generally to a less degree. 
The Cepheid variables shew a very marked correlation between period and 
spectral type, shorter periods accompanying the earlier spectral types. Adams 
and Joy* find a similar correlation in the long-period variables, and this 
proves to be a direct extension of that already established for Cepheids. In 
a diagram in which spectral type and period are taken as co-ordinates, they 
find that a single smooth curve runs through the positions occupied by the 
long-period variables, the normal Cepheid variables and the cluster variables 
which form a special short-period group of Cepheids. 

Without deciding whether these variables are different or similar types of 
object, it will be convenient to discuss them together until we are compelled 
to differentiate between them. 


354. Observationally the most marked characteristic of both classes is 
their extreme rarity. In part, this is a necessary consequence of the fact that 
they are extremely bright, since extremely bright stars are in any case rare. 
Cepheids have an average absolute magnitude of about —2, and we have seen 
(Table V) that for every million stars as bright as the sun there are only 450 
stars of this absolute magnitude. But Cepheids are even more rare than this, 
only a small fraction of stars of the requisite degree of brightness being 
Cepheids. Within a distance of 100 parsecs of the sun, there must be about 
400,000 stars. Only two of these (Polaris and 8 Cephei) shew Cepheid charac- 
teristics, and both are so non-typical that there is some doubt as to whether 
they are true Cepheids or not. Within a sphere of radius 1000 parsecs there 


* Proc. Nat. Acad. Sci, x1. (1927), p. 391. 
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are probably some 100 million stars. Shapley * finds that only about 50 known 
Cepheids lie within this distance of the sun. Thus probably only about one 
star in a million is a Cepheid variable. 


The proportion of long-period variables is necessarily even smaller, since 
less than one star in a million has the luminosity of the long-period variables 
and of the stars of the requisite luminosity only a fraction are variables. At 
a guess perhaps about one star in ten millions is a long-period variable. 


355. In searching for a clue to the physical interpretation of variability 
we naturally consider first whether it is the effect of some peculiar accident 
which happens only to a few stars, or whether it is a normal condition which 
affects all or many stars in the course of their natural development. 


The only accidents which we can imagine are of the nature of collisions or 
of close approaches by other stars. Calculations have shewn (§ 286) that actual 
collisions must be excessively rare, while encounters at distances close enough 
to produce physical effects in the stars can be only one degree less so. It is 
difficult to estimate for how long the effects of a collision or encounter would 
continue to produce a variation in a star’s light, but unless we allow a very 
long period indeed the number of variable stars in the sky would appear to be 
too great for such an origin to be assigned to their variability. Moreover, stars 
of all masses and of all luminosities would be equally liable to accidents of 
this type, so that, on this hypothesis, it would be hard to explain why, as a 
rule, only stars of high mass and high luminosity shew variability. On the 
other hand, it should not be overlooked that the cluster-variables are especially 
frequent in globular star-clusters (from which they take their name), and that 
in these the stars are packed so closely that near encounters must be far 
more frequent than in the galactic system as a whole. 


Nevertheless, surveying the question as a whole, it seems very improbable 
that variability can be attributed to the occurrence of an accident, and we seem’ 
forced to conclude that it is more of the nature of a passing phase in the 
normal development either of every star or at least of a considerable proportion 
of stars. In favour of this view is the circumstance that most, and possibly 
all, of the M-type giants of high luminosity are found to be long-period 
variables. This of itself would almost suffice to rule out the accident theory, 
at least in its application to long-period variables. 


If variability is a phase in the development of the normal star, the figures 
given above shew that it must be of short duratioq. If a star’s average life is 
10" years, and only one star in a million is variable at any given instant, then 
variability can only last for about 10’ years. Hertzsprung+ finds that the 
period of the typical Cepheid variable 6 Cephei is decreasing at the rate of a 
tenth of a second per annum. This rate of decrease would reduce the present 


* Astrophys. Journ, xuviit. (1928), p. 279, or Mt Wilson Contribution, No. 151. 
+ Observatory, xii. (1919), p. 338. 
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period of 5°366 days to zero in about four and a half million years, vbich 
again would suggest a duration of the whole variability of the order of 10° or 
10” years. 

356. As we have already noticed (§ 48), the main physical feature of the 
variation is a fluctuation in the star’s visible light rather than in its total 
emission of radiation, and this requires a change in the star’s effective tempera- 
ture which shews itself observationally as a fluctuation of spectral type. This 
fluctuation might either arise solely from surface causes or from deep-seated 
events affecting the whole star. A large mass of observational evidence favours 
the latter alternative. Interferometer measurements indicate that the angular’ 
diameter of Betelgeux changes with its light-variation, a range of over 25 
per cent. in all having been already recorded, and what is true of one long- 
period variable is probably true of all. And the spectral lines of Cepheids shew 
periodic advances and recession which, if interpreted in the most obvious way, 
indicate periodic changes in the star’s radius. If this is the correct interpreta- 
tion, the radial velocity, integrated through a half period, must give the total 
change in the radius of the star. This change of radius is found to be as large as 
84 million kilometres for / Carinae and over 6 million kilometres for XY Cygni; 
for Cepheids in general it averages a million kilometres*, the average radii 
of the stars themselves, as determined from the luminosities and effective 
temperatures, being of the order of 20 million kilometres. 

The radial velocity shewn by the spectral lines of Cepheids was at first 
supposed to arise from orbital motion, the Cepheid being regarded as a binary 
system of which only one component gave a visible spectrum. Many lines of 
evidence now make this interpretation untenable. In 1918 Shapley+t adduced 
arguments to prove that the then prevalent view of Cepheids as binary systems 
must be discarded, and that they ought rather to be regarded as single spherical 
stars in a state of pulsation or oscillation. A similar suggestion had been put 
forward by Plummer} some years earlier in respect of the short period cluster- 
variables. Some of the consequences of this view of Cepheid variation are in 
good agreement with observation although, as we shall see, they could equally 
well be deduced from a somewhat wider view of the cause of the variation. 


357. From Poincaré’s Theorem, we have found (§ 62) that the mean 
velocity of thermal agitation inside a gaseous star of mass M and radius R 
must be of the order of (yM/R)* or of 2R(4ryp)t, since M=42pR%. The 
slowest dynamical oscillation of a spherical mass has a period approximately 
equal to the time needed fér a wave of compression to travel the length 2R 
of a diameter. As the velocity of such waves is about equal to the velocity of 
thermal agitation, the slowest dynamical oscillation must have a period of the 
order of (4aryp)~? or say (yp)~ 4. Thus the period P must be equal to (yp)~* 


* Eddington, The Internal Constitution of the Stars, p. 182, 
t+ M.N. uxxtx, (1918), p. 1, : 
t Ibid. uxxu1. (1913), p. 665, txxiv. (1914), p. 662, and xxxv. (1915), p. 575. 
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multiplied by a numerical factor which will depend on the precise model on 
which the star is built, but will always be near to unity. 

This approximate relation P = (yp)? may be put in the form 

Beep OULU isa on tne peaagn sa vendeasnr te (357°1), 

where P is the period measured in days and p is the mean density of the star. 

This enables us to calculate the density which corresponds to a given 
period of pulsation. Calculations for various types of stars are shewn in 
Table XXXI. The third column gives the observed period of the star, which 
is identical, on the pulsation- -theory, with the period of the star’s oscillation, 
while the last column gives the mean densities of stars of the type in 
question and of mass ten times that of the sun, as estimated by Seares*. 

The calculated mean densities are seen to agree tolerably well with the 
estimated values. 


TABLE XXXI. Periods and Densities of Variable Stars. 


Star sey Period p (Calc.) p (Seares) 


Long Period M 300 0:00000002 | 0:0000006 
Cepheid K 18 0000006 0:00001 
a G 4 000012 0-00002 
F 0-9 | 0:0025 . 00004 
A 0:3 | 0°022 0-008 


3”? 
Cluster 


The Period-luminosity law for Cepheids. 
358. In the case of Cepheids a more precise test of the relation P x p 3 
is provided by the period-luminosity law (§ 11). 

This law is usually exhibited in the form of a curve in which log P is 
plotted against absolute visual magnitude myjs. For periods greater than a 
day, the curve shews an approximately linear relation between log P and myjs, 
which may be expressed by the equation (see Table XXXII below, col. 6) 

log P + 0°30 m,i, = constant ...........0..200 (358:1). 

In a group of Cepheids all of which have the same mass and the same 
effective temperature, the visual luminosity is proportional to the square 
of the radius, and therefore to p 3. In terms of visual magnitude this 
relation becomes 

0-4myis = 3 log p + aconstant ...............005 (358°2). 

If P varies as p?, this equation is seen to be precisely identical with 

equation (3581), which expresses the period-luminosity law. This law is 
* Astrophysical Journ. tv. (1922), p. 165, or Mount Wilson Contrib. No. 226. Substantially 


better agreement can be obtained by allowing for the differences in mass of Cepheids of different 
types (cf. Table XVII of Seares’ paper). 
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accordingly seen to represent the relation P « p~4, the relation which we 
have just seen (§ 357) must connect the period P and the density p of a 
pulsating mass of gas. 


359. Let us examine the form assumed by the law when differences in 
mass and effective temperature are taken into account. 
A star’s bolometric luminosity is proportional to 4a R?T,4, so that, if m 
denotes the star’s absolute bolometric magnitude, 
— 0'4m = 4 log T, + 2 log R + constant ............ (359:1), 
and from the approximate relation (§ 118) that the bolometric luminosity is 
proportional to M? or to (47ph)’, 


— 0°'4m = 3 log p + 9log R+ constant ............ (359-2). 
Eliminating R between these two equations and replacing p from the 
relation that P x p 3, we obtain 
log P + 0'°23m + 3 log T, = constant ...........++. (359°3). 


The agreement of this formula with observation 1s almost uncanny. In 
the following table the first four columns express observational data collected 
and averaged by Shapley*, and the fifth column gives the absolute bolometric 
magnitude obtained by applying the bolometric correction from § 48. The 
sixth column gives the quantity which ought to be constant according to 
formula (358-2), while finally the last column gives the value of the left-hand 
member of equation (359°3). 


TABLE XXXII. Observed and Calculated Data for Cepheid Variables. 


Spectral Effect. 1S log P log as 

gP Myis ™Mpo1 4 +0°23 m 

Type Temp. +0°3 mys +3 log T, 
AO 10000 — 0°56 -—03 —0°6 -0°6 11:3 
A5 8500 — 0°31 —0°3 —0-4 —0°4 11:4 
FO 7400 — 0:06 —0'6 —0°6 —0°2 11:4 
F5 6500 +0:23 —1:0 -—10 —O1 11:4 
75 6000 +0°40 —14 —14 00 11-4 
GO 5500 +059 —1°8 -1:9 0-0 11:4 
G25 5050 +0°85 —2:4 —2°6 +0°1 11:4 
G5 4600 +1:22 —3°9 —42 0:0 11:3 
G75 4300 + 1°62 —5:4 —5°9 0:0 112 


360. The success of the law Pp? =constant as shewn in this table is so 
striking that one is tempted at first sight to suppose that the Cepheid 
variables, at any rate within the range covered by the table, might unhesi- 
tatingly be treated as pulsating spheres, in accordance with Shapley’s sugges- 
tion. When, however, the absolute values of the quantities are evaluated 


* Harvard Circular, No. 314 (1927). 
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the agreement appears very much less good, as has already been indicated in 


' Table XX XI. 


The mathematical theory of pulsating spheres has been discussed very 
fully by Eddington*. Apart, however, from all detailed mathematical treat- 
ment, the pulsation theory of Cepheid variation appears to encounter a serious 
and probably fatal objection at the very outset, which makes all further 
mathematical treatment superfluous. 

As in § 98, the total flow of radiation from the star is 
arta 
P ieaiselggp oiincabnaernyeps’ ols 
where a is a constant, and all the other quantities are evaluated near, but not 
quite at, the surface of the star. As the star pulsates, all the quantities on the 
right will vary harmonically, and I have shewnt that the variations of 7’ and p 
will be in phase with one another, so that the variations in 47rr?H, the total 
emission of radiation, will also be in phase with 7 and with R, the radius of 
the star. Since this total emission is also proportional to R?7,‘, the variation 
in 7, must also be in phase with R. 


doer? = — (360'1), 


Now the spectral lines of a Cepheid shew displacements which indicate a 
rhythmical advance and recession. On the pulsation theory this must be 
caused by the changes in the value of R. But the displacement of the 
spectral lines shews that the changes in 7, and in the emission of radiation 
are nothing like in phase with R; in general they are almost exactly a quarter 
period out, being in phase not with R but with dR/dt. 

This objection, which I first pointed out in 1926t, was also advanced in- 
dependently by Reesinck§ and its validity was finally conceded by Eddington]. 
The pulsation theory might possibly be saved, as Eddington has remarked, if 
the displacements of the spectral lines had been wrongly interpreted, but the 
following considerations suggest that the hope is a very slender one. 

Since the bolometric luminosity at any instant is proportional to R?7;,¥, 
we have, as in equation (359:1), 


Myis = Am — 10 log T, —5 log A + constant ......... (360°2), 


where Am is the bolometric correction. This depends only on 7,, so that if 
Myig Were in phase with R, as the pulsation theory requires, both would be 
in phase with 7, and so with the spectral type of the star. Shapley has 
examined the spectral changes of 20 Cepheids in detail and finds that they do 
not coincide with those of m,;,. I have found** that the light curves of most 

* M.N, uxxrx. (1918), p. 2, uxxrx. (1919), p. 177 and The Internal Constitution of the Stars, 
Ch. virt. 

+ Ibid. uxxxvi. (1926), pp. 86 and 574. teUcapag0s 

§ Onderzoekingen over 5-Cephei en overhet Cepheidenprobleem. (Dissertation, Amsterdam, 
1926), and M.N. uxxxvi. (1927), p. 414. 


|| MN. uxxxvir. (1927), p. 539. { Astrophys. Journ. xxiv. (1916), p. 273. 
** M.N. uxxxy. (1925), p. 810. 
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Cepheids can be interpreted as the joint result of two distinct variations, 
a variation in 7’, which follows the observed changes of spectral type, and a 
variation in R which is generally out of phase with the foregoing. The double 
maximum which occurs in the light curves of Cepheids of the S Sagittae 
type can be naturally interpreted as being caused by 7, and R attaining their 
maxima at different epochs. This argument shews that the pulsation theory 
is untenable, quite independently of the interpretation of the observed dis- 
placements of the spectral lines. 

Thus all the evidence appears to combine to shew that the pulsation theory 
is inadequate to explain Cepheid variation. 


The Fission Theory of Cepheid Variation. 


361. An alternative theory which I put forward in 1925* escapes the 
particular difficulties which, to all appearances, prove fatal to the pulsation 
theory, although it is yet to be seen what new difficulties it may encounter 
in their place. 

Let us, as in § 258, regard a star as consisting of a liquid or semi-liquid 
core surrounded by a gaseous atmosphere. With slow rotation the core will 
take the shape of a pseudo-spheroid, analogous to a Maclaurin spheroid, and 
the atmosphere will adjust itself to the gravitational field of this core. The 
rotation of the atmosphere is unimportant; the considerations of § 249 suggest 
that it will in all probability rotate more slowly than the core, in which case 
it must exhibit an equatorial acceleration like that of the sun. 


If the star shrinks, the ellipticity of its core must increase, and finally it 
will assume the shape of a pseudo-ellipsoid of three unequal axes, the analogue 
of the Jacobian ellipsoid for an incompressible fluid. Even after the core has 
assumed this form, the outer atmosphere, still rotating slowly, would retain 
its nearly spherical shape were it not for the disturbances transmitted to it as 
a consequence of the rotation of the core, which, being no longer symmetrical 
about its axis of rotation, causes an internal upheaval which must be trans- 
mitted to the surface of the star, as well as a variation in the gravitational 
field, to which the surface of the star will adjust itself. 


Whatever disturbance is transmitted will travel round the equator in the 
form of a wave, or system of waves, these passing once round the equator 
in the time of a complete revolution of the core. Since these waves must 
travel with a velocity far greater than the velocity of propagation in the outer 
atmosphere of the star, they may be expected to shew the usual characteristics 
of such waves, namely a steeply sloping wall-like front and a gradually sloping 
rear, similar to the bow-wave of a ship, or a tidal bore. Also the position of 


' : M.N. uxxxy. (1925), p. 797. The presentation given here varies somewhat from that of the 
original paper, further mathematical analysis (unpublished) having suggested that some of the 
details of the original theory need modification. 


360, 361 | The Fission Theory 389 


the wave in longitude will lag behind that of the ends of the major axis of 
the ellipsoid which are causing the wave. 

These two factors necessarily result in an absence of fore-and-aft symmetry 
both in the radial motion of the star’s atmosphere and in the light-curve of 
the radiation. Moreover, although the details remain to be worked out, 
the general nature of the asymmetry would seem likely to be of the nature 
observed in Cepheid variation, a rapid increase both in radial velocity and in 
light emission being followed by a slow decline. As a very rough approxima- 
tion, let us suppose that the wave which advances over the surface of the 
star has an absolutely vertical wall-like front, and that the whole difference 
in luminosity between maximum and minimum results from high temperature 
radiation emitted by the front of this wave. Then each time this wave appears 
from behind the limb of the star, the star’s luminosity will increase with 
great rapidity to its maximum. This maximum is attained as soon as the 
whole front of the wave is fully visible, after which a foreshortening effect 
will result in a slow decline to minimum. The spectral lines will shew a 
maximum velocity of approach exactly when the star is at its maximum, 
which is precisely what is observed in Cepheid variation. 

As a better approximation we can imagine two systems of waves travelling 
over the surface of the star, one resulting from the variations of the gravita- 
tional field at the star’s surface, caused by the rotation of the elongated core 
inside, and the other produced by the transmission of the mechanical upheaval. 
The succession of two such waves would account for the double maxima 
observed in Cepheids of the S Sagittae type. 

The period of the variation would be half the period of rotation of the 
ellipsoid. For a Jacobian ellipsoid fairly near to its maximum elongation 
(which is the configuration in which variability would be most likely of 
detection), the value of w?/2myp is 0°15, so that the period z/ is equal 


to 3°2 (yp) *. 
Thus the fission theory leads to the same qualitative relation between P 


and p as the pulsation theory, namely P« D8, but the numerical factor is 
different. In place of equation (3857'1) the fission theory gives 
reap ee OO es eae tetas ions. (360°1), 

where P is again measured in days, but p is no longer the mean density of 
the star but the mean density of its core. The values of p given by equation 
(360°1) are about ten times the values of p calculated on the pulsation theory, 
and for the Cepheid variables these were about six times as great as the mean 
densities estimated by Seares (cf. Table XX XI). Thus for numerical agree- 
ment with observed periods, the fission theory requires that the mean 
densities of the cores shall be about 60 times the mean densities of the stars 
as estimated by Seares. This factor of 60 is not an unreasonable one; a core 
which had a mean radius equal to a quarter of that of the star and contained 
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95 per cent. of its total mass would have 61 times the mean density of the 
star, while if it had the configuration of the limiting Jacobian ellipsoid, its 
semi-major axis would be 0:47 times the mean radius of the star. Never- 
theless, the general conception is not free from difficulties; for instance, if a 
Cepheid has a period of a month, equation (360'1) shews that the mean density 
of its core ought only to be 0:00002, and it is not at present easy to imagine 
how matter of this low density can shew so little central condensation of 
mass that a Jacobian ellipsoid can be a possible figure of equilibrium. The 
difficulty is only one aspect of a wider one which affects the theory of liquid 
giant stars in general. 

362. Since fission commences through a pseudo-ellipsoidal configuration, 
it can only begin in stars whose central cores are in a liquid or a semi-liquid 
state. Thus, on the fission theory, Cepheid variation can only occur in stars 
whose centres are near to the liquid state, and this would restrict it to stars 
lying on the left-hand edges of the various bands of stability in the tempera- 
ture-luminosity diagram (cf. fig. 13, p. 161). 

If the mean spectral types and absolute magnitudes of normal Cepheids 
are mapped out on such a diagram* the majority are at once seen to cluster 
along the extreme left-hand edge of the L-ring area of stability, which is 
precisely the type of position which the fission theory requires for them. 
Many of them seem actually to have overstepped the edge so that, if fission 
is in progress, the final product will be a binary star on the main sequence. 

Stars of the 8-Cephei type, which are generally regarded as Cepheid 
variables}, occupy a corresponding position on the main sequence. The more 
normal cluster-variables conform less well to the anticipations of theory, some 
lying on the main sequence, some near the left-hand edge of the Z-ring 
branch, and some sprawling over the space between. Bailey{ and Shapley§ 
have found that there are three distinct groups of cluster-variables, differenti- 
ated by periods, form and range of variation. 


363. As the process of fission progresses, the pseudo-ellipsoidal form must 
become unstable. The core of the star will now undergo the oscillations 
resulting from secular instability. At this stage the star will have two distinct 
periodicities, those of its rotation and of its secularly unstable pulsations. Otto 
Struve has suggested|| that the rapid changes in the velocity and light curves 
of stars such as 8 Cephei, y Ursae Minoris, 12 Lacertae and others of the 
8 Canis Majoris type, may be explained in terms of the superposition of 
periodic rotations and pulsations. This would obviously fit in exactly with the 
fission theory, these stars being interpreted as rotating masses executing the 
secularly unstable pulsations which immediately precede fission. 

* See, for instance, Bruggencate, Die Naturwissenschaften, xu. (1926), p. 910. 
+ Henroteau, W.N. txxxv1. (1926), p. 256, and R. H. Baker, Ast. Soc. Pac, xxxvutt. (1926), p. 86. 


t Harvard Annals, xxxvut. (1902), p. 132. § Harvard Circular, cocxy. (1927). 
|| MN, txxxv. (1925), p. 75. 
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Finally the star breaks into two. When this happens, the two periods of 
rotation and pulsation become equal, both now coinciding with the orbital 
period of the star. On the fissional theory the sequence of Cepheid variables 
ought in all respects to join on to the series of spectroscopic binary stars which 
have just broken up by fission, and this provides further opportunities for the 
testing of the fissional theory of Cepheid variation. 

From Kepler’s third law (or equation (215°9)), the orbital velocity K of 
either component of a binary system must be connected with the period P 
of the system by a relation of the type 


GES OY ea RR eared oat he are (363°1), 


where C is a constant. Otto Struve* has found that this relation is well 
satisfied in binary systems in which the period is less than about 2°4 days. 
But for periods of less than this, the law begins to fail. As the period de- 
creases to below this value, C' also begins to decrease, and finally K attains a 
constant value. He has calculated the period at which the law (3863'1) must 
necessarily begin to fail through the two components of the binary system 
coming into contact, and finds that the period so calculated agrees for each 
spectral type separately with the observed period at which failure begins. 
Further the constant value attained by A is found to be equal to the value 
of K for the Cepheid variables, this being approximately constant for all 
Cepheids of the same spectral type. The Cepheids are accordingly seen 
to fit exactly on to the spectroscopic binaries, thus providing a satisfactory 
confirmation of the fission theory f. 


Lona PERIOD VARIABLES, 
Regular Variables. 


364. The investigation of Adamsand Joy to which we have already referred 
(§ 353) have shewn that the long-period variables, the Cepheids and the 
cluster-variables form a continuous series in respect of the correlation between 
period and spectral type, but that the periods fall into three distinct groups 
centring round periods of approximately 300 days, 10 days and 0:5 days. 
Otto Struvet has carried out a similar count for spectroscopic binaries, and 
finds that their curve of period-frequencies shews well-defined maxima at 400 
days, 3 days and 0°5 days. He interprets this as evidence that a close relation- 
ship exists between variable stars and spectroscopic binaries, and considers 
that the fission theory of variable stars fits in with the various characteristics 
of the latter remarkably well. 
The position of these maxima and minima—or rather lacunae—in the 
frequencies of periods of variable stars makes it clear that they merely 
* Astrophys. Journ. ux. (1924), p. 167 and M.N. vxxxvi. (1925), p. 63. 
+ Zessewitsch (Ast. Nach. No. 5534) finds further support for the fission theory in the 


behaviour of the stars RW Draconis and XZ Cygni. 
t MLN. txxxvi. (1925), p. 75. 
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correspond to alternations of stability and instability in the temperature- 
luminosity diagram shewn in fig. 12 (p. 159). Fission can only commence 
when the star has a liquid or semi-liquid centre, and for this reason stars in 
process of fission are on or near the left-hand edges of the regions of stability, 
while spectroscopic binaries, which are permanent structures, must of course 
be actually on the bands of stability. 

The foregoing consideration would seem to suggest that the long-period 
variables may be of the same nature as Cepheids, namely stars in which the 
process of fission is either about to start or is under way. There is a certain 
difficulty, however, in supposing that the long periods of these variables can be 
‘those of the rotation of Jacobian ellipsoids. Corresponding to a period of 300 
days, we have seen that equation (36071) requires a density of only 0°00002. 
This hardly suggests matter in a sufficiently liquid state for ellipsoidal con- 
figurations, although it must not be overlooked that eclipsing binaries exist, 
such as W Crucis, in which both components are giants of low density, and 
these must, so far as we can tell, have broken up by fission. Moreover, there 
are two distinct types of long-period variables; in one of these, the regular 
variables, the light-curve repeats itself indefinitely with perfect regularity, as 
in the Cepheid variables, but in the other types the light-curve is irregular 
both in period and shape. It seems possible that the fission theory may 
adequately account for the former. But the irregular variables do not shew 
the features to be expected in a star breaking up by fission. 


Irregular Variables. 


365. The irregular long-period variables give various indications which 
suggest that they are in a state of pulsation. The diameter of Betelgeux has 
already been found by interferometer observations to vary from 0:047” to 0034”. 
Moreover in most of the irregular long-period variables which have been 
studied in detail, the spectrum and effective temperature appear to vary exactly 
in phase with the visual luminosity. 


From an exhaustive study of o Ceti, Joy* finds an approximately linear 
relation between the spectral type (ranging from M5 to M95) and the 
logarithm of the visual magnitude (ranging from 0°45 to 1:0). Vogt+ has given 
observational curves for R Scuti in which the maxima and minima of the 
effective temperature agree exactly with those of the visual magnitude. 

If this is accepted as being generally true of long-period variables, then 
equation (360'2) shews that R, the radius of the star, must be in phase with 
both the spectral type and the magnitude, which is precisely what is required 
of a pulsating star. It is true that Joy finds that the displacements of spectral 
lines of o Ceti, if interpreted as radial velocities, would indicate changes 
in the star's radius which are out of phase with both these quantities, but 


* Astrophys. Journ, uxt. (1926), p. 290. 
+ Heidelberg (Kénigsstuhl) Obs. vit. (1926) No. 5. 
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as different spectral lines tell entirely different stories it seems unlikely that 
their displacements correspond to those of the star’s surface. 


366. There are cosmogonical reasons for expecting that the long-period 
variables should be in a state of pulsation. A star first born out of a nebula 
has a density so low that the gas-laws must be almost exactly obeyed through- 
out its mass. It must consequently be unstable and will contract until the 
gas-laws begin to fail. 


The analysis of §108 enables us to trace out the star’s motion during this 
period of instability. To a good enough approximation a and 8 may each be 
put equal to zero in the equation of motion (108'1), so that it becomes 


d? (7+n)G, @ yM, [rX+4 /38pg+ 4aTt 3srX |] da 
Po) sonbeTaadis en and ea 00,1, wiiiens 7 | 336") 


+ 


yM, G |- A+4 35r 


Re Ge i m eel: + Pe ohl (7 +n)| (6r) = 6 eee (366'1). 


Since yM,/r,? is large in comparison with G/C, 7), it follows that the time 
factors for possible oscillations are of the type 


$ 4 
DS tte So AE Me Rs AOE UN (366-2), 
where Q is large in comparison with P and «. 


Suppose first that the gas-laws are so nearly obeyed that s in equation 
(366:1) may be neglected. Then the last coefficient in this equation is 
negative, while the others are positive, so that P and Q are positive while ¢ 
is negative. Thus there are stable pulsations having a period of the order of 
Qar (yM,/r,°)~ 2, which is hundreds of days, and also unstable contractions in 
which 6r is doubled in a period of the order of C,7,/G,, which is thousands 
of years. 


With increasing shrinkage the deviations from the gas-laws increase, so 
that s increases until finally e becomes positive. Both contractional displace- 
ments and pulsations are now stable. 


The pulsations retain their identity throughout the whole shrinkage of 
the star, and if they are once excited there is nothing to check them, since 
the time needed for viscosity and other dissipative forces to produce an 
appreciable effect is far greater than the whole time of contraction of the 
star. Thus when the star first reaches a stable configuration, it will be 
affected by the whole of the pulsations which have been set up during its 
birth and contraction from nebular density. Although exact calculations are 
difficult, it seems likely that quite large pulsations must be set up by the 
stars first falling in from the nebular state. If so, in its first era of stable 
existence, the star must be executing pulsations of very large amplitude. 


J 25 
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367. The duration of these pulsations must of course depend on the 
magnitude of the dissipative agencies which tend to check them. If viscosity 
alone were active, it is readily seen, from a consideration of physical dimen- 
sions, that the pulsations would be reduced to half amplitude in a time of the 
order of pr*/n, which is probably of the order of 10" years, but ordinary 
conduction of heat, by preventing the pulsations from being strictly adiabatic, 
must also contribute towards checking the pulsations. Although exact cal- 
culations are difficult, it seems very likely that the pulsations are checked 
mainly by conduction of heat, this reducing the duration of the pulsating 
stage to a time of the order needed to account for the observed number of 
irregular long-period variables. 

The different possible pulsations of a sphere of gas correspond to its 
various principal coordinates, and these have periods which are, in general, 
incommensurable. Thus pulsating stars can shew no clearly defined period, 
such as is shewn by most of the Cepheid and regular variables, but their light 
curve must be formed by the superposition of light curves of incommensurable 
periods. The principal radial pulsation of the star will probably have a 
greater amplitude than the other vibrations, and this will determine a period 
in which the light curve ought approximately to repeat itself, although the 
exact positions of its maxima and minima will always be influenced by the 
other vibrations of incommensurable periods. This is precisely what is observed 
in the irregular long-period variables. 


CHAPTER XVI 
THE SOLAR SYSTEM 


368. THE original aim of cosmogony was to discover the origin of the solar 
system, but the whole history of cosmogony illustrates how nothing fails so 
surely in science as the direct frontal attack. The plan of action in the present 
book has been to study the various transformations which astronomical matter 
must undergo through the action of physical forces, identifying the formations 
predicted by theory with those observed in the sky when possible. In this 
way it has proved possible to trace out the origin and evolution of many 
astronomical objects, including elliptical and spiral nebulae, star clusters of 
various forms, binary and multiple stars and (conjecturally at least) Cepheid 
and long-period variables. But nowhere have we come upon anything bearing 
the least resemblance to the solar system. 


If the sun had been unattended by planets, its origin and evolution would 
have presented no difficulty. It would have been a quite ordinary star, born 
out of a nebula in the ordinary way, but endowed with insufficient rotation 
to carry it on to the later stages of fission into a binary or multiple system; 
it could in fact be supposed to have had precisely the same evolutionary 
career as half of the stars in the sky. In support of the conjecture that the 
sun had stopped short of fission on its evolutionary career we should only 
have had to note the slowness of its present rotation. A simple calculation 
suggests that the sun has even now only a small fraction of the angular 
momentum necessary for fission, and in the earlier stages in which its dimen- 
sions were greater than now, the fraction must have been still less, Even if 
we add the angular momenta of all the planets, as we clearly ought if we are 
supposing that these at one time formed part of the sun, the result is still 
the same; the sun can never have had more than a fraction of the angular 
momentum requisite for fission into a binary system. 


Angular Momentum of the Solar System. 


369. Such a calculation was first made by Babinet in 1861*. Modern 
investigations have shewn the need for many adjustments to his calculation, 
but it is difficult to challenge his result. The sun’s radiation, as we have 
seen (Chap. X) is carrying angular momentum away with it continually, so 
that the sun’s angular momentum is not constant. Further, encounters with 
other stars or systems may change the sun’s angular momentum. But the 
age of the earth is at most some 5000 million years, and in so short a period 


* Comptes Rendus, uit. (1861), p. 481. See also Moulton, Astrophys. Journ. (1900), p. 103. 
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the loss by radiation produces very little change of angular momentum while 
the chance of disturbance from outside is negligible. 


Fouché* estimated the total angular momentum of the solar system to be 
28:2 times that of the sun, the latter being supposed to be a homogeneous 
mass rotating uniformly in the period of its outer layers. The effect of con- 
centrating all this angular momentum in the sun would be to cause it to. 
rotate 28'2 times as fast as now. Such a sun would still be rotating less 
rapidly than Jupiter. As the densities of the two masses are about the same 
and the present Jupiter is still very far from breaking up, we may assume the 
primitive sun also would be. This simple calculation needs some adjustment 
both because the sun’s mass is highly concentrated towards its centre, and 
because its inner layers rotate faster than its surface. But no reasonable 
correction can lead to figures which are compatible with the sun having 
broken up by fission f. 


Laplace's Nebular Hypothesis. 


370. There remains the possibility of the sun having broken up in the 
way originally imagined by Laplace, namely by its shrinkage resulting in a 
shedding of matter in its equatorial plane. There is no limit to the smallness 
of the total angular momentum with which this can happen; indeed, in 
Roche’s model, which we studied in § 229, it can happen when the angular 
momentum is zero, since the whole mass is supposed concentrated at the 
centre. Thus, notwithstanding its present small angular momentum, the sun 
could have broken up in this way if its mass had been sufficiently concentrated 
at its centre. 


A: body with high central condensation of mass begins to break up in the 
way we are now considering as soon as 
2 
—~— = 0°36 
2mryp 
If r, denotes the mean radius, p the mean density, & the radius of gyration, 


M the mass, and M the total angular momentum of the primitive sun before 
the supposed break-up, M = 4cpr,’, and M= Mk’, so that 


ow 2M’ r3 : 
aN Fame yet Ove sbh ter dbettaee (370°2). 


While about 2000 million years would appear to be the most probable age 
for the earth, various considerations combine to fix its maximum possible age 
at 5000 million years}. Thus when the earth was born, the sun must have 


* Comptes Rendus, xcrx. (1884), p. 903. 
+ Problems of Cosmogony and Stellar Dynamics, pp. 15 and 269. 
$ A. Holmes, The Age of the Earth, Chap. vi. 
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been pretty much in its present state*. Its mass must have been about 
equal to the total present mass of the solar system, 2 x 10* grammes, and its 
angular momentum about equal to the present total angular momentum of 
the solar system. This can be calculated with fair accuracy, since it is con- 
tributed mainly by the orbital momenta of Jupiter and Saturn, and is found 


to be 3°3 x 10” in ©.c.s. units. Comparing equations (370°1) and (370°2) we 
find that 


a= SOLOS: CATH... sbetteve ...-.(370°3). 
0 
Putting 7, equal to the sun’s present radius, 6°95 x 10” cms., we obtain 
2 
ee = 0°072. 
r 


0 

The value of k?/r,? for a homogeneous mass having the shape of a Roche’s 
critical lens-shaped figure is found to be 0°523. If a fraction w of such a mass 
is concentrated at its centre while the remaining fraction (1 — #) is uniformly 
spread through a critical lens-shaped figure, the value of k?/r,? is given by 

= 0°523 (1 — 2). 

This becomes equal to 0:072 when x=0°863. Thus the present total 
angular momentum of the solar system would have ‘sufficed to break up the 
sun if 86°3 per cent. of its mass had been concentrated at its centre while the 
remaining 13:7 per cent. had been uniformly distributed throughout its volume. 


This shews that if the sun ever broke up under rotation, there must have 
been great central condensation in the distribution of its mass. This necessity 
for great central condensation was apparent to Laplace, and has been 
recognised by most modern cosmogonistst, although a few, starting from the 
supposition that the sun must have been of uniform density, have come, 
naturally enough, to the conclusion that it cannot have broken up by rotation. 


Since the sun’s density must decrease continuously as we pass from its 
centre outwards, the numerical result we have just obtained shews that, if 
ever the sun broke up rotationally, the density at its edge must have been less 
than 13 per cent. of its mean density. 


The theorem of Poincaré given in § 240 has, however, shewn that if a 
rotating mass sheds a ring of matter this will scatter into space under the 
disruptive effects of its own rotation, unless its mean density is more than 
0°36 times that of the main mass. Thus the matter ejected by the sun could 
only form planets if it immediately condensed to about three times its original 
density. 

* Jeffreys has always maintained this. When I first propounded the Tidal Theory I suggested, 
on grounds of probability, that the solar system had probably been formed when the sun had a 


very large diameter. Our Knowledge of the ages of the earth and sun now makes this conjecture 
untenable. 


+ Poincaré, Legons sur les Hypothéses Cosmogoniques, p. 18. 
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The matter which was first shed by the sun would form a ring of small 
mass rotating with the sun ; on account of the smallness of its mass, this would 
have no gravitational cohesion and, so far from increasing in density, would 
scatter under its own internal gaseous pressure. It seems impossible that such 
a ring could double its density before the disruptive influence of its rotation 
could come into play. Thus, on the whole, it seems necessary to admit Babinet’s 
contention that the solar system is not possessed of sufficient angular 
momentum to have broken up through excessive rotation*. The calculation 
needs some modification in view of the possibility discussed in Chapter X of 
the inner layers of the sun rotating faster than the outer, but the modification 
is found to make rotational break-up still more impossible. 


371. The considerations which carry the most obvious condemnation of the 
theory of rotational break-up are of a somewhat different kind. If the sun 
once assumed the lenticular shape necessary for the shedding of matter by 
rotation, it is difficult to see how it could ever abandon it and become as 
nearly spherical as it now is; it is also difficult to understand why the planets 
should be at such widely varying distances from the sun. 


These as well as other difficulties again confront the rotational theory 
when it attempts to explain the origin of the satellites of the planets. Many 
of these are so small that they can only have escaped scattering into space by 
liquefying or solidifying immediately after their birth. Thus their birth can- 
not have been a long drawn out process such as the equatorial shedding of 
matter by aslowly shrinking mass; the fact that these satellites survived the 
birth-process at all proves that they must have been born quickly. 


TIDAL THEORIES. 


372. As the genesis of the solar system cannot be explained in terms of 
a single mass rotating by itself in space, the only alternative which remains 
is to consider whether it can be explained as the result of the interaction of 
two or more masses. We can fix our attention on two, since encounters of 
three masses in space must be so rare as to be entirely unimportant. 

This brings us naturally and inevitably to tidal theories of the genesis 
of the solar system. The fundamental conception of these theories is, that at 
some time in the past a second mass approached so close to our sun as to break 


it up, through the action of intense tidal forces, into a number of detached 
masses. 


As between rotational and tidal theories, first appearances are wholly in 


favour of the latter. A rotating mass, and so also a system which has been 
formed without external interference out of a rotating mass, retains one 


* This argument was first given by myself in M.N. uxxvi. (1917), p. 186. Jeffreys has re- 
investigated the question in M.N. uxxvuit. (1918), p. 425, slightly modifying the argument, but 
confirming my original conclusions. 
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invariable plane which is at right angles to the original axis of rotation. The 
system must remain symmetrical about the plane, to which the axis of rotation 
of the central mass remains perpendicular. 


Now the invariable plane of the solar system is practically fixed by the 
orbits of the four outermost planets. Over 99-9 per cent. of the total momentum 
of the system resides in the orbital motion of these planets, and the orbits of 
Jupiter, Saturn and Neptune all lie within 45’ of this plane. But the sun’s 
axis of rotation is not perpendicular to this plane, but makes an angle of 
about 6° with the perpendicular. The rotational theory is unable to account 
for the divergence between the invariable plane and the plane of the sun’s 
rotation; the tidal theory explains it very naturally by identifying the present 
plane of the sun’s rotation with that of the original sun, while supposing the 
plane of the orbits of the outer planets to mark the plane of passage of the 
wandering star whose tidal forces tore the planets out of the sun. 


THE PLANETESIMAL THEORY. 


373. About 1900, Professors Chamberlin and Moulton of Chicago begun 
to develop a theory of the origin of the solar system, commonly known as 
the Planetesimal Theory*, which has received a great deal of attention in 
America. 

The authors point out that the sun is even now in a state of constant 
eruption, fountains of matter occasionally spouting hundreds of thousands 
of miles above its surface. The matter ejected in this way falls back into the 
sun, but if a near body were exerting tidal forces on the sun, the fountains 
might rise much higher than they do. The planetesimal theory supposes that 
at some past time, while the sun was emitting periodic eruptions, a star came 
so near that the eruptions formed two long arms of matter extending for 
enormous distances out from the sun’s surface. The sun now formed a sort of 
spiral nebula; the matter ejected at the eruptions formed its arms, the 
condensations in the arms representing the ejections of matter at different 
eruptions. The bits of matter, as they were ejected, solidified and formed the 
“planetesimals” after which the theory is named. Those ejected at any one 
eruption aggregated to form a planet; each big eruption had associated with 
it a lot of little eruptions, and the matter ejected at these little eruptions 
formed the satellites of the planets. 

There is a want of precision about the theory which makes it difficult to 
submit to the test of precise mathematical calculation. A dynamical investi- 
gation which I made in 1916+ into the effects of tidal action on a stellar mass 
indicated, however, that the sequence of actual events would be very different 


* See T. C. Chamberlin, Fundamental Problems of Geology (Year Book No. 3 of the Carnegie 
Institution); F. R. Moulton, An Introduction to Astronomy (New York, 1906), pp. 463 ff; T. C. 
Chamberlin, The Origin of the Earth (Chicago University Press, 1916). 

+ Memoirs R.A.S. uxt. (1916), p. 1. 
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from those postulated by the planetesimal hypothesis. This investigation 
further suggested that mere tidal action of itself would suffice to explain the 
origin of the solar system, without calling in the various complicated and 
wholly hypothetical mechanisms of intermittent eruptions, of smaller erup- 
tions to form satellites, of planetesimals, and so on, and led me to put forward 
the simple tidal theory which follows. 


THE DyNAMICAL TIDAL THEORY. 


374. Just as with rotation, the effects produced in a star by tidal action 
prove to be very different according as the star is of fairly uniform density or 
is arranged so as to have high central condensation of mass. 


Tidal Effects in an Incompressible Mass. 


375. Let us examine first the effects which would be produced in a liquid 
star of homogeneous incompressible matter. 

Following Roche, we examined in § 206 the effect produced on a small 
mass S of approaching too near to a big mass S’ around which S was supposed 
to revolve in orbital motion. If S and S’ were of the same density we found 
that S could not approach to within 2°45 radii of S’ without being broken 
up. At this distance the difference in the gravitational pull of S’ on the 
nearer and further halves of S became so great that the attraction of the two 
halves of S for one another failed to keep S together as a single body. The 
mass § accordingly broke in two, and as the broken halves found themselves 
again torn to pieces in precisely the same way, the process of disruption 
continued indefinitely. 


A similar situation arises when the two masses only approach one another 
for a short time and then recede again, as happens in an ordinary gravitational 
encounter between two stars whose orbits happen to pass fairly close to one 
another. 

When a second star S’ approaches the star S whose behaviour we are 
considering, its first effect is to raise tides of the ordinary kind on S. First 
suppose that the distance R between S’ and S changes very slowly, so that an 
equilibrium theory is adequate to follow the changes in the tides. In this case 
the equations of equilibrium are precisely of the type already discussed in 
§ 206; they are in fact equations (2066) with w? put equal to zero, wu still 
denoting y M’/R?. 

A discussion of the general type already given in § 206* shews that the 
configuration of S remains stable until it has assumed the shape of a prolate 
spheroid of eccentricity e = 0°8826, the value of R at this stage being 


us 
R= 2198 ( 7) hae eee (3751), 


* For a full account of the whole investigation see the paper already mentioned (p. 391), or 
Problems of Cosmogony and Stellar Dynamics, pp. 43 ff, 118 ff. 
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where 7, is the radius of S in its undisturbed state. With a closer approach 
of S’, the mass S becomes unstable and begins to break up. 


In passing we may notice that the limit of safety fixed by equation 
(375°1) is rather less than that obtained by Roche’s investigation for the 
case in which the masses rotate around one another. Clearly this must be so, 
since in the latter case rotational forces join hands with tidal forces in trying 
to break up the mass. 


I have found it possible to follow out the dynamical motion after in- 
stability has set in. No matter whether the mass S’ comes closer or not, the 
mass S rapidly elongates until it has assumed the shape of a spheroid of 
eccentricity 09477. At this stage a new type of instability sets in. Just as 
when a Jacobian ellipsoid first becomes affected with instability in the 
rotational problem, so here also a third harmonic displacement supervenes, 
causing the formation of a waist on the spheroid which would gradually 
deepen until the mass broke into two. But before this happens other dis- 
placements represented by fourth, fifth and higher harmonics become unstable 
in turn. These form furrows around the spheroidal mass at various points 
and as these steadily deepen, the mass breaks into a number of detached 
pieces. The sequence of configurations is shewn in fig. 60 (p. 402), the last 
configuration being almost entirely conjectural. 


376. A somewhat different situation arises when the mass S’ moves too 
rapidly for an equilibrium theory of the tides to give accurate results. In 
this case we have to add up the impulsive forces communicated to S by the 
tidal forces at different instants of the passage of S’. If these do not suffice 
to elongate § to an eccentricity greater than 0°8826, the tides raised in S 
merely die down after S’ has receded. If however the impulses received 
from 8S’ once elongate S to an eccentricity greater than 0°8826, unstable 
motion follows, quite independently of the subsequent motion of S’, and the 
sequence of events in S is that described and sketched in fig. 60. 

If S’ is supposed to describe an approximately rectilinear path past S 
with a constant relative velocity v, I have found that the closed distance of 
safe approach R is given by 


where M’ is the mass of S’ and p is the density of S, supposed uniform. 


If we assign to v the value v?= y(M + M’)/R, which is appropriate to a 
circular orbit at a distance R, the limiting distance R takes the form 


R=2'10 ( M' )’ Ty vecccescvvcccessccnes (3762). 
M+ M’ 


This value of R is somewhat less than the value given by equation 
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(375°1), and necessarily so, since transitory tidal forces are necessarily less 
potent than permanent ones, but it is not greatly less. 


(a) 
(b) 


(¢) 


{d) 


OC ESS aa 


Fig. 60. Configurations of a liquid mass subjected to intense Tidal Forces. 


EXPLANATION. 
(a) Undistorted sphere, and longest spheroid which is statically stable (e=0°8826). 
(b) Longest spheroid which is dynamically stable (e=0:9477), and pear-shaped - figure 
derived by third harmonic displacement. 
(c) More elongated pear-shaped figure, and figure derived by fourth harmonic displacement. 
(d) The last figure more elongated, and with fifth harmonic displacement superposed. 
(e) Conjectural drawing of subsequent configuration. 
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Actually the value we have assumed for v? is impossibly small for two 
stars in an encounter. The velocity of fall from infinity alone is /2 times 
that appropriate to a circular orbit, so that when two stars meet, the value of 
v must be greater than that assumed above by a factor of at least 4/2. 
As a consequence the value of R necessary for break-up is less than 84 per 
cent. of that given by equation (376'2). But this still does not differ very 
greatly from the simple equilibrium value given by formula (375:1), at any 
rate so long as the masses M and M’ are comparable. 

Equation (37571) would however suggest that the limiting distance for 
tidal break-up could be made very large by taking M’ very large compared 
with M. This is true on an equilibrium theory of the tides but equation 
(376°2) shews it is not so when dynamical factors are taken into account. 
When MM’ is very large the two stars shoot past one another with such 
a high relative velocity that the more intense tidal forces have very little 
time in which to operate; the shortness of the time of action neutralises the 
intensity of the forces. 


Tidal Effects in a Compressible Mass. 


377. When there is great central condensation of mass the problem 
assumes a different form. Let us consider the extreme case of a body whose 
whole mass may be treated as concentrated at its centre as in Roche’s 
model (§ 229), so that its gravitational potential is always yM/r. 

If this mass is under the influence of its own gravitation, and also of a 
tidal field of force of potential Vz, the total gravitation potential 0 is 
given by 

yM 
sh Vosiev ats ns rhage (377°1). 


Let the tidal force originate in a second star S’ which may be treated as 
a point of mass M’ at a distance R. If r’ denotes distance from this point, 
the whole potential of S’ is yM’/r’, but only a part of this produces tidal 
forces. Part goes in producing the acceleration yM'/R? of S, which may be 
supposed to originate from a field of force of potential yxM’/R?. Subtracting 
this, the effective tide generating potential is 


and the total potential © is 


de 
Aiorsinis tend? 
Following an equilibrium theory of the tides, the boundary of the surface 
of S must be one of the system of equipotentials 2 = constant. The tidal 
disruption of S will commence when, if ever, there is no closed equipotential 
capable of containing the whole volume of 8S. 
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Discussing the equipotentials © =constant in the manner adopted in 
§ 229 we find that, whatever the values of M and M’ may be, the equipotentials 
surrounding the point M are at first spheres, but give place to open equi- 
potentials at a certain distance from M. Fig. 61 shews the equipotentials 
drawn for the special case of M’=2M. The last closed equipotential is 
drawn thick, and its whole volume is found by quadrature to be equal 
to that of a sphere of radius 0°348 R. 


Fig. 61. 


Similarly fig. 62 shews the equipotentials drawn for the limiting case of 
M'/M=o. The mass M’ is now of course at infinity. The outermost 
curve constitutes the last closed equipotential, and its volume is found by 


3 
quadrature to be that of a sphere of radius 0°72 (sr) R. 


Fig. 62. 


The critical equipotential occurs when S’ is at a distance R which bears a 
certain ratio to the undisturbed radius of S. From the figures just-given it 
is found that the critical values of R are 


/ ’ 3 
when M’/M = 2, R =287 r, = 2-28 Gr) ile Ue (377°3), 


! mM’\* 
when M’/M =o, R =1-75 Ga AREER (377°4). 
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Nebulae suggestive of Tidal Action 
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As soon as R becomes less than these critical values, no closed equi- 
potential is capable of containing the whole mass of S. A certain amount 
begins to spill out through the sharp pointed conical end of the last closed 
equipotential, and the tidal disruption of S has begun. 


We may notice that the critical values of R determined by equations 
(377°3) and (377-4) do not differ widely from that given by equation (375:1), 
although the two equations just obtained refer to a body with extreme con- 
densation of mass, while the earlier equation referred to a body having no 
central condensation of mass at all. 


The Birth of Planets. 


378. The matter which is ejected through the funnel-shaped end of the 
last closed equipotential may scatter into space and fall back into the star S 
unless it is of sufficient amount for its own gravitation to keep it together. 
Tf it is of sufficient mass to cohere under its own gravitation, it will form a 
long filament, pointing approximately towards the tide-generating mass 8’, 
or possibly two long filaments starting out from antipodal points of S, the 
two filaments not generally being symmetrical, and the more massive pointing 
towards S’. Plate XVI shews two photographs of actual nebulae whose 
configurations may or may not be due to tidal action but which in any case 
serve to indicate the type of motion which theory predicts ought to occur 
under the action of sufficiently intense tidal forces. 


The long filament or filaments of matter just described cannot be stable 
so long as their density remains approximately uniform. They form suitable 
subjects for the action of gravitational instability of the kind discussed 
in § 314. As the result of the operation of gravitational instability, con- 
densations will form round which the whole matter of the filaments will 
ultimately condense into detailed masses. These condensations have an 
average mass M equal to d,*p, where X is given by formula (316:2), so that 


M= ley isa rie Gat: te (3781). 


Table XXX (p.350) shews that with reasonable values for the density 
and molecular velocity of the ejected matter, each condensation would have a 
mass of the order of magnitude of the actual masses of the planets. It is 
suggested that the planets originated out of such condensations. 


379. In both the extreme cases of an incompressible mass of uniform 
density and of a mass with its density distributed as in Roche’s model, we 
have found that a sufficiently close encounter with another star will result in 
the break up of the mass into detached pieces. In the former case, however, 
the final broken up pieces are each of a mass comparable with that of the 
parent star; in the latter case, the fragments which are pulled off by tidal 
action are of comparatively insignificant mass, so that the mass of the parent 
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star is only slightly reduced by the process of disruption. A comparison 
with the actual facts of the solar system makes it clear that the parent sun 
must have approximated much more closely to Roche’s model than to the 


incompressible mass. 

Thus the sun must have had considerable condensation of mass, and the 
earth and the other planets must have been formed from its outermost layers 
in the manner investigated in §§ 377 and 378. 


The Birth of Satellites. 


380. The principal characteristics of the solar system are reproduced with 
great fidelity in the smaller systems formed by Jupiter and Saturn with their 
accompanying families of satellites. Each of these small systems is so exact 
a replica in miniature of the solar system that no suggested origin for the 
main system can be accepted unless it can account equally for the smaller 
planetary systems; any hypothesis which assigned different origins to the 
main system and the sub-systems would be condemned by its own artificiality. 


Immediately after the birth of any planet, say Jupiter, the original 
situation repeats itself in miniature, Jupiter now playing the part originally 
assigned to the sun, while the sun or the wandering star, or possibly both 
together, play the part of the tide-raising disturber. Again we get the 
emitted filament, again the formation of condensations, and again, as the final 
result, a chain of detached masses. Since Jupiter, the sun and the disturbing 
star are all moving originally in the same plane, Jupiter's satellites, when 
formed, ought also to move in this plane. Not only Jupiter and his satellites 
but all the other planets and their satellites are observed to move approxi- 
mately in the same plane, apart from the exceptions occurring on the outer 
edges of the system which have already been noted in § 2; this plane must 
then mark the plane of the orbit of the wandering star which was the author 
of the whole disturbance. 


The great disparity in mass between parent and children which prevails 
in the solar system repeats itself in the planetary systems. The sun’s mass is 
1047 times that of his greatest satellite, Jupiter, while J upiter’s mass is 
12,300 times that of his largest satellite, and the corresponding ratio in the 
system of Saturn is 4150. The nearest approach to equality of mass is found 
in the system of the earth and moon with a mass-ratio of 81 to 1. This 
suggests that in each case there must have been great condensation of mass 
in the parent body, and that the satellites have been formed by gravitational 
instability as condensations in filaments of comparatively small mass. 


In systems possessing many satellites, namely those of the Sun, Jupiter 
and Saturn, a general tendency may be detected for the masses to increase 
up to a maximum as we pass outwards through the system, and subsequently 
to fall off to a minimum, In the main system, for instance, there is a regular 
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progression of increasing mass through Mercury, Venus, Earth, Mars to the 
maximum mass of Jupiter, which is broken only by the anomalous mass of 
Mars; on the descending side the progression through Jupiter, Saturn, 
Uranus, Neptune fails only through Neptune being some 17 per cent. more 
massive than Uranus. Clearly when a tidal filament is drawn out of a break- 
ing up star, the matter will be richest near the centre of the filament and 
will tail off at both ends; this may provide an explanation of the appearance 
of the more massive planets, Jupiter and Saturn, near the centre of the 
planetary sequence, and of the similar phenomenon in the planetary systems. 


381. So long as the problem is discussed in general terms, it looks as 
though the process might go on for ever, each satellite of each planet pro- 
ducing a family of sub-satellites to circle around it, and so on ad infinitum. 
Common sense suggests that there must be a limit somewhere, and calcula- 
tion enables us to fix this limit quite definitely. 


The first five satellites of Saturn all have masses of the order of 
10% grammes. Formula (378°1) shews that for bodies of this mass to be 
formed by gravitational instability out of a gaseous filament, the density of 
the original filament must be many hundreds or thousands of times that of 
water. Such a density is incompatible with the gaseous state, and the obvious 
deduction is that these bodies were not born out of a gaseous filament or, at 
any rate, were not gaseous when born. 


We could have reached the same conclusion in another way. The small 
satellites of Saturn are even now, in their solid states, too small to retain an 
atmosphere ; if they were suddenly transformed into gas they would be still 
less able to retain their outer layers of gas and would rapidly dissipate into 
space. This conclusion is entirely independent of any special theories of 
cosmogony; whatever view we hold as to their origin, it is comparatively 
certain that most of the asteroids, the majority of the satellites of the planets, 


and of course the particles of Saturn’s rings have been solid or liquid from 
birth. 


This it is that fixes the limit to the birth of endless generations of satel- 
lites. Gaseous bodies below a certain limit of mass cannot hold together 
gravitationally but immediately dissipate into space. A brief reprieve from 
this law is provided by the possibility of the matter liquefying or solidifying 
before the process of dissipation is complete, and it is probably owing to the 
action of this reprieve that most of the satellites of the planets, and possibly 
the smaller planets themselves owe their present existence. But the very 
circumstance which saves the lives of these small individuals prevents their 
giving birth to further generations of astronomical bodies. 


382. The more liquid a planet was at birth the less likely it would be to 
be broken up tidally by the still gaseous sun. But the discussion of § 379 has 
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indicated that if such a tidal break-up occurred, the masses of primary and 
satellites would be more nearly equal than if the planet had been wholly 
gaseous. Thus on passing from planets which were wholly gaseous at birth 
to planets which were wholly liquid either at or immediately after their 
birth, we ought first to find planets with large numbers of relatively small 
satellites, and, after passing through the boundary cases of planets with small 
numbers of relatively large satellites, come to planets with no satellites at 
all. This is exactly what we find in the solar system. Starting from Jupiter 
and Saturn, each with nine relatively small satellites, we pass Mars with only 
two satellites and the earth with its one relatively large satellite, and come to 
Venus and Mercury which have no satellites at all. Proceeding in the other 
direction from Jupiter and Saturn, we pass Uranus with four small satellites 
and come to Neptune with one comparatively big satellite. The earth and 
Neptune, which have only one satellite each, and those comparatively large 
ones, form the obvious division between planets which were originally liquid 
and those which were originally gaseous. Thus we may conjecture that 
Mercury and Venus must have become liquid or solid immediately after birth, 
that the Earth and Neptune were partly liquid and partly gaseous, and that 
Mars, Jupiter, Saturn, and Uranus were born gaseous and remained gaseous 
during the birth of their families of satellites. 


Confirmatory evidence is provided by the circumstance that the masses 
of Mars and Uranus are abnormally small for their positions in the sequence 
of planets. If, as we have supposed, the planets were born out of a continuous 
filament of matter, the mass of Mars at birth ought to have been intermediate 
between those of the Earth and Jupiter, while the mass of Uranus ought to 
have been intermediate between those of Neptune and Saturn. If however 
the two anomalous planets Mars and Uranus were the two smallest planets 
to be born in the gaseous state, they would be likely to suffer more than the 
other planets from dissipation of their outer layers. If we suppose that Mars 
and Uranus are only fragments of planets which were initially far more 
massive than they now are, then the anomalies disappear and the pieces of 
the puzzle begin to fit together in a very satisfactory manner. 


Effects of a Resisting Medium. 


383. The matter which was ejected from the sun by the tidal cataclysm 
cannot all have immediately condensed into planets; a considerable amount 
of gas must at first have been scattered throughout the space surrounding 
the sun, forming a resisting medium through which the new-born planets 
had to fight their way. The effect of such a resisting medium can be studied 
by giving a negative sign to G in the analysis of § 261; we see that the 
presence of a resisting medium must lessen the eccentricity of the orbits of 
the planets, so that if the medium remains in existence for long enough, all 
planets and their satellites must acquire approximately circular orbits. 
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Jeffreys* has studied the rate at which the eccentricities of planetary 
orbits would be reduced by the action of such a medium, and finds that the 
orbit of Mercury would be reduced to its present eccentricity in a period of 
the order of 3000 million years, a time which agrees well with other estimates 
of the age of the solar system. It is quite likely that this primitive resisting 
medium has not yet been wholly absorbed by the sun and planets, and the 
particles which scatter the zodiacal light may well form the last surviving 
vestiges of it. 


The Frequency of Planetary Systems in Space. 


384. It appears to be clearly established that, whatever structure we 
assign to a primitive sun, a planetary system cannot come into being merely 
as the result of the sun’s rotation. If a sun, rotating alone in space, is 
not able of itself to produce its family of planets and satellites, it becomes 
necessary to invoke the presence and assistance of some second body. This 
brings us at once to the Tidal Theory. But our analysis has shewn that the 
passage of this second body will have no permanent effect on the sun unless 
the centre of the second body passes with a distance of some 2 or 8 stellar 
radi of the centre of the sun. The limit is not very much greater than 
the distance at which a physical collision takes place. Now in § 286 we 
calculated that, with the present distribution of stars in the neighbour- 
hood of the sun, a given star is only likely to meet with actual collision once 
in 6x10” years. Its chance of a tidal encounter of sufficient intensity to 
break it up into a planetary system is somewhat, but not much, greater. We 
may perhaps suppose that the chance is twice as great, but we must also 
take into account that not every encounter of the requisite closeness can be 
expected to form a planetary system. 


At a rough estimate we may suppose that a given star’s chance of forming 
a planetary system is one in 5 x 10" years. Allotting an average age of 5 x 10¥ 
years to the stars, we find that only about one star in 100,000 can have 
formed a planetary system in the whole of its life, so that only about one star 
in 100,000 is at present surrounded by planets. Planetary systems must then 
be of the nature of “freak-formations”; they do not appear in the normal 
evolutionary course of the normal star. 


To a rough approximation we may regard the stars of the galactic system 
as consisting of about 100 million stars packed approximately as closely as 
the stars in the neighbourhood of the sun, and a far greater number 
scattered far more sparsely in space. In the former group of 100 million stars 
planetary systems must form at the rate of about one per 5 x 10° years; in the 
latter the stars are so sparse that the chance of planetary systems coming into 
being may be almost neglected. We may conclude that in the whole of the 
galactic system planetary systems only come into being at the rate of about one 


* M.N. uxxvitt. (1918), p. 424. 
y 26 


410 The Solar System [CH. XvI 


per 5000 million years, so that our own system, with an age of the order of 
2000 million years, is probably the youngest system in the whole galactic 
system of stars. 

The contrast between the slowness of cosmogonic events as disclosed by 
the figures just given, and the rapidity with which events move on our earth, 
leads to some interesting reflections. Let us suppose that civilisation on our 
earth is 10,000 years old. If each planetary system in the universe contains 
ten planets, and life and civilisation appear in due course on each, then civilisa- 
tions appear in the galactic system at an average rate of one per 500 million 
years. It follows that we should probably have to visit 50,000 galaxies 
before finding a civilisation as young as our own. And as we have only 
studied cosmogony for some 200 years, we should have to search through 
about 25 million galaxies, if they exist, before encountering cosmogonists as 
primitive as ourselves. We may well be the most ignorant cosmogonists in 
the whole of space. 


CHAPTER XVII 
CONCLUSION 


385. Now that the detailed discussion of particular problems is ended, we 
may perhaps attempt to summarise our results and tentative conclusions, 
sacrificing logical and chronological order in favour of the arrangement which 
offers the broadest and simplest view of the whole subject. 


The easiest part of the problem of cosmogony is the interpretation of the 
observed shapes of astronomical bodies and formations. Here the effects of 
rotation have proved to be of primary importance. The earth and many of the 
planets have the shape of flattened oranges. The degree of flattening is such 
as would be produced by quite slow rotation about an axis, and there is no 
room for doubt that this is the actual cause of the observed flattening. It is 
possible to trace out theoretically the shapes assumed by astronomical bodies 
having all possible amounts of rotation. Mathematical investigation shews 
that the flattened-orange shape is assumed by all bodies in slow rotation, no 
matter what their internal constitution and arrangement may be, but that 
with more rapid rotation the shape depends on the internal arrangement of the 
body, being especially affected by the extent to which its mass is concentrated 
at or near its centre. 


Two special and quite extreme types of arrangement have been considered 
in detail. In the first the body is supposed to consist of matter which cannot 
be compressed and is of uniform density throughout; to fix our ideas, we 
may think of a mass of water. As the rotation of such a mass increases, the 
orange becomes flatter and flatter but retains the shape of an oblate spheroid 
throughout, until a stage is reached beyond which the flattening cannot go. 
At this stage the body abandons its circular cross-section; it elongates and 
concentrates its mass around one of the diameters in its equatorial plane, 
thus forming an ellipsoid with three unequal axes. This process continues until 
the mass forms a cigar-shaped figure with a length equal to nearly three times 
its shorter diameter. At this point the mass begins to concentrate about two 
distinct points on its longest diameter, a furrow or waist forming near the 
centre which continually deepens until it cuts the body into two distinct 
detached masses. These rotate in orbital motion about one another like the 
earth and moon, except that the two masses are more nearly equal and are 
closer together. 


It is possible for a single rotating mass to assume all these configura- 
tions in turn. The concept, first introduced by Laplace, of a mass shrinking 
and at the same time increasing its speed of rotation, because its rotational 
momentum must remain constant, remains of the utmost importance to 
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cosmogony to-day. It seems probable that Laplace’s concept must be modified 
in one respect; we no longer contemplate a slow gradual shrinkage, but rather 
a contraction by spasms, a star remaining of about the same size through a 
long period of time, after which a fairly rapid contraction occurs, followed by 
another long epoch of unchanging size, another rapid contraction, and so on. 

This jerkiness of contraction is ultimately due to the fact that the atoms 
out of which the stars are built are not continuous structures. The most 
important part of an atom, the positively charged nucleus at its centre, is also 
the smallest. In this, just because of its smallness, the main mass of the atom 
resides. The atom is avery open structure, being rather more so than the solar 
system. The nucleus corresponds to the sun, and around this the other con- 
stituents of the atom, the negative electrons, revolve like planets. The revolving 
electrons may form J, 2, 3 or more rings surrounding the nucleus. At the 
high temperatures which prevail inside the stars the atoms are much broken 
up. As the temperature changes, the size of the atom necessarily changes 
by a whole ring at a time, and these jumps in the sizes of the atoms shew 
themselves in jumps in the sizes of the stars. The radii of atoms which have 
0, 1, 2, 3, ... rings of electrons revolving round their nuclei are in the proportion 
0? : 17: 2%: 3%:..., and if all the stars of a given mass are graded according 
to size, we find that they fall into groups in which the radii are in something 
like these same proportions. 

This is of course not the whole story, for the volumes of stars differ sub- 
stantially from the aggregate volume of the atoms of which they are formed, 
while theory and observation both shew that the groups of configurations 
corresponding to the different atomic radii remain distinct only in unusually 
massive stars. In stars of moderate mass the distinction becomes blurred, so 
that the various types of configuration merge continuously into one another, 
but we have found that the diameters of stars of large mass reflect quite 
clearly the different possible diameters of the atoms of which they are 
composed. Thus it is possible to say that in one group of stars each atom 
in the main central mass has two rings of electrons left in orbital motion 
around it, in another group of smaller size only one ring of electrons survives, 
while in another group of still smaller size, the “white dwarfs,” nearly all the 
atoms are stripped bare of electrons, and only the positive nuclei are left. 

Thus in a sense the secret of the structure of the atom is written across 
the heavens in the diameters of the stars. For instance, the great disparity 
in size between the white dwarfs and the group of stars of next larger size, 
the “main sequence” stars, provides evidence that the positive nucleus has a 
diameter far smaller than the first ring of electrons surrounding it; we have 
astronomical proof of the “openness of structure” of the atom. 

While a star shrinks, whether continuously or by jerks, its rotation increases, 
and it can run through the whole sequence of configurations just described, 
ending as a binary star. 
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The foregoing discussion has assumed that a star may be treated as a mass 
of uniform incompressible liquid such as water. Actual stars are not so simple 
as this, but our detailed mathematical discussion has indicated that they will 
behave very much as though they were. An actual star cannot rotate at the 
same speed throughout, for we have found that the continual emission 
of radiation from its surface must necessarily exercise a braking effect upon 
its outer layers, which accordingly rotate less rapidly than the inner layers. 
Moreover, the tenuous gaseous outer layers of a star must have very different 
physical properties from a uniform incompressible liquid. But their very 
tenuity makes it permissible to disregard them entirely. It is the massive 
inner layers that determine the dynamical conduct of the star; the outer 
layers merely form an obscuring veil drawn round those parts of the star 
which are dynamically important, conforming to their gravitational field but 
concealing their motions. 

Nevertheless our theoretical investigations have shewn that it will not 
always be permissible to disregard the effects of the outer layers of a rotating 
mass. The more massive a star is, the more we have found its mass to be 
concentrated towards its centre, and the greater is the relative extent of its 
atmospheré. When a body has a mass far greater than that of a star, its 
whole mass may be supposed concentrated at one point, namely its centre, 
while its tenuous atmosphere occupies practically the whole of its volume. 

Such masses, when set in rotation, assume shapes very different from those 
assumed by uniform incompressible masses. With slow rotation they shew the 
universal flattened-orange formation, but speedier rotation brings about a 
departure from this shape; they become flatter but do not remain oblate 
spheroids. When a certain critical speed of rotation is reached, they assume 
the shape of a double convex lens with a perfectly sharp edge. Still further 
rotation causes the atmosphere to spill out through the sharp edge of the lens 
into the equatorial plane, leading to a succession of configurations in which 
the central mass continually retains the critical lens-shaped configuration, 
while more and more of its outer layer becomes spilled out and constitutes a 
thin disc of matter rotating in the equatorial plane. 


Fig. 63 shews the contrast between the series (a) of configurations assumed 
by a rotating body of uniform, or nearly uniform, density, and the series (6) 
assumed by a rotating body whose mass is highly condensed towards its centre. 
In every case the dotted line represents the axis of rotation. 


The two chains of configurations are those of two extreme types of mass, 
one (b) having its mass entirely concentrated at its centre, and the other 
(a) having its mass spread uniformly throughout its volume. Actual astro- 
nomical masses will lie somewhere between these two extremes, and a mass 
half-way between might naturally be expected to follow a sequence of con- 
figurations half-way between (a) and (6). Theory shews, however, that it 
does not. As the degree of central condensation steadily increases, the body 
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continues to follow sequence (a), or at any rate a sequence which differs from it 
only in non-essentials, until, when a certain critical degree of central condensa- 
tion is reached, it suddenly swings over and follows sequence (b), and this same 
sequence is followed by all masses having a greater degree of concentration 
than that at which the cross-over occurs. Thus, as regards essential features, © 
there are only the two sequences (a) and (6) to be considered, and a rotating 
mass will follow the one or the other, according to the degree to which its 
mass is concentrated near its centre. 


The first sequence is that through which an ordinary star breaks up to 
form a binary system. The fact that a star follows this sequence rather than 
sequence (b) proves that it cannot have any enormous central condensation 
of mass, detailed analysis shewing that it cannot be in a purely gaseous 
state. In its central regions at least the atoms must be jammed together so 
that the matter approximates to the liquid rather than to the gaseous state ; 
this in turn shews that some at least of its atoms must have rings of electrons 
left in orbital motion around them. 


Cog ionts 
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Fig. 63. The sequence of configurations of masses rotating under their own gravitation: 
(a) Liquid masses and masses of nearly uniform density. 
(b) Gaseous masses and masses whose density is highly concentrated in their central regions. 


The second sequence of configurations (6) is that exhibited by the spiral 
and other nebulae whose masses are enormously greater than those of ordinary 
stars. When Dr Hubble set out to classify the observed nebular forms he 
tried to disregard all theoretical predictions, but nevertheless found himself 
compelled to classify the normal nebulae as forming precisely the linear 
sequence (b) predicted by theory (see Plates IX, X and XIII). 


We see then that a large proportion of the configurations of astronomical 
bodies can be explained as the configurations of rotating masses. Binary 
stars and elliptical and spiral nebulae admit of such an explanation, while 
we have conjectured that the rotation which just precedes fission may explain 
the characteristic behaviour of Cepheid variables and of some long-period 
variables. But rotation has not yet been able to explain the characteristic 
spiral shape of the arms of spiral nebulae, and definitely fails to explain the 
distinctive formation observed in the solar system. 
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386. The extra-galactic nebulae and star clouds are the most massive 
astronomical formations known, their masses being of the order of a thousand 
million suns. The masses of the rather enigmatical globular clusters are 
probably distinctly smaller, but hardly of a different order of magnitude. After 
these there is a great gap until we come to the stars with masses comparable 
with the sun. In discussing still smaller masses we are perforce limited to the 
solar system, since they could not be obsérved in more distant systems. Here 
again a great gap appears; after the sun, the next most massive body is 
Jupiter, whose mass is less than a thousandth part of that of the sun, and then 
come the planets in general with masses of the order of a ten-thousandth part 
of the sun’s mass. After these there is another great gap, and then a still 
smaller system of bodies, the satellites, which have masses of the order of only 
a ten-thousandth part of the masses of their primaries. 

We have seen that an explanation of these discontinuities in the sequence 
of masses is provided by the action of gravitational instability, which also 
explains how one group of masses is formed out of another. This single concept 
has proved capable of explaining the births of four successive generations of 
astronomical bodies, each being born through the action of gravitational in- 
stability from the generation of more massive bodies immediately preceding it. 

We have found that, as Newton first conjectured, a chaotic mass of gas of 
approximately uniform density and of very great extent would be dynamically 
unstable; nuclei would tend to form in it, around which the whole of the 
matter would ultimately condense. We have obtained a formula which enables 
us to calculate the average distance apart at which these nuclei would form 
in a medium of given density, and this determines the average mass which 
would ultimately condense round each. 

If all the matter in those parts of the universe which are accessible to 
our observation, a sphere of about 140 million light-years radius, were spread 
out uniformly, it would form a gas of density 10-* or thereabouts. We have 
calculated that gravitational instability would cause such a medium to break 
up into detached bodies whose distance apart would be of the same order as 
the observed distance between the spiral nebulae; the mass of each such body 
would accordingly be about equal to the mass of the average spiral nebula. 
We may conjecture, although it is improbable that we shall ever be able to 
prove, that the spiral nebulae were formed in this way. Any currents in the 
primaeval chaotic medium would persist as rotations of the nebulae, and, as 
these would be rotating with different speeds, they might be expected to shew 
all the various types of configurations of our sequence (b), which is what is 
actually observed. 

Those nebulae whose rotational momentum was sufficient to carry them 
past the critical lenticular shape in the course of their shrinkage would shed 
a certain amount of matter in their equatorial plane in the manner indi- 
cated in the last two diagrams of sequence (0). Since a uniformly spread-out 


416 Conclusion [CH. XVII 


distribution of matter in this plane would be unstable, gravitational 
instability would again cause condensations to form and the shed matter 
would ultimately break up into a series of separate detached bodies. Calcula- 
tion shews that these would each have a mass of the same order as the masses 
of the stars. This makes it exceedingly likely that we have here found the 
birthplaces of the stars. It is significant that stars are observed in abundance 
in the outer regions of the spiral nebulae, but none in the inner lenticular 
regions, or in those spherical or elliptical nebulae which, having stopped short 
of the critical lenticular configurations, have shed no matter out into their 
equatorial planes. Thus stars are found precisely in those regions in which 
theory predicts that they should be formed by gravitational instability and 
nowhere else. 

Normally the reign of gravitational instability must end with the birth of 
stars. The masses of the stars are too small for further shrinkage to carry 
them again along sequence (6), so that if such shrinkage occurs, the stars 
must follow sequence (a) and may finally break up into binary systems. 

In a few exceptional cases, however, gravitational instability may come into 
action again. On rare occasions it may happen that one star passes so near to 
another that it draws out long arms of matter, these being in effect exaggerated 
tides caused by the near proximity of the two stars. When this occurs, the 
matter in these arms is a fit subject for the operation of gravitational instability, 
and calculation shews that the matter would condense into detached bodies, 
each of mass about equal to that of the planets. In this way we conjecture 
that our earth and the other planets were born out of the sun. Such planets 
as do not liquefy or solidify at once may in their turn be caused to eject long 
arms of matter which the operation of gravitational instability will break up 
into detached masses, the satellites of the planets. Our moon forms a rather 
exceptional case, having a mass far more nearly equal to its primary than is 
found anywhere else in the solar system. We have found that this indicates 
that the earth must have been partially liquefied before the moon was born. 

The action of gravitational instability must finally end with the birth of 
satellites. To escape the fate of dissipating away into space these must con- 
dense into either liquid or solid form immediately after birth, and when they 
have done this, gravitational instability can obtain no further hold over them. 
We have found, however, that gravitational instability accounts for the birth 
of four generations of astronomical bodies in succession, of nebulae out of 
chaos, of stars out of nebulae, of planets out of stars and of satellites out of 
planets. Our conclusion that these successive generations are born by gravi- 
tational instability demands no hypotheses beyond the presence of forces which 
are already known to exist, namely gravitation and gas-pressure, and it survives 
at every step the test of numerical computation. 


387. Another section of cosmogony deals with the time required for these 
processes to occur and, as a consequence, with the total age of the universe. 
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Terrestrial evidence indicates that the age of the earth must be between 
1500 and 5000 million years, so that this is probably the time which has 
elapsed since the planets and their satellites were born out of the sun. But 
stellar evidence demands far greater ages for the stars. We have estimated 
that the time necessary for the primaeval chaos to condense into nebulae must 
have been much more than 60,000 million years; the time for the condensa- 
tions in these nebulae to form stars rotating with some approach to uniformity 
of angular velocity, such as is shewn by the sun, is of the order of 10” years. 
The time required for the motions of the stars to acquire the observed ap- 
proximation to a final steady state of equipartition of energy is again of the 
order of 10" years. The distribution of the eccentricities and periods in the 
orbits of binary stars is such as to suggest that these orbits have been moulded 
by long ages of interaction with other stars, and calculation enables us to fix 
the length of the necessary time as being of the order of 10" years. Older 
binary systems shew a closer approach to equality of mass in their two 
constituents than is shewn by younger systems, and calculation shews that 
the time necessary to establish the approximation to equality observed in 
the older system is of the order of 10" years. The galactic system is a 
confused medley of stars moving nearly at random, but still shewing some 
faint evidence of ordered motion. A few of the more massive stars move in 
orderly parallel motion like flights of swans or ducks; the majority move with 
the random motion of a cloud of starlings. But it seems reasonable to 
suppose that at one time these latter also shewed the same type of ordered 
motion as is still shewn by their more massive companions. A dynamical 
investigation has shewn that the time necessary to break up the formation 
of the less massive stars would again be of the order of 10" years. Thus all 
available lines of evidence agree in assigning lives of the order of millions of 
millions of years to the stars. 


388. We observe a star because it is emitting radiation. Modern physical 
theory teaches that all radiation carries mass with it, so that the emission of 
radiation necessarily diminishes the mass of a star. The rate of diminution 
of a star’s mass is readily calculated; the rate at which the sun’s mass is 
diminishing is found, for instance, to be 250 million tons a minute. 

Neither the sun nor any other star can continue radiating away its mass 
at such a rate for ever. The mass of a star fixes a limit to the total amount 
of radiation it can emit, just as surely as the volume of a cistern fixes a limit 
to the total amount of water it can emit. In the case of the star there is no 
replenishment, or at least none comparable with the amount lost. The sun 
loses 250 million tons of mass every minute, and there is no known source of 
replenishment which can supply new mass to it at even a small fraction of 
this rate. 

Calculation shews that a star whose age is 10 years must in the course 
of its life have emitted radiation whose total mass is many times greater than 
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the present total mass of the star. Not only, then, are the masses of the stars 
gradually melting away into radiation, but in most stars the greater part of 
the mass has already so melted. 


The amount of mass which is left to a star provides a measure of the 
length of time during which it can continue to emit radiation. We find, for 
instance, that the sun possesses enough mass to continue to radiate at its 
present rate for 15 million million years. Actually the sun can look forward 
to a longer life than this, for as a star ages the rate at which it radiates 
away energy, and so the rate at which it spends its mass, continually 
diminishes. When allowance is made for this senile tendency to parsimony, 
we find that stars such as our sun can continue to shine for some hundreds 
of millions of millions of years. 


389. At the beginning of its life a star has a huge store of mass, the 
greater part of which is destined ultimately to be transformed into radiation. 
There is only one way known to physics in which such enormous amounts of 
mass can be stored, namely in the form of electrons and protons which are 
combined into atoms, although not necessarily atoms of terrestrially known 
types. And the radiation of the stars must be provided by the annihilation 
of these atoms. An investigation into the stability of the stars has shewn that 
for the stars to be stable structures, not liable suddenly to transform their whole 
mass explosively into radiation, their atoms must liberate energy spontaneously 
as the radioactive atoms do, the rate of liberation not depending to any great 
extent on the density or temperature. The relatively cool temperature of the 
earth’s surface proves that terrestrial atoms have no appreciable capacity for 
liberating energy, so that the atoms which liberate energy in the sun and 
stars must be of different type from terrestrial atoms. 


Thus the future radiation is stored in the form of electrons and protons in 
the star, and the process of liberation of energy must consist of an annihilation 
of matter, electrons and protons neutralising one another and setting free 
radiation of mass equivalent to that of the annihilated matter. Different 
types of matter must be liable to annihilation at different rates, so that it 
ought to be possible to estimate the age of a star either from the amount of 
matter left, or from the proportions in which the different types of matter 
occur. An important reservation must, however, be made. We have found 
reasons for thinking that atoms which are completely broken up into their con- 
stituent electrons and protons are immune from annihilation. If so we cannot 
estimate the age of a star unless we know for how long and to what extent 
its atoms have been preserved from annihilation in this manner. 

For instance, if we suppose that the sun has always been a normal star 
radiating energy at the rate normally appropriate to its mass, calculation 
shews that it cannot have existed for more than 8 million million years. But 
this length of life can be extended indefinitely if we suppose part of it to 
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have been spent as a “white dwarf.” The matter in these stars is protected 
from annihilation, with the result that they are so feebly luminous for their 
mass as to upset all calculations. We have no means of knowing whether 
the sun, or any other star, has spent part of its life as a white dwarf or not. 
Theory is not altogether hostile to such a possibility, while observation is 
necessarily silent on the matter since white dwarfs are so faint that the vast 
majority of them escape observation entirely. 


Similarly, the dense central nuclei of the spiral and other extra-galactic 
nebulae probably consist of matter which is broken up into its ultimate 
constituent parts and so is immune from annihilation. These nebulae are in 
effect vast storehouses of matter which is immune from annihilation and on 
which age produces no effect. Thus those stars which look the youngest may, 
although this is hardly likely, actually consist of the oldest atoms, and, in any 
case, it becomes impossible to divide either stars or atoms up into young and 
old. It is possible, although again perhaps hardly likely, that all atoms may 
originally have come into being at the same time. 


390. We have seen that the observed radii of stars of large mass fall into 
distinct detached groups, the different radii being easily identified as corre- 
sponding to the various rings of electrons which revolve round the atomic 
nucleus. The group of stars whose radii are smallest of all, the white dwarfs, 
consist mainly of atoms stripped bare of electrons right down to their nuclei. 
The next group, the main sequence stars, have atoms in which only one ring 
of electrons, the K-ring, is left. The next group, the giant stars, have two 
rings left, and so on. For the temperatures in the inner regions of the stars to 
break up the atoms to the extent required for this identification, we have found 
that the stellar atoms must have atomic numbers in the neighbourhood of 95. 
If the stars were made of terrestrial atoms, the high interior temperatures 
of the stars would strip most of the atoms bare down to their nuclei. The com- 
pletely broken up atoms would now behave almost like a perfect gas, and this 
would make the star unstable, since we have found that a perfectly gaseous 
star generating its energy spontaneously cannot be in stable equilibrium. To 
keep the stars stable two separate conditions are necessary. The first, already 
mentioned, is that the stellar atoms must liberate their energy spontaneously, 
as the radioactive elements do; the second requires that they must have 
atomic numbers somewhere in the neighbourhood of 95 which is just higher 
than the atomic numbers (84—92) of the radioactive elements. 


The atomic number of any atom is the number of electrons which revolve 
round the nucleus when the atom is complete, and this gives a measure of the 
complexity of structure of the atom. Our conclusion, then, is that stellar 
atoms are rather more complex than the most complex of terrestrial atoms, 
namely, the radioactive atoms. We may regard the stellar atoms, in a sense, 
as super-radioactive atoms. The sequence from these through the ordinary 
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radioactive atoms to non-radioactive atoms is not only one of decreasing atomic 
number and decreasing complexity of structure ; it is also one of decreasing 
capacity for liberating energy, the stellar atoms having far more capacity for 
liberating energy than radium or uranium, whereas of course the ordinary 
terrestrial atom has much less. 


The foregoing statements refer to a sort of average atom of which the star 
may be supposed to be composed. An actual star must be a mixture of 
a great number of kinds of atoms, including terrestrial atoms. These latter 
atoms are probably of little importance in the dynamics and physics of the 
star as a whole, but they have the special importance that, being the 
lightest atoms in the star, they float up to its surface and so determine its 
spectrum. 


Terrestrial chemistry, which deals only with these atoms, may properly be 
described as “surface-chemistry”; it must merge into a wider chemistry on 
passing inside a star. So also terrestrial physics is a mere “surface-physics.” 
Inside a star we are confronted at once with what appears to be the funda- 
mental physical process of the universe, the wholesale transformation of matter 
into radiation; and of this terrestrial physics knows nothing. Again, the 
greater part of the matter of the universe exists in a state of high dissociation 
of which surface-physics has neither knowledge nor experience. Clearly our 
physics and chemistry are mere fragments of wider-reaching sciences. 


391. In a quite different sense biology is a surface-science, since biology 
becomes meaningless in the interior of a star. Life implies duration in time, 
and there can be no life where atoms change their make-up millions of times 
per second. Life further implies mobility in space, and this restricts it to 
those small parts of the universe where the physical conditions, temperature in 
particular, permit of the existence of matter in the liquid state. This does not 
merely rule out the interior of a star; it rules out the whole star. Every known 
star pours out such an intense torrent of radiation as to, make life quite im- 
possible on its surface. The only possible opportunities for the existence of 
life would appear to be on a planet some distance from the star’s surface, this 
planet consisting necessarily only of “permanent” matter torn originally from 
the star’s surface and transplanted to a safe, but not too great, distance from 
its hot surface. Thus biological science may be described as planetary science, 
since nowhere else in the universe would it seem to have any meaning. 


On rare occasions only does one star pass so near to another that planets 
can be torn out and left to solidify in space, to form the cool ash on which 
alone life can exist. At a rough computation, about one star in a million may 
be surrounded by planets, but probably only a small fraction even of these 
planets are possible abodes of life. Thus life is perforce limited to an amazingly 
small corner of the universe; whether it even exists where it can we have no 
means of knowing. 
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392. The cinematograph film which we set out to construct exhibits 
the universe as a mass of matter slowly but inexorably dissolving away into 
intangible radiation. The stars may be compared to icebergs which have broken 
away from the main ice-packs—the extra-galactic nebulae—and are drifting 
into warmer seas and extinction. Nothing stands, everything melts away, 
except for the few permanent atoms which, like the rocks or stones of the 
iceberg, are destined to survive after all else has dissolved. We have esti- 
mated (§ 126) the average duration of the present matter of the universe to 
be of the order of 10" years only. After some such period the main mass of 
matter now in existence will have been transformed into radiation. If all 
matter were completely annihilated, the estimated present mass-density of 
15 x 10 grammes per cubic centimetre would produce a mass-density of 
radiation of 1:35 x 10~” ergs per cubic centimetre and this is the density of 
radiation at a temperature of 11°5 degrees absolute. But we cannot say how 
far this radiation may be diluted through invading parts of space in which no 
matter exists. 


While the far end of the film of pictures is fairly clear, the beginning is 
veiled in obscurity. We have been able to form an estimate of the time during 
which the stars have existed as stars, but we cannot say for how long their 
electrons and protons have existed, since, before they formed stars at all, they 
may have existed in completely dissociated form, immune from annihilation, in 
the central regions of the great nebulae. Thus the five to ten millions of millions 
of years which we have estimated as the average age of the stars only provides 
a sort of lower limit to the ages of the atoms, and so to the age of the 
universe. We can estimate the future life of the present matter of the 
universe from the rate at which it is transforming itself into radiation, but we 
can only fix a lower limit to its past life. Even so, this lower limit is so long 
as to create a suspicion that we may have appeared on the scene rather late 
in the history of the universe; possibly the main drama of the universe is 
over, and our lot is merely to watch the unwanted ends of lighted candles 
burning themselves out on an empty stage. 


An alternative view is that there may be neither beginning nor end, so 
that we may speak of the ages of the stars but not of the age of the universe. 
It is difficult, but not impossible, to believe that matter can be continuously in 
process of creation, or possibly of re-creation out of stray radiation. If, how- 
ever, this obvious initial difficulty is disregarded, we are free to think of stars 
and other astronomical bodies as passing in an endless steady stream from 
creation to extinction, just as human beings pass from birth to the grave, 
with a new generation always ready to step into the place vacated by the old, 
Observation cannot finally decide between these two possibilities, but rather 
frowns upon the view just stated. If the number of objects in the various 
stages of development had proved to be roughly proportional to the times 
taken to pass through these stages, this being the characteristic of a steady 
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population, we could have maintained that the present universe shewed signs 
neither of beginning nor ending. But the galactic system of stars shews too 
many middle-aged stars, and too few infants or veterans, for such a view to 
commend itself. There is rather distinct evidence of a special birth of stars 
at about the time when our sun was born, and this leads naturally to the 
conjecture that the galactic system was born out of a spiral nebula whose 
main activity in producing stars centred round that epoch. We are hardly 
in a position to discuss other stellar systems, or to assign ages to other 
astronomical objects such as the great nebulae. 

The cosmogonist has finished his task when he has described to the best 
of his ability the inevitable sequence of changes which constitute the history 
of the material universe. But the picture which he draws opens questions of 
the widest interest not only to science, but also to humanity. What is the 
significance of the vast processes it portrays? What is the meaning, if any 
there be which is intelligible to us, of the vast accumulations of matter which 
- appear, on our present interpretations of space and time, to have been created 
only in order that they may destroy themselves? What is the relation of life 
to that universe, of which, if we are right, it can occupy only so small a corner? 
What, if any, is our relation to the remote nebulae, for surely there must be 
some more direct contact than that light can travel between them and us in 
a hundred million years? Do their colossal incomprehending masses come 
nearer to representing the main ultimate reality of the universe, or do we? 
Are we merely part of the same picture as they, or is it possible that we are 
part of the artist? Are they perchance only a dream, while we are brain- 
cells in the mind of the dreamer? Or is our importance measured solely by 
the fractions of space and time we occupy—space infinitely less than a speck 
of dust in a vast city, and time less than one tick of a clock which has 
endured for ages and will tick on for ages yet to come? 


It is not for the cosmogonist to attempt to suggest answers to these wide 
questions, or even to the more limited questions directly raised by the sequence 
of events which is his own special study. He will be specially reluctant to 
attempt either, knowing how dimly most of the sequence of events can be 
seen, and how much of it cannot be seen at all. His critics may allege that 
what he sees most clearly is only a creation of his own imagination, and he is 
only too conscious that it may be so. He can only end witha question; others, 
more confident or more fortunate, may, if they wish, attempt an answer. 


Let us, however, reflect that mankind is at the very beginning of its 
existence; on the astronomical time-scale it has lived only for a few brief 
moments, and has only just begun to notice the cosmos outside itself. It is, 
perhaps, hardly likely to interpret its surroundings aright in the first few 
moments its eyes are open. 
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